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ABSTRACT

The field of wireless communications has traditionally relied on signal processing tech-
niques, based on mathematical models, to describe and optimize wireless transmission
of information. However, when the underlying assumptions of these models are not fully
satisfied, conventional methods often exhibit suboptimal performance. In recent years,
machine learning techniques have emerged as a promising alternative to address these
limitations, owing to their adaptability and data-driven nature. Nevertheless, machine
learning-based approaches also entail additional challenges, particularly in terms of inter-
pretability and computational complexity.

This thesis investigates the use of the model-based machine learning paradigm in wire-
less communication or sensing systems. This paradigm seeks to combine the strengths
of both model-based and machine learning approaches, while mitigating their respective
weaknesses. In particular, it leverages the mathematical models used in model-based ap-
proaches to structure, initialize, or optimize learning methods.

Three application areas are explored within this thesis. First, it is proposed to use a
physical propagation channel model to structure a neural architecture that learns the
location-to-channel mapping. This neural network is subsequently used to improve the
performance of traditional radio-localization techniques. Second, as practical wireless sys-
tems are inherently affected by hardware impairments, it is proposed to apply the model-
based machine learning paradigm to mitigate their impact. Third, the growing number of
antennas in modern cellular networks leads to a rapid increase in the dimensionality of
the channel, thereby significantly increasing computational complexity. To mitigate this
issue, this thesis investigates the use of a model-based dimensionality reduction technique
known as channel charting.
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MATHEMATICAL NOTATIONS

The main mathematical notations used throughout this thesis are summarized in Table 1.

Table 1 : Notational conventions.

Notation Description
f, g Arbitrary functions
x, θ Arbitrary scalars
x,θ Arbitrary vectors
X,Θ Arbitrary matrices
X ,Y Arbitrary sets

N,Z,R,R+,C Sets of natural, integer, real, positive real, and complex numbers
Rn,Cn Sets of real and complex vectors of dimensions n
Rn×m,Cn×m Sets of real and complex matrices of dimensions n×m
∅ Empty set
YX Set of all functions from X to Y
C (X ,Y) Set of continuous functions from X to Y
SO (n) nth special orthogonal group,

i.e. SO (n) =
{
R ∈ Rn×n|RTR = Idn, det (R) = 1

}
C (c, r) Circle of center c ∈ R2, and radius r ∈ R+,

i.e. ∀c ∈ R2, r ∈ R+, C (c, r) = {x ∈ R2| ∥x− c∥2 = r}
S (c, r) Sphere of center c ∈ R3, and radius r ∈ R+,

i.e. ∀c ∈ R3, r ∈ R+,S (c, r) = {x ∈ R3| ∥x− c∥2 = r}

dimX (Y) Dimension of Y in the space X
|X | Cardinal of X
X × Y Cartesian product of X and Y
X ∩ Y Intersection of X and Y
X ∪ Y Union of X and Y

dom (f) Domain of f ,
i.e. f : X → Y ⇒ dom (f) = X

domc (f) Codomain of f ,
i.e. f : X → Y ⇒ domc (f) = Y

|f (x)| Absolute value of f (x) if f (x) ∈ R, modulus if f (x) ∈ C
⟨f (x) , g (x)⟩Y Scalar product of Y between f (x) ∈ Y and g (x) ∈ Y



Mathematical notations

f (x) ⊛ g (x) Convolution of f (x) with g (x)
Fx [f (x, y)] Fourier transform of f (x, y) on the x variable
Ex∼px [f (x, y)] Expectation of f (x, y), over the x random variable,

following distribution px
Re (f (x)) , Im (f (x)) Real, Imaginary parts of f (x) ∈ C
f (x) = O (g (x)) Big-O Bachman-Landau notation

i.e. ∃k > 0,∃x0,∀x ≥ x0, |f (x)| ≤ kg (x)
f (x) = o (g (x)) Small-o Bachman-Landau notation

i.e. ∀k > 0,∃x0,∀x ≥ x0, |f (x)| ≤ kg (x)
∇xf (x,y) Gradient of f (x,y) wrt. x

i.e. x ∈ RN , ∇xf (x,y) =
[
∂
∂x1
f (x,y) , · · · , ∂

∂xN
f (x,y)

]
∆y,x Jacobian matrix of f : Rn → Rm, s.t. y = f (x)

i.e. ∆y,x = [∇x1y, · · · ,∇xny] ∈ Rm×n

1X (x) Indicator function on X
i.e. 1X (x) = 1 if x ∈ X , 1X (x) = 0 if x /∈ X

δ (x− a) Dirac distribution centered on a
i.e. δ (x− a) = 1 if x = a, δ (x− a) = 0 if x ̸= a

∥x∥p ℓp norm of x, p ∈ N∗

∥x∥0 ℓ0 norm of x
∥X∥F Frobenius norm of X

diag (x) Diagonal matrix constructed from x
rk (X) Rank of X
Tr (X) Trace of X
det (X) Determinant of X
span (X) Linear span of X
vec (X) Vectorization of X
X∗ Point-wise conjugate of X
XT Transpose of X
XH Hermitian of X
X⊗Y Kronecker product between X and Y
X⊙Y Hadamard product between X and Y
Idd Identity matrix of dimension d× d.

U (X ) Uniform distribution on the subspace defined by X
N (µ,Σ) d-dimensional gaussian distribution,

with mean µ ∈ Rd and covariance Σ ∈ Rd×d

CN (µ,Σ) d-dimensional complex gaussian distribution,
with mean µ ∈ Rd and covariance Σ ∈ Rd×d
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Note pour le lecteur / Note to the reader
Cette section propose un résumé étendu de la thèse, rédigé en français. Le corps
principal du manuscrit, rédigé en anglais, commence à la suite de cette section.

This section offers an extended summary of the thesis in French. The main body
of the manuscript, written in English, begins thereafter.

Contexte de la thèse
Depuis l’apparition des premières formes de l’espèce humaine, les êtres humains ont dé-
veloppé des méthodes de plus en plus complexes pour communiquer entre eux. Ce pro-
cessus a commencé avec l’acquisition du langage par l’Homo sapiens, qui a jeté les bases
de l’émergence de langues structurées. Les modes de communication visuels ont suivi,
d’abord sous la forme d’art pariétal, puis avec le développement des premiers systèmes
d’écriture tels que le cunéiforme et les hiéroglyphes. Ces systèmes ont permis aux humains
d’enregistrer, de stocker et de transmettre des informations à travers le temps et l’espace.
L’introduction des alphabets a ensuite conduit à la stabilisation des langues au sein des
régions, contribuant à l’augmentation du taux d’alphabétisation, à l’accès à l’éducation
et à une plus grande efficacité dans toutes les formes d’activités sociales, de l’agriculture
à l’art et à la médecine. Un tournant majeur a été marqué par l’invention de l’imprimerie
au XVe siècle, une innovation révolutionnaire qui a permis la production massive de livres
et qui a ainsi considérablement élargi la diffusion des connaissances. Cependant, les livres
en tant que moyen de communication présentent plusieurs limites : ils exigent la maîtrise
de la lecture, ne sont pas universellement accessibles et permettent une diffusion et une
mise à jour relativement lente des informations.

La transmission rapide d’informations sur de longues distances a commencé dès le VIIe
siècle avant notre ère, avec des systèmes rudimentaires tels que les signaux de fumée et les
balises lumineuses. Les systèmes modernes de transmission à longue distance remontent
au télégraphe optique de Claude Chappe, mis au point en 1790. Ce système mécanique
rudimentaire a considérablement réduit les délais de transmission de l’information : par
exemple, la transmission d’un message entre Paris et Strasbourg, deux villes françaises
distantes d’environ 500 km, est passée de quatre jours à cheval à seulement deux heures
grâce au télégraphe de Chappe. Les progrès scientifiques et technologiques rapides qui
ont suivi ont conduit au développement de la télégraphie électromagnétique, avec les
contributions fondamentales de Samuel Thomas von Sömmerring (1809), Francis Ronalds
(1816), André-Marie Ampère (1820), William Fothergill Cook et Charles Wheatstone
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(1837), et Samuel Morse (1838). En 1876, Alexander Graham Bell inventa le téléphone,
permettant ainsi le premier appel transcontinental dès la fin de l’année 1914. Le télégraphe
et le téléphone étaient tous deux des moyens de communication filaires, car ils reposaient
sur des fils électriques pour transmettre l’information. Par conséquent, ces technologies
étaient confrontées à des limites fondamentales, notamment liées aux coûts de déploiement
et de maintenance élevés, ainsi qu’une vulnérabilité aux pannes liée à la relative fragilité
du moyen de transmission.

Dans les années 1890, Guglielmo Marconi a été le pionnier des communications sans fil
en combinant la technologie des ondes radio, théorisée par James Clerk Maxwell (1865) et
confirmée expérimentalement par Heinrich Hertz (1887), avec les principes télégraphiques,
ce qui a conduit au développement du premier système de télégraphie sans fil. Cette
innovation a finalement évolué pour devenir ce que l’on considère aujourd’hui comme
étant les systèmes radio. Les deux guerres mondiales et la guerre froide qui a suivi au
XXe siècle ont déclenché une course effrénée à l’innovation technologique. Cette période
a été marquée par des avancées majeures dans le domaine des communications sans fil,
avec des innovations clés telles que la détection et la localisation par radio (RADAR),
grâce aux contributions majeures de Robert Watson Watt et Hans Hollmann dans les
années 1930, ou le développement des communications par satellite et de localisation par
satellite (GPS) dans les années 1970. Les années 1980 ont marqué le début de l’ère des
réseaux cellulaires sans fil. La première génération (1G), vers 1980, ne prenait en charge
que l’audio analogique. La deuxième génération (2G), vers 1990, a introduit la prise en
charge des signaux numériques et de l’envoi de messages textuels. La troisième génération
(3G), vers 2000, a augmenté les débits de transmission de données et a introduit l’accès
mobile à Internet, permettant aux utilisateurs de se connecter à Internet via des appareils
portables. La quatrième génération (4G), vers 2010, a encore augmenté les débits de
données, permettant la transmission vidéo sans fil en temps réel. La cinquième génération
(5G), vers 2020, a apporté des débits de transmission nettement plus élevés, une bande
passante accrue et des capacités de communication à faible latence et haute fiabilité.
La sixième génération (6G), attendue vers 2030, vise à encore améliorer les capacités de
transmission de données. Outre l’amélioration de la vitesse et de la bande passante, la
6G pourrait également intégrer des considérations de soutenabilité environnementale dans
sa conception, et adopter l’intelligence artificielle/l’apprentissage automatique (IA/ML)
comme composante essentielle de ses futures fonctionnalités.

La dernière décennie a été marquée par un essor considérable de l’application des tech-
niques d’IA/ML dans un large éventail de problèmes. Cette tendance est illustrée par le
prix Nobel de physique 2024, décerné à John Hopfield et Geoffrey Hinton en reconnais-
sance de leurs contributions pionnières aux réseaux de neurones artificiels. Des domaines
tels que l’industrie automobile, la santé, la finance ou les télécommunications ont de plus
en plus intégré les méthodes d’apprentissage automatique dans leurs pratiques courantes.
Cette adoption ne se limite pas au milieu professionnel : le grand public s’est récemment
approprié les méthodes d’IA à travers des agents conversationnels tels que ChatGPT,
LeChat ou Claude, ou encore des outils de génération d’images comme DALL-E ou Mid-
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journey. Cet intérêt croissant peut être attribué à plusieurs facteurs. Tout d’abord, les
progrès technologiques réalisés dans le domaine de la microélectronique au cours des
trente dernières années ont permis d’accéder à des ressources informatiques efficaces et
puissantes, ce qui a permis le développement de méthodes d’IA/ML de plus en plus com-
plexes. En effet, si le domaine de l’apprentissage automatique remonte aux années 1960,
les progrès réalisés à l’époque étaient limités par le manque de ressources informatiques
suffisamment puissantes. Deuxièmement, par définition, les méthodes d’apprentissage au-
tomatique nécessitent une phase d’entraînement, qui peut exiger des ensembles de données
de grande taille. Si l’humanité a toujours généré des connaissances et des informations, le
développement et l’expansion rapide d’Internet au cours des trois dernières décennies ont
considérablement augmenté la quantité de données disponibles. On estime par exemple
qu’en 2025, le volume de données générées quotidiennement est d’environ 400 milliards
de gigaoctets [Des19]. Ensemble, ces évolutions ont considérablement amélioré les per-
formances, la facilité d’utilisation et l’impact des méthodes d’apprentissage automatique,
tant dans des contextes spécialisés que dans la vie quotidienne.

Malgré cette croissance rapide et leur utilisation croissante pour résoudre un large
éventail de problèmes, les méthodes d’apprentissage automatique se heurtent encore à
plusieurs limites importantes. Premièrement, les modèles modernes se caractérisent par
une grande complexité algorithmique. Par exemple, les grands modèles de langage (LLM)
utilisés dans les agents conversationnels peuvent contenir jusqu’à des milliers de milliards
de paramètres, qui doivent tous être optimisés pendant une phase d’entraînement. Il en
résulte des temps d’entraînement extrêmement longs et des coûts associés colossaux : à
titre d’exemple, les LLMs modernes nécessitent plusieurs mois d’apprentissage sur des
architectures informatiques distribuées complexes, avec des coûts associés pouvant at-
teindre plusieurs millions de dollars américains. Deuxièmement, ces modèles exigent des
jeux de données massifs pour atteindre leurs performances. Malgré la croissance exponen-
tielle du volume de données disponibles observée ces dernières années, certains travaux
de recherche suggèrent que l’ensemble des données textuelles produites par l’humanité et
accessibles publiquement pourrait être épuisé pour l’entraînement des LLMs d’ici 2030.
Cette projection suscite des interrogations majeures concernant la pérennité et l’évolu-
tivité des avancées futures dans le domaine des modèles de langage. Troisièmement, en
raison de leur extrême complexité, les modèles modernes souffrent d’une interprétabilité
limitée. Ils sont donc souvent qualifiés de boîtes noires : dans de nombreux cas, il est fon-
damentalement difficile de comprendre pourquoi une entrée donnée conduit à une sortie
particulière.

Ces dernières années, une attention particulière a été accordée à l’amélioration de
l’interprétabilité des modèles d’apprentissage automatique, dans le but d’atténuer leur
nature "boite noire". L’une des principales orientations de recherche dans ce domaine est
le paradigme dit d’apprentissage automatique basé sur des modèles. Ce paradigme vise à
combiner la rigueur et la structure des modèles mathématiques traditionnellement uti-
lisés dans le traitement du signal avec la flexibilité et les capacités d’apprentissage des
méthodes modernes d’apprentissage automatique. En effet, dans le domaine du traitement
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du signal, les solutions proposées s’appuient généralement sur des modèles mathématiques
simples, soigneusement élaborés à partir des connaissances a priori sur le problème étudié.
Ces connaissances a priori proviennent généralement d’une compréhension des principes
physiques qui régissent le système en question, fournissant ainsi une base interprétable
pour la solution obtenue. En raison de leur dépendance à un modèle mathématique donné,
ces approches sont qualifiées de basées sur des modèles. Cependant, comme l’a observé
George E. P. Box, "Tous les modèles sont faux, mais certains sont utiles" : les modèles
mathématiques utilisés dans le traitement du signal sont généralement construits sur
des hypothèses simplificatrices, ce qui limite intrinsèquement leur validité. Par consé-
quent, même des déviations mineures par rapport au système initialement étudié peuvent
conduire à des solutions dérivées de modèles simplifiés qui sont sous-optimales. En re-
vanche, les méthodes d’apprentissage automatique sont dites basées sur les données, car
elles apprennent des solutions directement à partir des données fournies aux méthodes en
question. Cela leur confère une flexibilité et une robustesse accrues face aux déviations
mineures par rapport au système supposé. Cependant, comme mentionné précédemment,
cette flexibilité se fait généralement au détriment de l’interprétabilité. Le paradigme de
l’apprentissage automatique basé sur des modèles vise donc à combiner les points forts
des deux approches : tirer parti de l’adaptabilité des méthodes basées sur les données,
tout en conservant l’interprétabilité et la structure fournies par les méthodes basées sur
des modèles.

Les communications sans fil nécessitent des méthodes de traitement du signal qui s’ap-
puient sur des modèles mathématiques pour décrire et optimiser la transmission d’infor-
mations sans fil. Si les méthodes d’apprentissage automatique ont récemment été utilisées
pour améliorer certaines techniques de communication, elles soulèvent également d’impor-
tantes questions en matière d’interprétabilité et de complexité. Compte tenu à la fois de
l’abondance des modèles mathématiques établis, et des limites des approches purement
basées sur les données, le domaine des communications sans fil semble particulièrement
bien adapté à l’utilisation du paradigme de l’apprentissage automatique basé sur des mo-
dèles. Cette observation motive la question centrale de cette thèse, telle que présentée
ci-dessous.

Problématique principale de la thèse
Le paradigme de l’apprentissage automatique basé sur des modèles peut-il
être utilisé pour fournir des solutions interprétables et à complexité limitée
pour des problèmes complexes de communication sans fil ?

Synthèse des contributions
La question posée précédemment est intrinsèquement vaste, et y répondre de manière
exhaustive nécessiterait l’évaluation des méthodes d’apprentissage automatique basées

xx



Synthèse de la thèse en français

sur des modèles sur l’ensemble des problèmes liés aux communications sans fil, une tâche
dépassant le cadre d’une seule thèse. Par conséquent, cette thèse se concentre sur trois
axes de recherche principaux, présentés ci-dessous.

Axes de recherche
(A1) Fonction position-canal. Est-il possible de concevoir une architecture neu-

ronale qui apprend la fonction liant une position au canal de propagation
associé ? Si oui, est-il possible d’utiliser cette architecture neuronale pour
améliorer la précision des méthodes de radiolocalisation ?

(A2) Compensation des imperfections matérielles. Dans les systèmes de com-
munication sans fil, les imperfections matérielles dégradent significativement
les performances de transmission. Dans ce contexte, est-il possible d’utili-
ser des méthodes d’apprentissage automatique basées sur des modèles pour
compenser l’impact de ces imperfections ?

(A3) Compression de canal. Dans les réseaux cellulaires modernes, la grande
dimension des coefficients des canaux de propagation induit une complexité
importante. La cartographie de canal, une méthode de réduction de dimension
basée sur un modèle, peut-elle être utilisée pour réduire cette complexité ?

L’objectif de cette thèse est de faire progresser l’état actuel des connaissances dans les trois
axes de recherche identifiés. Ce manuscrit est structuré en deux parties, et organisé en neuf
chapitres, comme indiqué ci-dessous. Chaque chapitre peut être lu indépendamment des
autres. Cependant, l’auteur recommande fortement au lecteur de consulter le chapitre 3,
qui fournit une introduction détaillée aux concepts fondamentaux de cette thèse.

Partie I : Contexte et concepts préliminaires
Chapitre 1

Ce chapitre présente les concepts fondamentaux liés au canal de propagation. Il montre
notamment comment un modèle mathématique du canal de propagation peut être dérivé
à partir des principes physiques décrivant les interactions entre les ondes et la matière. Ce
chapitre présente ensuite plusieurs exemples illustrant comment les techniques de com-
munication modernes exploitent la connaissance du canal de propagation pour améliorer
les performances de transmission.

Chapitre 2

Ce chapitre fournit une introduction générale au domaine de l’apprentissage automa-
tique. Après avoir présenté les différents types de problèmes d’apprentissage et les notions
fondamentales de l’apprentissage, ce chapitre présente en détail trois méthodes usuelles
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d’apprentissage automatique : la régression linéaire, la méthode des k plus proches voi-
sins, et l’analyse en composantes principales. Un intérêt particulier est ensuite porté à
l’apprentissage profond, car il constitue le cœur de la plupart des méthodes modernes
d’apprentissage automatique. À ce titre, les notions théoriques générales concernant les
réseaux de neurones et les procédures d’entraînement associées sont présentées. Enfin, ce
chapitre aborde les limites actuellement connues des réseaux de neurones profonds.

Chapitre 3

Ce chapitre présente en détail le paradigme de l’apprentissage automatique basé sur les
modèles. Il souligne en particulier comment cette approche combine les forces des ap-
proches basées sur les modèles et de celles basées sur l’apprentissage automatique, amé-
liorant ainsi efficacement l’interprétabilité des modèles et palliant le manque de connais-
sances a priori. Ce chapitre présente ensuite comment ce paradigme peut être appliqué
aux problèmes décrits dans les axes de recherche (A1)-(A3), et sert ainsi d’introduction
aux contributions de cette thèse.

Partie II : Contributions
Chapitre 4

Ce chapitre se concentre sur (A1) : la conception d’un réseau neuronal basé sur un modèle
qui apprend la fonction position-canal est présentée. Cette contribution s’appuie sur le
concept de représentations neuronales implicites, où les réseaux de neurones sont utilisés
pour approximer des fonctions continues. Le réseau de neurones proposé est directement
obtenu à la suite de développements mathématiques sur un modèle de canal de propa-
gation basé sur la physique, ce qui permet d’obtenir une structure interprétable et des
performances d’apprentissage explicables. Les résultats expérimentaux présentés montrent
que le modèle proposé apprend avec succès la fonction souhaitée, et que, contrairement
aux approches neuronales classiques, il surmonte le problème du biais spectral. En effet,
le réseau de neurones présenté est capable de capturer à la fois les composantes basse et
haute fréquence de la fonction position-canal, ce qui peut s’expliquer par le biais de sa
structure.

Chapitre 5

Ce chapitre s’intéresse à (A1) en appliquant le réseau de neurones proposé au chapitre 4
au problème de la localisation sans fil. En particulier, le réseau est utilisé en tant que
modèle neuronal génératif de canal, afin d’améliorer la méthode classique de localisation
dite de fingerprinting. En tirant parti de sa capacité à prédire les coefficients de canal à des
positions arbitraires, le réseau enrichit la base de données de fingerprinting, améliorant
ainsi la précision de localisation. En outre, des développements théoriques sur la mesure de
similarité utilisée pour effectuer le fingerprinting sont exploités afin d’améliorer encore la
précision de la méthode de localisation proposée. Des expériences approfondies montrent
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que la méthode proposée atteint une précision de localisation inférieure à la longueur
d’onde, même dans des scénarios difficiles sans ligne de vue directe.

Chapitre 6

Ce chapitre se concentre sur (A2) en améliorant un réseau de neurones basé sur un modèle,
conçu pour réaliser une tâche d’estimation du canal et d’apprentissage d’imperfections ma-
térielles. Le réseau déjà existant est utilisé dans un système de communication sans fil
multifréquence pour apprendre des imperfections de gains d’antenne ainsi que des déca-
lages de fréquence. Le nombre de paramètres d’apprentissage et la complexité temporelle
de ce réseau sont optimisés en suivant le paradigme de l’apprentissage automatique basé
sur un modèle. Les résultats expérimentaux attestent de l’efficacité de l’approche propo-
sée, tant pour l’apprentissage des imperfections matérielles que pour l’estimation précise
des canaux.

Chapitre 7

Ce chapitre développe (A2) en introduisant un algorithme différentiable qui, dans un sys-
tème multi-antenne, effectue conjointement l’estimation de la direction d’arrivée des ondes
incidentes, et l’apprentissage des imperfections matérielles du système. L’approche pro-
posée s’appuie sur l’algorithme MUSIC, en le modifiant pour le rendre différentiable. De
plus, des fonctions de coût supervisées et non supervisées adaptées à la tâche considérée
sont introduites pour améliorer les performances d’apprentissage. Les résultats expérimen-
taux montrent que la méthode proposée surpasse l’algorithme MUSIC non différentiable
en termes de performances.

Chapitre 8

Ce chapitre est consacré à (A3), dans le but d’utiliser la cartographie de canal, une mé-
thode de réduction de dimension non supervisée, pour réduire la complexité de la gestion
des faisceaux dans les systèmes cell-free massive MIMO. En utilisant la méthode de car-
tographie de canal, les coefficients de canaux sont compressés en une représentation de
faible dimension, qui est ensuite partagée aux différentes stations de base du système. Au
niveau de chaque station de base, un réseau de neurones adapté est utilisé pour décoder
l’information de faible dimension en un indice d’un dictionnaire de faisceaux prédéfini,
permettant ainsi une formation de faisceaux efficace. Les résultats d’expériences montrent
l’efficacité de l’approche proposée, et mettent en évidence ses avantages en termes de per-
formance par rapport à des méthodes de référence.

Chapitre 9

Ce chapitre se focalise sur (A3) dans le but d’utiliser la cartographie de canal pour pro-
poser une méthode de compression des canaux spécifique à une tache de formation de
faisceaux pour les systèmes massive MIMO. Cette contribution consiste en la compression
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des coefficients de canaux au niveau des utilisateurs grâce à la méthode de cartographie
de canal, la transmission de l’information de faible dimension qui en résulte à la station
de base, puis son décodage en une matrice de précodage à l’aide d’un réseau de neurones
adapté. Une stratégie d’apprentissage heuristique est proposée, et les performances de
l’approche présentée sont explorées avec différents taux de compression, démontrant des
performances supérieures par rapport aux méthodes classiques.

Dans la Partie II, le coût de calcul associé à chaque contribution est systématiquement
indiqué en heures GPU, au début de chaque chapitre. Les calculs ayant été faits princi-
palement sur un cluster de GPU NVIDIA A40, les temps rapportés correspondent à un
temps de calcul équivalent sur un unique GPU NVIDIA A40.
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INTRODUCTION

Context
Since the appearance of the earliest forms of the human species, humans have developed
increasingly complex methods to communicate between each others. This process began
with the acquisition of speech by Homo sapiens, which laid the foundation for the emer-
gence of structured languages. Visual modes of communication followed, initially through
forms of parietal art, and later through the development of early writing systems such as
cuneiform and hieroglyphs. These systems enabled humans to record, store, and trans-
mit information across time and space. The introduction of alphabets further led to the
stabilization of languages within regions, contributing to increased literacy, access to edu-
cation, and increased efficiency in all forms of social activities, from agriculture to art and
medicine. A major turning point came with the invention of the printing press in the 15th
century, a groundbreaking innovation that enabled mass production of books, and signif-
icantly expanded the dissemination of knowledge. However, books as a communication
medium exhibit several limitations: they require literacy, are not universally accessible,
and allow for relatively slow information dissemination and updates.

Rapid transmission of information over long distances began with basic systems such as
smoke signals and light beacons, as early as the 7th century BCE. Modern long distance
transmission systems can be traced back to Claude Chappe’s optical telegraph, devel-
oped in 1790. This basic mechanical system significantly reduced information transmis-
sion times: for instance, transmitting a message between Paris and Strasbourg, two cities
in France distant of approximately 500km, went from four days by horse to merely two
hours with Chappe’s telegraph. From then, subsequent rapid scientific and technological
progress led to the development of electromagnetic telegraphy, with foundational contri-
butions of Samuel Thomas von Sömmerring (1809), Francis Ronalds (1816), André-Marie
Ampère (1820), William Fothergill Cook and Charles Wheatstone (1837), and Samuel
Morse (1838). In 1876, Alexander Graham Bell invented the telephone, enabling the first
transcontinental phone call by the end of 1914. Both the telegraph and the telephone were
wired communication mediums as they relied on electric wires to transmit information.
Consequently, these technologies faced inherent limitations, including high deployment
and maintenance costs, as well as vulnerability to transmission medium failures.

In the 1890s, Guglielmo Marconi pioneered wireless communications by combining
radio wave technology, theorized by James Clerk Maxwell (1865) and confirmed experi-
mentally by Heinrich Hertz (1887), with telegraphic principles, leading to the development
of the first wireless telegraphy system. This innovation eventually evolved into what is
known today as radio systems. The two World Wars and the later Cold War in the
20th century spurred a frenetic race for technological innovation. This period saw major
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Figure 1: British engineers in front of Marconi’s radio equipments during a presentation
in 1897 (courtesy of [Wik25b]).

advances in the wireless communications field, with key innovations such as radio detec-
tion and ranging (RADAR) with major contributions of Robert Watson Watt and Hans
Hollmann in the 1930s, or the development of satellite communications and the global
positioning system (GPS) in the 1970s. The 1980s marked the beginning of the era of
wireless cellular networks generations. The first generation (1G), around 1980, supported
only analog audio. The second generation (2G), around 1990, introduced the support
of digital signals and text messages. The third generation (3G), around 2000, increased
data transmission rates and introduced the support of mobile internet, allowing users
to connect to the internet via mobile devices. The fourth generation (4G), around 2010,
further increased data rates, enabling real-time wireless video transmission. The fifth gen-
eration (5G), around 2020, brought significantly higher data rates, increased bandwidth,
and high-reliability low-latency communication capabilities. The sixth generation (6G),
expected around 2030, aims to further advance data transmission capabilities. In addi-
tion to continued improvements in speed and bandwidth, 6G is also expected to integrate
sustainability considerations into its design, and to adopt artificial intelligence/machine
learning (AI/ML) as a core component of its future functionalities.

The past decade has witnessed a significant surge in the application of machine learn-
ing techniques across a broad spectrum of problems. This trend is illustrated by the 2024
Nobel Prize in Physics, awarded to John Hopfield and Geoffrey Hinton in recognition
of their pioneering contributions to artificial neural networks. Fields such as the auto-
motive industry, healthcare, finance, or telecommunications, have increasingly integrated
machine learning methods in their standard practices. This adoption is not limited to
professional settings: the general public has recently adopted AI methods through con-
versational agents such as ChatGPT, LeChat, or Claude, or image generation tools like
DALL-E or Midjourney. This recent interest increase can be attributed to several factors.
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Figure 2: Illustration of the continuous evolution of cellular networks standards over the
past 40 years (courtesy of [Wik25c]).

First, the technological developments in the microelectronics field over the past thirty
years have enabled the access to efficient and powerful computing resources, which has
enabled the developments of increasingly complex AI/ML methods. Indeed, while the ML
field can be traced back to the 1960s, progress at that time was limited by the lack of
sufficiently powerful computational resources. Second, by definition ML methods require
a training phase, which may require large scale datasets. While humanity has always
generated knowledge and information, the development and rapid expansion of internet
over the past three decades have significantly increased the amount of available data.
For instance, it is estimated that, in 2025, around 400 billion gigabytes of data is gen-
erated every day [Des19]. Together, these developments have significantly enhanced the
performance, usability, and impact of machine learning systems in both specialized and
everyday contexts.

Despite this rapid growth, and its increasing use to solve a wide range of problems,
ML methods still face several key limitations. First, modern models are characterized
by substantial computational complexities. For instance, large language models (LLMs)
used in conversational agents can contain up to trillions of parameters, all of which must
be optimized during a training phase. This results in extremely long training times and
associated costs: as an illustrative example, modern LLMs require several months of train-
ing on complex distributed computational architectures, with associated costs reaching
several million USD. Second, current models require extremely large scale datasets to
achieve their high levels of performance. Although the volume of available data has grown
exponentially in recent years, some researchers anticipate that the entirety of publicly ac-
cessible human-generated textual data may be exhausted for LLM training before 2030.
This projection raises concerns regarding the scalability and sustainability of future model
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Figure 3: Illustration of the data availability issue for deep learning models training: large
language models are expected to have been trained on the totality of public human-
generated textual data before 2030 (Fig. 1 in [Vil+24]).

developments. Third, due to their extreme complexity, modern ML models suffer from lim-
ited interpretability. As a result, they are often referred to as black boxes: in many cases,
it is fundamentally unclear why a given input leads to a particular output.

In recent years, significant attention has been devoted to enhancing the interpretabil-
ity of machine learning models, aiming to mitigate their black-box nature. One of the
key research directions in this area is the model-based machine learning paradigm. This
paradigm seeks to combine the rigor and structure of mathematical models traditionally
used in signal processing, with the flexibility and learning capabilities of modern machine
learning methods. Indeed, in the signal processing field, proposed solutions typically rely
on simple mathematical models, carefully crafted based on prior knowledge of the studied
problem. This prior knowledge usually originates from an understanding of the physical
principles governing the studied system, thereby providing an interpretable basis for the
resulting solution. Owing to their dependence on a given mathematical model, these ap-
proaches are referred to as model-based. However, as observed by George E. P. Box, "All
models are wrong, but some are useful": the mathematical models used in signal process-
ing are generally built upon simplifying assumptions, inherently limiting their validity.
As a result, even minor deviations from the originally studied system may lead to solu-
tions, derived from simplified models, that are suboptimal. In contrast, machine learning
methods are referred to as data-driven, as they learn solutions directly from data. This
confers increased flexibility and robustness to minor deviations from the assumed system
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model. However, as previously mentioned, this flexibility generally comes at the expense
of interpretability. The model-based machine learning paradigm thus aims to combine the
strengths of both approaches: leveraging the adaptability of data-driven methods while
retaining the interpretability and structure provided by model-based methods.

Wireless telecommunications require signal processing methods, which rely on math-
ematical models to describe and optimize wireless information transmission. While ML
methods have recently been applied to enhance certain communication techniques, they
also raise significant interpretability and complexity concerns. Given both the abundance
of established mathematical models, and the limitations of purely data-driven approaches,
the wireless communications field appears as particularly well adapted to the use of the
model-based machine learning paradigm. This observation motivates the central question
of this thesis, as presented below.

Central research question
Can the model-based machine learning paradigm be used to provide in-
terpretable and low-complexity solutions to challenging wireless commu-
nication problems?

Thesis outline
The aforementioned question is inherently broad, and addressing it comprehensively would
require evaluating model-based machine learning methods across the full spectrum of
wireless communication problems, an undertaking that lies beyond the feasible scope
of a single thesis. Therefore, this thesis focuses on three main research axes, which are
presented below.

Research axes
(A1) Location-to-channel mapping. Is it possible to design a neural architecture

that learns the mapping between a location and the associated propagation
channel? If so, is it possible to use this neural architecture to enhance the
precision of wireless localization methods?

(A2) Hardware impairments compensation. In actual wireless communication
systems, hardware impairments lead to suboptimal transmission performance:
is it possible to use model-based machine learning methods to compensate
their impact?

(A3) Channel compression. In modern wireless cellular networks, the high dimen-
sionality of propagation channel coefficients entails significant overhead. Can
channel charting, a specific model-based dimensionality reduction method,
be used to reduce the complexity?
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The objective of this thesis is to advance the current state of knowledge across the three
identified research axes. This manuscript is structured into two parts, and organized in
nine chapters, as outlined below. Each chapter is designed to be self-contained, allowing
it to be read independently of the others. However, the author strongly recommends that
the reader consult Chapter 3, which provides a detailed introduction to the core concepts
of this thesis.

• Part I: Background and preliminary concepts

• Chapter 1 introduces fundamental concepts related to the propagation channel.
Specifically, it is shown how a mathematical model of the propagation channel
can be derived based on the physical principles describing wave-matter inter-
actions. Subsequently, this chapter presents several examples illustrating how
modern communication techniques leverage propagation channel knowledge to
enhance transmission performance.

• Chapter 2 provides a general introduction to the machine learning field. Af-
ter presenting the different learning problem types and fundamental learning
notions, this chapter presents in details three popular machine learning meth-
ods: linear regression, k-nearest neighbors and principal component analysis.
A particular emphasis is then placed on deep learning, as it constitutes the
core of most modern machine learning methods. As such, general theoretical
notions regarding neural networks and associated training procedures are in-
troduced. Finally, this chapter discusses about the current known limitations
of deep neural networks.

• Chapter 3 presents the model-based machine learning paradigm in details. In
particular, it highlights how this approach combines the strengths of model-
based and machine learning approaches, effectively enhancing model inter-
pretability and coping with domain knowledge deficiency. The chapter then
presents how this paradigm can be applied in the problems described in re-
search axes (A1)-(A3), and thus serves as an introduction to the contributions
of this thesis.

• Part II: Contributions

• Chapter 4 focuses on (A1): the design of a model-based neural network that
learns the location-to-channel mapping is presented. This contribution builds
on the concept of implicit neural representations, where neural networks are
used to approximate continuous functions. The proposed neural network is di-
rectly obtained from derivations on a physics-based propagation channel model,
thereby enabling an interpretable structure and explainable learning perfor-
mance. Experimental results demonstrate that the proposed model success-
fully learns the desired mapping and, in contrast to classical neural baselines,
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overcomes the spectral bias issue: it is able to capture both the low and high-
frequency components of the mapping, which can be explained based on the
structure of the proposed neural model.

• Chapter 5 addresses (A1) by applying the neural network proposed in Chapter 4
to the wireless localization problem. In particular, the network is used to en-
hance the classical fingerprinting localization method by serving as a generative
neural channel model. By leveraging its ability to infer channel coefficients at
arbitrary locations, the network augments the fingerprinting database, thereby
improving localization accuracy. Furthermore, theoretical developments on the
similarity measure used to perform fingerprinting are exploited to propose a
model-based enhanced localization method, further improving localization ac-
curacy. Extensive experiments demonstrate that the proposed method achieves
sub-wavelength accuracy, even in challenging non-line-of-sight scenarios.

• Chapter 6 focuses on (A2) by improving a model-based neural network designed
for channel estimation and hardware impairments learning. The existing net-
work is used in a multi-frequency wireless communication system, to learn
antenna gain impairments and frequency offsets. Both its number of learnable
parameters and training time are optimized following the model-based machine
learning paradigm. Experiments showcase the ability of the proposed method
to achieve efficient hardware impairments learning and precise channel estima-
tion.

• Chapter 7 develops (A2) by introducing a differentiable algorithm that jointly
performs direction of arrival (DoA) estimation and antenna hardware impair-
ments learning. The proposed model-based approach builds on the well-know
MUSIC algorithm, extending it into a differentiable framework. Furthermore,
task-adapted supervised and unsupervised loss functions are proposed to en-
hance learning performance, and experiments illustrate the superior perfor-
mance of the proposed method against the non-differentiable MUSIC algo-
rithm.

• Chapter 8 is dedicated to (A3), with the aim of using channel charting, an
unsupervised dimensionality reduction method, to reduce the beam manage-
ment complexity in cell-free massive MIMO systems. By leveraging channel
charting, the channel state information is compressed into a low-dimensional
pseudo-location representation, which is subsequently shared across the differ-
ent base stations. At each base station, a task-specific neural network is used
to decode the pseudo-location into the optimal beam index within a predefined
codebook, thereby enabling efficient beamforming. Experimental evaluations
demonstrate the effectiveness of the proposed approach, highlighting its per-
formance advantages over different baselines.

• Chapter 9 covers (A3) with the objective of using channel charting to perform
task-based channel compression within massive MIMO systems. This contri-

7



Introduction

bution focuses on encoding channel state information at the UE level through
channel charting, transmitting the resulting low dimensional pseudo-locations
to the base station, and subsequently decoding them into a precoding matrix
with a well-adapted neural network. A heuristic learning strategy is proposed
for this task-based channel state information compression framework, and its
performance is explored with different compression ratios, demonstrating su-
perior performance compared to baselines.

In Part II, the computational cost for each contribution is provided in GPU hours at the
beginning of each chapter. The computations were primarily conducted on a cluster of
NVIDIA A40 GPUs, thereby, the reported times represent the equivalent computational
time on a single NVIDIA A40 GPU.
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Chapter 1

PROPAGATION CHANNEL

Over the past five decades, a deeper understanding of wireless propagation phenomena
has led to significant advancements in the field, enhancing both the efficiency and perfor-
mance of modern wireless communication systems. Consequently, a thorough grasp of the
physical mechanisms governing the propagation channel is fundamental to the study of
contemporary signal processing techniques used in wireless communications. Section 1.1
describes physical phenomena that govern the propagation channel. Section 1.2 builds on
those phenomena and presents usual channel models. Finally, Section 1.3 shows how the
propagation channel knowledge can be used in modern wireless communication systems,
and Section 1.4 presents a brief conclusion.
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This chapter is inspired by the very good book of Tse [TV05], as well as the one of
Björnson and Demir [BD24], which serve as excellent references for readers seeking to
gain knowledge in the principles of wireless communications and in multiple antenna
systems.



Part I, Chapter 1 – Propagation channel

1.1 Propagation channel and physical phenomena
1.1.1 Notion of propagation channel
In 1948, Claude Shannon published his well-known paper "A mathematical theory of com-
munications" [Sha48], introducing one of the foundational models of communications. In
this model, illustrated in Fig. 1.1, the propagation channel represents the medium through
which a message travels from a transmitter to a receiver, encompassing all intermediate el-
ements, and being affected by noise. In the context of wireless communications, the notion
of propagation channel can be further specified: it corresponds to the physical environ-
ment through which electromagnetic waves, emitted by a transmitting antenna system,
propagate towards a receiving antenna system. Within this physical environment, the
transmitted electromagnetic waves are subject to several phenomena such as attenuation,
reflection, refraction, diffraction, scattering, and Doppler shift, all of which are explicitly
defined in the next subsection.

Figure 1.1: Shannon’s model.

1.1.2 Physical phenomena
Depending on the transmitter/receiver antenna spatial configuration, some phenomena
may or may not arise 1. The simplest scenario happens when the electromagnetic waves
propagate in the free space regime.

Free space propagation

A formal definition of the free-space propagation regime is presented in Highlight 1.1. This
regime requires the region between the transmitter and the receiver to be entirely free of
obstacles within a specific clearance zone, referred to as the first Fresnel zone. When this
condition is satisfied, propagation occurs under free-space conditions, commonly referred
to as line-of-sight (LoS). In this case, an emitted wave is subject only to noise and at-
tenuation, which denotes the reduction in its amplitude as a function of the propagation
distance, typically following an inverse proportionality law in free-space conditions. In
contrast, in more complex environments, additional phenomena may occur, depending on

1. See [BD24, Chapter 5, pp. 309-312] for a detailed explanation
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the nature and distribution of physical objects interacting with the propagating wave.
This is illustrated in Fig. 1.3, and explained in the next paragraphs.

Remark 1.1. Given a transmitter/receiver distance of 10m, with an operating frequency
of 2.4GHz (classical WiFi frequency), the required clearance for free space propagation
is rcl ≃ 0.5m, which can be obtained in certain indoor environments. However, taking a
distance of 10km with an operating frequency of 3.5GHz (classical wireless cellular network
frequency), the required clearance becomes rcl ≃ 14.6m, which becomes challenging. For
long transmitter-receiver distances, the Earth’s curvature must also be taken into account.

Highlight 1.1: Free space propagation regime

Propagation happens in the free space regime if the first Fresnel zone between the
transmit and receive antennas is clear from any physical obstacle. This zone, illus-
trated in Fig. 1.2, depends on the distance between the transmitter and receiver
D, on the transmission frequency f , with wavelength λ = c/f . It is properly
defined as the ellipsoid given by the set:{

x ∈ R3|d1 (x) + d2 (x)−D ≤ λ

2

}
, (1.1)

where d1 (x) is the distance between the transmitter antenna and x, d2 (x) is the
distance between x and the receiver antenna, and D is the transmitter-receiver
distance. The equatorial radius of this ellipsoid, i.e. maximum of the semi-minor
axis length, also known as the required clearance and denoted as rcl, is obtained
for d1 (x) = d2 (x), which yields:

rcl ≃
1
2
√
λD. (1.2)

A proof of Eq. (1.2) is provided in Appendix A.1.

Reflection - Absorption - Refraction

When a propagating wave interacts with an object whose dimensions are large and whose
surface is relatively smooth compared to the operating wavelength, phenomena such as
specular reflection, refraction, and absorption occur. In such cases, a portion of the in-
cident wave is absorbed by the object, while the remainder is divided into a reflected
and refracted component, in accordance with Snell-Descartes laws, which are presented
in Highlight 1.2 and illustrated in Fig. 1.4. Both the reflected and refracted waves are
typically attenuated and may exhibit a phase shift relative to the incident wave. In wire-
less cellular networks, such phenomena commonly occur in urban environments, where
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Figure 1.2: Illustration of the first Fresnel zone (based on [Wik25a]).

Figure 1.3: Illustration of the different physical phenomena when considering obstacles
between the transmitter and receiver: here the receiver is in the non line-of-sight zone of
the emitter (based on Fig. 3.2 in [Col03]).
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Figure 1.4: Illustration of the reflection/absorption/refraction phenomena (based on
[Neu25c]).

buildings can reflect a portion of the incident electromagnetic waves, while also absorbing
and refracting significant energy depending on the material properties and the operating
frequency.

Highlight 1.2: Snell-Descartes laws

Given an incident wave of angle θ1, impinging on the interface between a medium
of refractive index n1, and another medium of refractive index n2, the Snell-
Descartes laws of reflection and refraction can be defined as:(Reflection) θ1 = θr

(Refraction) n1 sin (θ1) = n2 sin (θ2)
(1.3)

Both reflection and refraction phenomena depend on the angle of incidence of the incoming
wave. When the incident wave impinges normally on a perfect conductor, it is entirely
reflected, with no transmission into the medium. In contrast, refraction occurs when a
wave passes from one medium into another with a different refractive index. The degree
of bending and the fraction of transmitted energy depend on the difference between the
refractive indices of the two media.

Diffraction

Diffraction occurs under specific conditions when an incident electromagnetic wave en-
counters an object that neither significantly absorbs nor reflects the wave energy. These
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Figure 1.5: Illustration of the diffraction phenomenon: small/large slits with respect to
the wavelength, and edges diffraction (based on [Neu25a]).

conditions are presented in details in Highlight 1.3, and illustrated in Fig. 1.5. Under
these conditions, the wave bends around the obstacle or spreads after passing through an
aperture, giving rise to a diffracted wave.

Highlight 1.3: Diffraction conditions

For diffraction to occur, at least one of the following conditions must be met:

1. The obstacle is small relative to the operating wavelength.

2. The obstacle contain slits or apertures that are narrow compared to the
wavelength.

3. The obstacle presents sharp edges.

Under these conditions, the wavefront is disturbed in a manner that causes it to
bend or spread, resulting in the generation of a diffracted wave.

In the context of wireless communications, a common example of diffraction is the bending
of electromagnetic waves around the edges of buildings or other urban structures, enabling
signal propagation into areas that are in non line-of-sight (NLoS) with respect to the
transmitter.

Scattering

Scattering occurs when an incident wave interacts with multiple objects whose dimensions
are comparable to, or smaller than, the operating wavelength. These scattering elements
may include physical obstacles, such as leaves in trees, or inhomogeneities in the refractive
index between different media. As a result of these interactions, the incident wave is
redistributed in multiple directions: see Fig. 1.6 for an illustration. Depending on the
physical properties, shape, and spatial distribution of the scattering objects, preferred
scattering directions may emerge, resulting in anisotropic scattering patterns, as observed
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Scatterer

Incident wave
Scattered waves

Figure 1.6: Illustration of the scattering phenomenon.

in the Mie scattering phenomenon. The scattering phenomenon is responsible for many
everyday observations, such as the blue color of the sky and the white appearance of
clouds, both resulting from specific scattering processes. When an incident wave interacts
with an object whose surface is large but rough relative to the operating wavelength,
diffuse reflection occurs. In this case, the reflected energy is distributed over multiple
directions rather than being concentrated along a single specular path. This behavior can
be considered a particular form of scattering.

Doppler shift

When considering a moving transmitter, or receiver, the observed signal frequency at the
receiver will differ from the emitted one: this is a manifestation of the Doppler effect, which
is presented more formally in Highlight 1.4. This phenomenon can be illustrated for audio
waves by the well-known ambulance example: as an ambulance approaches a stationary
observer, the observer perceives an increased frequency in the horn sound (corresponding
to a decreasing transmitter-receiver distance, f > f0) 2. Conversely, as the ambulance
moves away after passing the observer, the observed frequency decreases (corresponding
to an increasing transmitter-receiver distance, f < f0). It is of particular importance in
wireless communication, as Doppler shifts arise in many examples:

• Wireless connectivity in high speed trains. The very high velocity of modern
trains results in a significant relative speed between a train passenger and a fixed
roadside transmitter, giving rise to particularly large Doppler shifts.

• Wireless cellular networks. In urban environments, moving obstacles such as vehi-
cles introduce time variations in the channel and induce Doppler shifts along NLoS
propagation paths.

2. f0 being the horn sound frequency, and f the perceived sound frequency.

19



Part I, Chapter 1 – Propagation channel

Highlight 1.4: Doppler effect

Considering a medium in which the wave propagation speed is c, with vtr and
vre respectively denoting the speeds of the transmitter and receiver, the observed
signal frequency f at the receiver is given by:

f =
(

1 + ∆v
c

)
f0, (1.4)

where f0 denotes the emitted signal frequency, and ∆v = − (vre − vtr) denotes
the opposite of the relative speed of receiver and transmitter. Two cases can be
accounted for:

1. The transmitter-receiver distance is decreasing: ∆v > 0⇒ f > f0

2. The transmitter-receiver distance is increasing: ∆v < 0⇒ f < f0

1.2 Mathematical model of the propagation channel

1.2.1 A ray-based approach
Given a transmitter/receiver spatial configuration, it was shown in Section 1.1.1 that if
the first Fresnel zone is obstructed by physical obstacles, the emitted wave will propagate
partially or entirely in a NLoS regime. Depending on the nature of the physical obstacles
present in the environment, the emitted wave undergoes various propagation phenomena,
as presented in Fig. 1.3. This results in multiple versions of the emitted signal arriving
at the receiver with different delays and attenuations, a phenomenon known as multipath
propagation. A key characteristic of the wireless channel is its number of distinguishable
propagation paths 3, with each path representing a distinct link between the transmitter
and receiver. Note that a link may be either direct, i.e. LoS propagation, or indirect, i.e.
NLoS propagation. Given the local and complex nature of the phenomena operating in
the NLoS regime 4, indirect propagation paths can be decomposed as a set of rays, in a
manner analogous to optical geometry. For an indirect propagation path, the total delay
and attenuation coefficients arise from the cumulative contributions of the constituent
rays. This ray-based channel model is illustrated in Fig. 1.7. Complete knowledge of the
channel can, in principle, be obtained by fully characterizing the interactions of each

3. Two propagation paths are considered distinct if they are resolvable by a measurable difference in
one or more of their fundamental signal properties, e.g. distinct Doppler shifts, or distinct propagation
delays.

4. For instance, in the case of scattering, the incident wave is decomposed into multiple waves that
may subsequently interact with other physical elements.
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1.2 Mathematical model of the propagation channel

Figure 1.7: Ray-based channel model (based on Fig. 3.1 in [Fon22]).

ray with the propagation environment: this constitutes the core idea behind ray-tracing
channel simulation techniques [Hoy+22].

As an example, one can consider a simple propagation environment with a LoS path and
one NLoS path originating from a reflecting obstacle. The attenuation coefficients are
denoted by αLoS and αNLoS. Given an emitted wave x (t), the received signal y (t) can be
expressed as:

y (t) = αLoSx (t− τLoS) + αNLoSx (t− τNLoS) . (1.5)
with τLoS = dLoS/c, where dLoS denotes the LoS propagation path distance. Note that the
delay τNLoS arises from both the cumulative effect of the NLoS propagation path distance
and a phase-shift induced by wave-matter interactions on this path. From Eq. (1.5), it
becomes evident that the channel can be described in terms of the attenuation coefficients
and delays of its distinguishable propagation paths. Formally, the channel can be modeled
as a linear time-varying system, whose impulse response is presented in Definition 1.1.
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Figure 1.8: Time evolution of the channel impulse response.

Definition 1.1: Channel impulse response

Let Lp be the number of distinguishable propagation paths of a wireless channel.
Its time-varying impulse response is defined as:

h (t, τ) =
Lp∑
l=1

αl (t) δ (τ − τl (t)) e−j2πfd,lt, (1.6)

where αl (t) ∈ C, τl (t) ∈ R+, and fd,l ∈ R respectively denote the complex
attenuation coefficient, propagation delay and Doppler frequency of the lth dis-
tinguishable path.

The time-varying nature of the channel arises from changes in the set of distinguishable
propagation paths over time. Due to potential mobility within the propagation environ-
ment, e.g. moving vehicles or pedestrians, certain propagation paths that exist at time t
may no longer be present at time t+ ∆t. This dynamic behavior affects both the number
of distinguishable paths, and their associated delays and attenuation coefficients, leading
to a continuously evolving channel impulse response (CIR), which is illustrated in Fig. 1.8.
Characterizing a propagation environment can also be achieved through the analysis of
its frequency response. For a given transmitted signal, the channel frequency response
provides insight into the amplitude and phase distortion introduced by the channel across
the frequency domain. It is obtained by taking the Fourier transform of the channel
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impulse response along the delay dimension, and is presented in Definition 1.2, with a
proof proposed in Appendix A.2.

Definition 1.2: Channel frequency response

Let Lp be the number of distinguishable propagation paths of a wireless channel.
Its frequency response is defined as:

h (t, f) =
Lp∑
l=1

αl (t) e−j2πfτl(t)e−j2πfd,lt, (1.7)

where αl (t) ∈ C, τl (t) ∈ R+, and fd,l ∈ R respectively denote the complex
attenuation coefficient, propagation delay, and Doppler frequency of the lth dis-
tinguishable path.

1.2.2 Impact of physical phenomena on the propagation channel
The preceding subsections showed that the propagation channel can admit a multipath,
ray-based representation, and that waves propagating along each ray may interact with
the environment in various ways, described by different physical phenomena. It is proposed
to evaluate what are the different impact of Doppler shifts and multipath propagation on
the channel properties.

Doppler shift and time fading

As shown earlier, when physical objects are in motion within the propagation environ-
ment, a shift in the received signal frequency arises due to the relative mobility between
the transmitter, receiver, and scatterers. This phenomenon, known as mobility-induced
Doppler shift 5, leads to frequency dispersion and time-selective fading.

As an example, considering a moving transmitter emitting a signal x (t) with frequency
f0, the frequency observed at the receiver when considering a pure LoS channel reads
as f = (1 + ∆v/c)f0, with ∆v representing the relative speed difference between the
transmitter and receiver 6. This frequency shift induces a time-varying phase rotation, so
that the channel impulse response can be rewritten as:

h (t, τ) = αLoS (t) e−j2πfdtδ (τ − τLoS (t)) , (1.8)

where:
fd = ∆v

c
f0 = ∆v

λ0
, (1.9)

5. Each mobility source induces its own Doppler shift: pedestrians, cars, or even moving tree leaves.
6. As presented in Highlight 1.4.
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is the Doppler shift associated to the LoS path. The received signal can thus be expressed
as:

y (t, τ) = x (t) ⊛ h (t, τ) (1.10)
= αLoS (t) e−j2πfdtx (t− τLoS (t)) . (1.11)

This expression clearly shows that the received signal amplitude depends on the combina-
tion between the propagation delay and the Doppler-induced phase shift. This interaction
leads to constructive or destructive interference, resulting in time-selective fading of the
received amplitude. From a frequency-domain perspective, taking the Fourier transform
of the received signal with respect to the delay yields:

y (t, f) = x (t)αLoS (t) e−j2πfdte−j2πfτLoS(t). (1.12)

Assuming x (t) = e−j2πf0t, which respects the aforementioned assumption that the trans-
mitted signal had frequency f0, one obtains:

y (t, f) = αLoS (t) e−j2π(f0+fd)te−j2πfτLoS(t) (1.13)

= αLoS (t) e−j2π
(
f0+ ∆v

λ0

)
te−j2πfτLoS(t), (1.14)

where the frequency dispersion induced by the Doppler shift becomes evident. Since each
moving object in the environment contributes to a distinct Doppler component, the overall
frequency dispersion increases in multipath scenarios with high mobility: e.g. on a high-
way, each moving vehicle may generate a reflected path with its own Doppler shift. This
illustrated in Fig. 1.9 and Fig. 1.10, where the first depicts different mobility scenarios,
and the second shows the time evolution of a channel coefficient for each configuration. As
expected, Fig. 1.10 reveals that increasing the transmitter speed, and hence the Doppler
shift, enhances the time-selective fading.

Highlight 1.5: Time-selective fading

The presence of moving objects in the propagation environment introduces Doppler
shifts, rendering the channel time-varying as the set of distinguishable propaga-
tion paths may evolve over time. This leads to time-selective fading, where certain
scene configurations are more favorable to signal propagation more than others,
as the Doppler-induced phase shifts can cause constructive or destructive inter-
ference in the received signal. In the frequency domain, these shifts result in
frequency spreading, with the received signal frequency shifted proportionally to
the relative velocity of each scattering object. This can be summarized as follows:

Mobility ⇔ Frequency dispersion ⇔ Time-selective fading
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1.2 Mathematical model of the propagation channel

Figure 1.9: Considered mobility scenarios: in (a) the transmitter is a standing pedestrian,
in (b) the transmitter is a pedestrian walking at 4 km/h, while in (c) it is a car moving
at 130 km/h.

0 2 4 6 8 10
t [ms]

R
e{
h

(t
,τ

Lo
S)
}

Stationary
Low speed (4 km/h)
High speed (130 km/h)

Figure 1.10: Evolution of a channel coefficient over time for different mobility scenarios.
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Multipath propagation and frequency-selective fading

When multiple propagation paths are present, the received signal consists of several at-
tenuated, delayed, and phase-shifted replicas of the transmitted signal. This can be seen
using the previously defined channel impulse response: for a given signal x (t) transmitted
over a channel h (t, τ), the received signal y (t, τ) can be expressed as:

y (t, τ) = x (t) ⊛ h (t, τ) (1.15)

=
Lp∑
l=1

αl (t)x (t− τl (t)) e−j2πfd,lt. (1.16)

One can observe in Eq. (1.16) that the amplitude, and therefore the power, of the received
signal depends on the superposition of the delayed signals. This superposition can lead to
either constructive or destructive interference, depending on the relative phases induced
by each path. The manifestation of the multipath phenomenon in the frequency domain
reads as:

y (t, f) =
Lp∑
l=1

αl (t)x (t) e−j2πfτl(t)e−j2πfd,lt. (1.17)

It can be seen in Eq. (1.17) that the amplitude of the received signal spectrum depends
on:

1. The attenuation coefficients αl (t) induced by each propagation path.

2. The product of the considered frequency and propagation delay: fτl (t), as well as
the product of Doppler frequency and considered time fd,lt, both govern whether
the resulting superposition is constructive or destructive. This phenomenon gives
rise to frequency-selective fading.

A manifestation of the frequency-selective fading due to multipath propagation is illus-
trated in Fig. 1.11 and Fig. 1.12:

• In Fig. 1.11, the channel impulse responses of two different scenarios are depicted:
the first considers only one path, while the second exhibits a large number of dis-
tinguishable propagation paths.

• Fig. 1.12 shows the associated channel frequency responses. In the monopath con-
figuration, the channel is said to be frequency-flat, as its frequency response remains
constant across all the frequency domain. In contrast, the multipath case clearly re-
veals the frequency-selective nature of the channel, characterized by multiple atten-
uation peaks at specific frequencies, resulting from destructive interference between
delayed signal components.
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Figure 1.11: Channel impulse responses for two path configurations.

Frequency [GHz]

|h
(f

)|

Lp = 1
High Lp

Figure 1.12: Channel frequency responses for two path configurations.
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Highlight 1.6: Frequency-selective fading

The presence of multiple propagation paths induces time dispersion of the trans-
mitted signal, as the different components arrive at the receiver with varying
delays. The superposition of these components can result in either constructive
or destructive interference, leading to frequency-selective fading, manifested as
amplitude variations in the received signal’s spectrum. This can be summarized
as follows:

Multipath propagation ⇔ Time dispersion ⇔ Frequency-selective fading

Notions of coherence bandwidth/time

As multipath propagation and mobility induce both frequency selectivity and time vari-
ability in the wireless channel, one may naturally ask whether there exists a frequency
range and a time interval over which the channel remains approximately invariant. This
question motivates the introduction of the coherence bandwidth and coherence time con-
cepts, which respectively quantify the frequency and time stability of the channel. These
quantities are evaluated from a statistical perspective, using the time-frequency channel
autocorrelation function.

Definition 1.3: Time-frequency autocorrelation function

Given a channel frequency response h (t, f), under the assumption that the fast
variations of the channel in the time domain are wide-sense stationary and that
the attenuations across distinct propagation paths are uncorrelated, the time-
frequency autocorrelation function is defined as:

Γh (∆t,∆f) =
∫
R

∫
R
h (t, f)h∗ (t−∆t, f −∆f) dtdf. (1.18)

The coherence bandwidth at κf%, Bc
κf

defines the minimum frequency spacing so that
the fading experienced at those frequencies is decorrelated by κf%. In other words, given
two distinct frequencies (f1, f2) ∈ R2, if |f1 − f2| > Bc

κf
, the channel responses at f1 and

f2 are considered statistically uncorrelated at the κf% level. A formal definition of the
coherence bandwidth is presented below and is illustrated in Fig. 1.13 for κf = 50%.
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Definition 1.4: Coherence bandwidth
Given the time-frequency response Γh (∆t,∆f), the coherence bandwidth at κf%,
Bc
κf

, is defined such that:

κf = E∆t


∣∣∣Γh (∆t, Bc

κf

)∣∣∣
|Γh (∆t, 0)|

 . (1.19)
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Figure 1.13: Illustration of the coherence bandwidth at 50%, for an arbitrary channel.

It can be shown that the coherence bandwidth is inversely proportional to the standard
deviation of the propagation delays, denoted as στ . As the number of distinguishable
propagation paths increases, στ becomes larger, leading to a smaller coherence band-
width. This means that statistically, frequency-selective fading will occur more frequently
in highly multipath environments. This is consistent with Highlight 1.6: rich multipath
environments tend to exhibit stronger frequency selectivity.

An analogous quantity is defined over the time domain: the coherence time at κt%,
denoted as T cκt

. It defines the minimum time spacing so that two time-selective fading are
uncorrelated by κt%. A formal definition is proposed in Definition 1.5, and an illustration
for κt = 50% is presented in Fig. 1.14.
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Definition 1.5: Coherence time
Given the time-frequency response Γh (∆t,∆f), the coherence time at κt%, T cκt

,
is defined such that:

κt = E∆f


∣∣∣Γh (T cκt

,∆f
)∣∣∣

|Γh (0,∆f)|

 . (1.20)
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Figure 1.14: Illustration of the coherence time at 50%, for an arbitrary channel.

The coherence time is inversely proportional with the maximum Doppler frequency in the
channel, which is consistent with Highlight 1.6: a propagation channel with high mobility,
i.e. high values of fd, is expected to present very strong time-selective fading. In such
cases, the channel characteristics fluctuate rapidly over time, meaning that the duration
between two distinct fading events is short, and thus the coherence time is low.

To conclude on these notions, since the coherence time defines the interval over which
the channel can be considered statistically constant, the channel is typically assumed to be
time-invariant within time blocks of duration equal to the coherence time. In an similar
manner, the coherence bandwidth defines the frequency range over which the channel
exhibits decorrelated frequency fading, which means that the channel can be assumed to
be frequency-flat within frequency bands of width equal to the coherence bandwidth.
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1.3 Application to modern communication systems
Having introduced the fundamentals of propagation channel modeling, a natural question
arises: how can these channel models be leveraged to enhance the performance of wireless
communication systems?

1.3.1 Channel capacity
Before introducing the role that the propagation channel plays in modern communication
systems, it is primordial to establish a notion of performance limits. Indeed, when seeking
to improve the performance of a wireless transmission system, it is natural to ask whether
further improvements are theoretically possible. The tool used to determine these funda-
mental performance limits is known as the channel capacity, a concept established in the
aforementioned Shannon paper [Sha48], which laid the foundation of information theory.

Definition 1.6: Channel capacity

The channel capacity is defined as the maximum rate at which information can be
transmitted over a communication channel with an arbitrarily small transmission
error probability. It is usually expressed in bit per second (bps).

As an example, the Shannon-Hartley theorem states that, for a channel affected by addi-
tive white Gaussian noise (AWGN), with bandwidth B, and signal-to-noise ratio (SNR),
the channel capacity C is given by:

C = B log2 (1 + SNR) . (1.21)

The SNR being defined as the received signal power over the channel noise power, it
becomes clear that the channel plays a predominant role in this theoretical bound:

1. The channel can attenuate the received signal, reducing its amplitude and power,
thereby lowering the SNR and decreasing channel capacity.

2. Channels with high noise levels increase noise power, thereby reducing the SNR and
thus the channel capacity.

An illustrative example of the channel impact on this performance bound can be obtained
with a simple LoS AWGN channel with no mobility. In this setting, the received signal
y (t) can be expressed as:

y (t) = αLoSx (t− τLoS (t)) + n (t) , (1.22)
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Figure 1.15: Evolution of the channel capacity of a LoS channel, for different channel
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where n (t) ∼ CN (0, σ2
n) denotes the noise, and x (t) is the transmitted signal with band-

width B and power Px. The SNR reads as:

SNR = |αLoS|2 Px
σ2
n

, (1.23)

leading to the following channel capacity expression:

C = B log2

(
1 + |αLoS|2 Px

σ2
n

)
, (1.24)

which is a decreasing function of the noise power σ2
n, and an increasing function of the

channel attenuation amplitude |αLoS|2 and signal power Px. The behavior of Eq. (1.24)
is illustrated in Fig. 1.15, where plots for different noise and channel powers show the
dependence of the capacity on the different channel properties.

1.3.2 Multi-antenna systems
Thus far, the transmitter system has been considered to employ a single antenna. In mod-
ern communication systems, however, both the transmitter and the receiver are typically
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equipped with multiple antennas, introducing an additional degree of freedom: the spatial
domain. This enables advanced techniques such as beamforming and spatial multiplexing.
Such antenna configurations are referred to as multiple-input multiple-output (MIMO)
systems.

Mathematical model of a MIMO channel

In case of a MIMO system equipped with Nt transmit antennas and Nr receive antennas,
the received signal becomes a time-dependent vector y (t, τ) ∈ CNr , which contains what
is received by each receive antenna. For an emitted signal x (t), the expression of y (t, τ)
reads as:

y (t, τ) =


y1 (t, τ)

...
yNr (t, τ)

 =



Nt∑
i=1

xi (t) ⊛ h1,i (t, τ)
...

Nt∑
i=1

xi (t) ⊛ hNr,i (t, τ)

 , (1.25)

with hj,i (t, τ) representing the channel impulse response between the jth receiver and
ith transmitter antenna. In the frequency domain, Eq. (1.25) simplifies as the convenient
matrix product:

y (t, f) = H (t, f) x (t) , (1.26)
with H (t, f) ∈ CNr×Nt defined as the channel matrix, i.e. the channel frequency responses
over each transmit/receive antenna pairs.

A well-established model for the MIMO channel is based on the far-field assumption.
When the transmitter-receiver distance exceeds the Fraunhofer distance [SJ17; CD22],
the channel can be accurately described using a ray-based model 7. This approach, which
assumes planar wavefronts impinging on the antenna arrays, forms the basis of Defini-
tion 1.7, introducing the steering vector, and Definition 1.8, which employs steering vectors
in the construction of a ray-based channel model. A steering vector describes the phase
shifts induced across the antenna array by an incoming wavefront arriving at a given angle
relative to the array normal. These phase shifts arise from the differences in propagation
distance between the wavefront and each antenna element, as illustrated in Fig. 1.16.

7. See Section 1.2.1, [TV05, Chapter 7, pp. 311-316] or [BD24, Chapter 5, pp. 385-386].
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Figure 1.16: Illustration of the path difference for a wavefront impinging on a 1D antenna
array at azimuth angle θ. The path difference δi = pT

i u(θ) induces a phase shift in the
received signal, leading to the well-known steering vector model.

Definition 1.7: Steering vectors

Given a multi-antenna system with N distinct antenna elements located at po-
sitions pi ∈ R3, the steering vector associated with an impinging plane wave
arriving from azimuth/elevation angles (θ, ϕ) is given by:

a (θ, ϕ) = 1
∥g∥2


g1e−j 2π

λ
pT

1u(θ,ϕ)

...
gNe−j 2π

λ
pT

N u(θ,ϕ)

 , (1.27)

where g ∈ CN denotes the complex gain of each antenna elements, λ denotes
the considered wavelength, and u (θ, ϕ) ∈ R3 denotes a unit norm vector in the
direction (θ, ϕ).
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Definition 1.8: MIMO channel frequency response

Given a propagation channel with Lp distinguishable propagation paths, and
assuming that the far-field assumption holds, the channel frequency response is
given by:

H (t, f) =
Lp∑
l=1

αl (t) e−j
(

2πfτl(t)+
∆vl
λ0

t

)
ar (θa

l , ϕ
a
l ) aH

t

(
θd
l , ϕ

d
l

)
, (1.28)

where αl (t) ∈ C is the complex attenuation, τl(t) the propagation delay, and
∆vl the relative transmitter/receiver speed for the lth path; λ0 denotes the wave-
length corresponding to the system’s central frequency; (θa

l , ϕ
a
l ), resp.

(
θd
l , ϕ

d
l

)
represent the azimuth and elevation angles of arrival, resp. departure, for the
lth path. Additionally, at (θ, ϕ) and ar (θ, ϕ) represent the transmitter/receiver
steering vectors.

It should be noted that the MIMO channel model presented in Definition 1.8 can be
extended when the far-field assumption does not hold by considering near-field steering
vectors [HB91; Fri19; LD23; Gon+24; GLMS25].

Similarly to the mono-antenna scenario, now denoted as single input single output
(SISO), the communication performance over a MIMO channel are bounded by the ca-
pacity, expressed by Telatar [Tel99] as follows.

Definition 1.9: MIMO channel capacity

Given a MIMO channel, of channel matrix H ∈ CNr×Nt , considering AWGN of
power σ2

n, bandwidth B, the MIMO capacity can be expressed as:a

CMIMO = B log2

(
det

(
IdNr + 1

σ2
n

HQHH
))

, (1.29)

where Q = CNt×Nt is a power allocation matrix.
a. Note that the time/frequency dependence of the channel matrix is omitted here.

Assuming uniform power allocation, the capacity of a MIMO channel can be expressed
as the sum of orthogonal SISO channels capacities, each corresponding to an eigenmode
of the MIMO channel matrix. This decomposition is obtained through the singular value
decomposition (SVD) of the channel matrix, which diagonalizes the MIMO channel into a
set of independent subchannels, each associated with an eigenvalue value that determines
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its individual capacity contribution [Tel99]. This is formalized as:

CMIMO = B
rk(H)∑
i=1

log2

(
1 + Pe

Ntσ2
n

λi

)
, (1.30)

Pe being the total emitted power, i.e. Tr (Q), and λi being the ith eigenvalue of HHH,
which is the square of the ith singular value of H. A demonstration of Eq. (1.30) is
proposed in Appendix A.3.

Under the assumption of uniform power allocation, and denoting the ith orthogonal
SISO sub-channel capacity as CSISOi

, it then clearly appears that:

∀i ∈ J1, rk (H)K, CMIMO > CSISOi
. (1.31)

It is important to note that although multi-antenna systems offer the potential for in-
creased capacity over mono-antenna systems, their transmission performance is still fun-
damentally constrained by the channel properties. As it is stated above, in the best-case
scenario, the system can transmit simultaneously over rk (H) distinct SISO channels,
corresponding to the eigenmodes of the MIMO channel. However, if the channel matrix
is poorly conditioned, i.e. if it exhibits small or highly unequal eigenvalues, the effec-
tive number of usable distinct eigenmodes is reduced, leading to degraded transmission
performance.

MIMO performance optimization

Over the past two decades, numerous techniques have been developed to mitigate the
potential performance degradation introduced by the MIMO propagation channel. It is
proposed to focus on two of them: water-filling and beamforming.

From a theoretical perspective, optimizing transmission performance amounts to max-
imizing the effective channel capacity, which can be achieved by appropriately allocating
the transmit power across the transmit antennas. This formally reads as the following
optimization problem:

C⋆MIMO = max
Q ∈ RNt×Nt

B log2

(
det

(
IdNr + 1

σ2
n

HQHH
))

,

s.t. Tr (Q) ≤ Pmax

(1.32)

where the constraint limits the total transmitted power. Note that in order to solve the
problem described in Eq. (1.32), full channel knowledge is required at the transmitter.
This problem is convex and can be solved using Lagrangian methods 8. In that case,
given the set of active antennas A = {1, · · · , rk (H)}, the allocated power pi to the ith

8. An interested reader is referred to [BD24, Chapter 3, pp.175-177], or [TV05, Chapter 5, pp. 182-184].
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Figure 1.17: Illustration of the waterfilling power allocation method (based on Fig. 3.12
in [BD24]).

transmitter antenna is: ∀i ∈ A, pi = max
(
µ− σ2

n

λi
, 0
)

∀i /∈ A, pi = 0
, (1.33)

where µ is an optimization variable taken so that ∑rk(H)
i=1 pi = Pmax. The associated op-

timal power allocation matrix 9 is Q⋆ = Vdiag
(
p1, · · · , prk(H),0T

RNt−rk(H)

)
VH, where V

originates from the SVD of H = UΣVH. The key insight from Eq. (1.33) is that each
eigenmode subchannel is assigned a distinct power level, which depends both on the total
power budget Pmax, through µ, and on each subchannel quality, through the eigenvalues
λi. This optimal power allocation policy follows the water-filling principle: more power is
allocated to the stronger eigenmodes, while weaker modes may receive little to no power,
a principle which is illustrated in Fig. 1.17. Under this approach, favorable subchannels,
i.e. high λi, contribute more significantly to the overall capacity through larger power
allocations.

In addition to optimizing the power allocation policy, another approach to enhance
the effective channel capacity is to focus the transmitted power along specific spatial
directions, a technique known as SVD beamforming [BD24, Chapter 3, pp. 185-197].
Such approach requires both the transmitter and receiver to have full channel knowledge,
as the selected spatial directions consists of the channel matrix singular vectors 10. From a
more technical perspective, the general beamforming technique relies on applying specific
phase shifts across the transmit and receive antenna elements, such that the resulting

9. If Nt < Nr, the diagonal of Q does not contain null values, i.e. all transmit antennas are used.
10. Note that this assumption entails significant complexity as a specific channel estimation procedure

is required to obtain channel knowledge at both the transmitter and receiver level.
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electromagnetic wavefronts constructively interfere in a desired direction. This enables
the transmitter to steer the radiated energy towards a specific spatial direction, or the
receiver to enhance signals arriving from a given direction. Formally, both a precoder
W ∈ CNt×Nt and combiner F ∈ CNr×Nr are defined, so that Eq. (1.26) can be rewritten
as follows:

y (t, f) = F (t, f) H (t, f) W (t, f) x (t) . (1.34)
For the sake of clarity in the following developments, the frequency dependence will be
omitted, and the time index will be assumed fixed, leading to:

y = FHWx. (1.35)

Using the SVD approach, it can be shown that the channel matrix admits the following
representation:

H = UΣVH (1.36)

=
rk(H)∑
i=1

√
λkuivH

i , (1.37)

with U ∈ CNr×Nr , V ∈ CNt×Nt being unitary, i.e. UHU = IdNr VHV = IdNt , and
Σ ∈ RNr×Nt being rectangular diagonal. Eq. (1.37) highlights the channel eigenmodes: it
reveals that the MIMO channel offers rk (H) orthogonal spatial paths where vi and ui
respectively describe the transmit and receive spatial directions. An illustration of this
behavior is proposed in Fig. 1.18. From this representation, one can quickly show that
taking:

W = V (1.38)
F = UH, (1.39)

i.e. aligning the transmitted and received wavefronts with the channel’s eigenmode di-
rections, is optimal from a capacity standpoint. Indeed, in that case, the received signal
rewrites as:

y = UHUΣVHVx (1.40)
= Σx (1.41)

=
[√
λ1x1 · · ·

√
λrk(H)xrk(H) 0 · · · 0

]T
, (1.42)

which translates to rk (H) orthogonal SISO links, each associated with a channel eigen-
mode. Assuming uniform power allocation across all transmit antennas, and that the

38



1.3 Application to modern communication systems

Figure 1.18: Illustration of the channel matrix eigenmodes (based on Fig. 3.16 in [BD24]).

channel suffers from AWGN with power σ2
n, the capacity reads as:

C = B
rk(H)∑
i=1

log2

(
1 + Pe

Ntσ2
n

λi

)
, (1.43)

which is Eq. (1.30): this confirms the optimality of this particular beamforming scheme
with uniform power allocation.

Remark 1.2. When considering a MIMO multipath channel with a number of propagation
path smaller than the number of transmit and receive antennas, i.e. Nt > Lp, Nr > Lp,
and angularly sufficiently separated propagation paths so that the corresponding steering
vectors are (almost) orthogonal, each propagation path corresponds to a distinct channel
eigenmode, as illustrated in Fig. 1.18. However, in the general case, each of the channel
eigenmode arises from a linear combination of multiple propagation paths, restricting the
visual intuition of the eigenmode concept.

Application to multi-user transmission

In a wireless cellular scenario, a fixed transmitter, referred to as a base station (BS), is
tasked to serve multiple user equipments (UEs), which are potentially moving. When the
BS is equipped with multiple antennas, the scenario is referred to as multi-user MIMO
(MU-MIMO). This setting gives rise to the concept of multiplexing, where several users
share the same communication resources. Several multiplexing strategies can be envi-
sioned, as presented below, and illustrated in Fig. 1.19.

• Time multiplexing. Known as time division multiple access (TDMA), it involves
allocating distinct time slots to each UE, such that only one user is served at any
given time. While conceptually simple, TDMA requires precise time synchronization,
involves complex scheduling mechanisms, and introduces inherent latency, especially
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Figure 1.19: Illustration of the TDMA/FDMA/CDMA schemes for 3 distinct users: each
user is represented by a different color.

in scenarios with a high number of users, which can be problematic when the system
has delay constraints.

• Code multiplexing. Known as code division multiple access (CDMA), this approach
assigns a distinct code to each UE, enabling the base station to serve all users si-
multaneously over the same time and frequency resources. CDMA offers efficient
time and frequency use, in addition to good interference rejection capabilities. How-
ever, CDMA systems tend to be complex to implement due to power management
constraints for close and far UEs, and due to the code generation, assignment and
management.

• Frequency multiplexing. Known as frequency division multiple access (FDMA),
this scheme divides the available spectrum into orthogonal frequency sub-bands,
each assigned to a distinct UE. This frequency separation allows efficient interfer-
ence mitigation in addition to simple implementation requirements. However, this
multiplexing scheme can lead to inefficient spectrum use, especially when UEs band-
width requirements are inferior to the allocated sub-bands size, or if sub-bands are
not allocated.

Beyond the time, code, and frequency domains, the spatial dimension of the wireless chan-
nel can also be exploited for multiplexing 11. Similarly to point-to-point MIMO systems,
where wavefronts are directed along the eigenmodes of the channel, multi-user systems

11. Note that these domains are not mutually exclusive, e.g. UEs can be jointly separated in both the
frequency and code domains.
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can instead steer the transmitted energy towards the spatial directions associated with
distinct users. This strategy, known as spatial multiplexing or spatial division multiple
access (SDMA), enables the base station to serve multiple UEs simultaneously over the
same time and frequency resources by leveraging the spatial separability of their chan-
nels. In contrast with point-to-point MIMO systems, MU-MIMO introduces an additional
interference constraint: UE k must only receive its intended signal and not the signals in-
tended to other UEs j, j ̸= k. Mitigating inter-UE interference is a complex task that is
described as follows.

Considering a BS with N transmit antennas, and K mono-antenna UEs, the channel
between the BS and UE k is hk ∈ CN . As such, the channel matrix is defined as the
concatenation of the channel corresponding to each UE 12: H (t, f) = [h1, · · · ,hK ] ∈
CN×K . Omitting the frequency dependence and fixing the time, for an emitted signal
x ∈ CK , the received signal at the UE level, y ∈ CK , over the channel H reads as:

y = ηHHWx + n, (1.44)

where n represents AWGN, i.e. n ∼ CN (0CK , σ2
nIdK), W = [w1, · · · ,wK ] ∈ CN×K is the

precoding matrix, and η = 1/ ∥W∥F. The received signal at UE k rewrites as:

yk = ηhH
kwkxk + η

∑
j ̸=k

hH
kwjxj + nk, (1.45)

where ∑j ̸=k hH
kwjxj constitutes the inter-UE interference. Indeed UE k receives its in-

tended signal xk but also a linear combination of the signals to the other UEs xj. The
metrics quantifying the impact of interference, as well as interference and noise on a given
transmission are the signal-to-interference ratio (SIR), and the signal-to-interference-and-
noise ratio (SINR), respectively. For the received signal at UE k, under the assumption
of unitary signals i.e. E

[
|xk|2

]
= E

[
|xj|2

]
= 1, the SNR, SIR, and SINR read as:

SNR =

∣∣∣ηhH
kwk

∣∣∣2
σ2
n

(1.46)

SIR =

∣∣∣hH
kwk

∣∣∣2∑
j ̸=k

∣∣∣hH
kwj

∣∣∣2 (1.47)

SINR =

∣∣∣ηhH
kwk

∣∣∣2
σ2
n +∑

j ̸=k

∣∣∣ηhH
kwj

∣∣∣2 . (1.48)

One can observe that inter-UE interference mitigation can be realized through the use

12. Note that the channel matrix dimensions are reversed compared to the conventional point-to-point
MIMO channel formulation: this is of no particular importance as an Hermitian is involved in the input-
output relation presented in Eq. (1.44), thereby preserving the mathematical equivalence.
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Table 1.1: Usual precoders and their associated objectives: maximum ratio transmission
(MRT), equal gain transmission (EGT), zero forcing (ZF) and minimum mean squared
error (MMSE).

W Objective (maximization)
MRT H SNR
EGT exp (j arg (H)) SNR

ZF H
(
HHH

)−1
SIR

MMSE H
(
HHH + σ2

nIdK
)

SINR

of a carefully chosen precoder, as the interference level is only dependent on the sum∑
j ̸=k

∣∣∣ηhH
kwj

∣∣∣2. Based on different optimization problems, several different precoder ex-
pressions have been developed: some of the most usual precoders and their respective
objective are found in Table 1.1, while an illustration of the principles underlying the ZF,
MRT and MMSE precoders is provided in Fig. 1.20.

hj
hl

ZF

MRT

MMSE

hk

Subspace spanned by
the interfering channels

Figure 1.20: Illustration of the MRT/MMSE/ZF principle: hk denotes the channel of the
considered UE, while hj and hl correspond to the channels of interfering UEs (based on
Fig. 6.17 in [BD24]).

From a high level perspective, the MRT precoder aims at maximizing the signal power
towards the spatial direction of each UE, which can result to non-negligible inter-UE
interference. In contrast, the ZF precoder aims the signal power towards directions that
are orthogonal to the spatial directions of the interfering UEs channels, thereby eliminating
the interference, at the potential cost of noise amplification. The MMSE precoder offers a
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1.3 Application to modern communication systems

tradeoff between the MRT and ZF approaches by incorporating noise variance knowledge
in the precoder expression. Specifically, at high SNR it acts as the ZF precoder, while at
low SNR it is equivalent to the MRT precoder.

As an example of the effectiveness of precoding methods in mitigating inter-UE inter-
ference, it is proposed to evaluate the effect of the ZF precoder. Taking the ZF precoder
expression in Eq. (1.44) yields:

y = ηHHWx + n (1.49)

= ηHHH
(
HHH

)−1
x + n (1.50)

= ηIdKx + n (1.51)
= ηx + n (1.52)
(∗)= 1√

Tr
(
(HHH)−1

)x + n, (1.53)

where (∗) originates from the normalization factor of the ZF precoder, as derived in
Appendix A.4. One can observe that the ZF precoder effectively diagonalizes the channel,
thereby fully removing inter-UE interference. However, this interference suppression comes
at the cost of decreased received power when the user channels are correlated. Indeed,
denoting the eigenvalues of HHH by λ1, . . . , λK , channel correlation implies that some
λi are small. Since the eigenvalues of

(
HHH

)−1
are λ−1

1 , . . . , λ−1
K , and using the trace

operator properties, the normalization factor becomes:

η =
(√

Tr
(
(HHH)−1

))−1

=

√√√√ K∑
i=1

1
λi

−1

. (1.54)

When several eigenvalues λi are small, the sum of their inverses becomes large, resulting
in a low value of η. From a physical perspective, it means that the ZF precoder must
amplify the power to compensate for the weak eigenmodes, effectively increasing the
required transmit power. Under a fixed power budget, this amplification leads to reduced
overall performance: as the useful signal x is scaled by η, a smaller η directly translates
to a SNR loss.

The precoding schemes discussed herein assume full channel knowledge at the BS level,
which necessitates a dedicated channel estimation procedure. This requirement introduces
substantial complexity, particularly in FDD systems, where channel non-reciprocity fur-
ther complicates estimation. This complexity constraint constitutes the problematic of
Chapter 8 and 9. In addition to beamforming, inter-UE interference can also be mitigated
through optimized transmit antenna array design. In particular, systems with high spa-
tial resolution are better equipped to distinguish between closely spaced UEs, resulting
in reduced inter-UE interference, even without the use of precoding techniques mitigating
inter-UE interference. The concept of spatial resolution is presented in Highlight 1.7.
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Highlight 1.7: Spatial resolution

A multi-antenna system is said to possess a high spatial resolution if its radiation
diagram possess a narrow main lobe: the associated performance metric is the
half-power beam-width (HPBW), i.e. the main radiation lobe aperture at −3dB.
The HPBW depends on several factors:

1. The size of the antenna array that constitutes the multi-antenna system: as
the array size increases, the main radiation lobe aperture decreases, leading
to higher spatial resolution. For uniformly spaced antenna arrays, a larger
number of radiating elements increases the array size and thus improves
spatial resolution, as illustrated in Fig. 1.21.

2. The topology of the multi-antenna system: for instance uniform planar ar-
rays have good spatial resolution in both the azimuth and elevation planes.

Note that, when considering beamforming towards an angle θ wrt. the normal of
a planar antenna system, the HPBW broadens when θ → ±π/2.
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Figure 1.21: Illustration of the increase in spatial resolution with the size of the antenna
array: in red, the system with 64 antennas presents a narrow main lobe, i.e. a low HPBW,
and thus a high spatial resolution. Conversely, in blue, the system with 8 antennas presents
a low spatial resolution due to its wide main lobe.
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1.4 Conclusion
This introduction on the wireless propagation channel, and its use in modern communi-
cation systems, has highlighted several key aspects which are summarized below.

• The propagation channel is inherently linked to the physical environment, which
can change over time, and is governed by fundamental physical phenomena such as
reflection, absorption, refraction, diffraction, scattering, and the Doppler effect.

• It is possible to construct mathematical models rooted in these physical phenomena
to represent the propagation channel, in both the time and frequency domains.

• It has been shown that many modern communication techniques can use channel
knowledge to mitigate the limitations imposed by the propagation channel. Par-
ticularly, in MIMO systems, it was shown that water-filling or SVD beamforming
allowed to optimize the capacity, while beamforming was shown to mitigate inter-UE
interference in MU-MIMO systems. However these methods rely on accurate channel
knowledge, which requires channel estimation procedures and induces a potentially
significant overhead.
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Chapter 2

MACHINE LEARNING

This chapter aims at presenting a general introduction to the machine learning concepts.
Firstly, Section 2.1 presents the different types of learning problems. Then, Section 2.2
introduces some general notions related to learning problems: e.g. how to train a machine
learning method, how to select between different trained methods? Section 2.3 details three
classical machine learning algorithms that are widely used for many problems. Section 2.4
focuses on the deep learning paradigm by providing a general presentation and stating its
known limitations. Finally, Section 2.5 concludes on the presented concepts.
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2.1 Typical problems
Over the past three years 1, there has been a remarkable surge in public interest in a
class of machine learning (ML) algorithms known as Generative AI, largely driven by the
emergence of powerful conversational agents such as ChatGPT, Claude, or LeChat. De-
spite this recent visibility, the field of machine learning is not new. In fact it can be traced
back to the early 1960s with work in automated signal and speech recognition. However,
scientific progress in the field has accelerated significantly over the past decade 2, an ac-
celeration that can be attributed to several key factors. First, while previous generations
of researchers were often constrained by limited computational resources, today’s scien-
tists benefit from highly powerful hardware, particularly due to the rapid advancements
in graphical processing units (GPUs). These enhanced computational capabilities have
significantly accelerated the development and deployment of complex machine learning
models. Second, the range of practical problems that can be effectively addressed using
ML techniques has expanded considerably. This has created a virtuous cycle: the problem-
solving capabilities of ML methods have spurred greater interest in fundamental research,
which in turn has produced more powerful and efficient algorithms, further enabling the
resolution of real-world problems. An example of this cycle can be found in the field of
computer vision: from a simple digit recognition system in [LeC+89], current ML-aided
computer vision systems are used to operate self-driving cars. Third, as it will be discussed
later in this chapter, ML methods are inherently data-driven. While data-collection has
always been part of the human activity, the past fifty years have seen an unprecedented
explosion in the volume of available data. This abundance of data has provided the basis
for training increasingly expressive models, enabling ML methods to tackle more complex
tasks with higher accuracy and robustness.

Before delving in the different types of machine learning problems, it is important to
distinguish between artificial intelligence (AI) and ML. There are many different defini-
tions of AI, but it can be considered as the field that aims to conceive intelligent systems,
capable of performing complex tasks that requires traits typically linked with human in-
telligence: e.g. learning, reasoning, or decision taking. On the other hand, ML can be
defined as a sub-field of AI, where the focus lies on developing methods that learn from
data, in the goal of performing a task without specific instructions 3. The core of ML can
thus be split between four concepts [GBC16, Chapter 5, pp. 99-107]:

1. Task. A task constitutes the problem that will be solved through the use of a ML
model.

2. Data. Data constitutes the elements that will be used to train a ML model.

1. At the time of writing this manuscript, the current year is 2025.
2. More precisely, since 2012 with the AlexNet paper [KSH12], which introduced the training of neural

networks on GPUs.
3. Note that, while the training process may be guided by certain instructions or objectives, the

execution of the task itself is typically carried out without explicit instructions.
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3. Learning algorithm. A learning algorithm consists of an ordered sequence of opera-
tions that define the training procedure used to optimize a ML model for a specific
task.

4. Performance measure. A performance measure quantifies how effectively a ML
model performs the task for which it has been designed.

Machine learning problems can be categorized into different types according to the nature
of the data and the underlying learning objective: see [GBC16, Chapter 5, pp. 104-107]
and [Aze19, Chapter 1, pp. 4-10]. The main ML problem types are supervised learning,
unsupervised learning, and alternative learning problems such as semi-supervised learn-
ing, reinforcement learning, or online learning. These problem types are presented in the
subsequent subsections.

2.1.1 Supervised learning
In the supervised learning setup, a ML method is trained using labeled data: each input
is associated to the corresponding target output, called a label. The objective is to learn
a mapping from inputs to outputs, based on the available data, that enables accurate
prediction on unseen data. The labels can be seen as an incentive towards a desired
predictive behavior, and, as such, supervise the training process. A more formal definition
of a supervised learning problem is proposed in Definition 2.1.

Definition 2.1: Supervised learning problem

Let x ∈ X be a variable from an input space X , and y ∈ Y be a variable from an
output space Y . Let us assume that the relationship between x and y is captured
by a joint distribution px,y on X ×Y . The goal of supervised learning is to find a
function f in a hypothesis class H ⊆ YX that minimizes a given error measure.
Formally, this amounts to solving:

minimize
f

E(x,y)∼px,y [µY (f (x) , y)] ,

subject to f ∈ H ⊆ YX
(2.1)

where µY : Y × Y → R+ defines an error measure on Y .

As presented in Definition 2.1, the approximation function f is chosen from an hypothesis
class H which is a subset of mappings from X to Y , i.e. YX . The choice of the hypothesis
class is of fundamental importance as it constrains the set of functions that the learning
algorithm can explore during training, thereby impacting the trained model’s ability to
efficiently approximate the unknown relation between X and Y .

49



Part I, Chapter 2 – Machine learning

The nature of the input and output spaces typically depends on the task that is to be
solved using supervised learning. Such tasks can be categorized in two main categories:
regression and classification.

Regression

A regression task can be viewed as the prediction of a continuous output based on a given
input, which translates to the following definition.

Definition 2.2: Regression problem

A supervised learning problem with output space Y is said to be a regression
problem iff:

|Y| = +∞. (2.2)

Some regression problems examples include:

• Temperature prediction. Predicting the average temperature of day d, based on
temperature measured from the previous days (d− 1, d− 2, · · · , d− 7), constitutes
a regression problem with X = R7, and Y = R.

• Base station location optimization. Given N base stations, the problem of opti-
mizing their locations based on a performance measure κ ∈ R evaluated at K test
users can be formulated as a regression problem with X = RK , and Y = R3×N .

• Constellation optimization Selecting a set of N possible symbols, based on a mea-
sured performance κ ∈ R at a test UE, can be formulated as a regression problem
with X = R, and Y = CN .

Classification

A classification task can be interpreted as making a discrete decision based on a given
input, as formalized in the following definition.

Definition 2.3: Classification problem

A supervised learning problem with output space Y is said to be a classification
problem iff:

|Y| < +∞. (2.3)
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If |Y| = 2 the problem is said to be a binary classification problem, whereas, if 2 < |Y| <
+∞, the problem is said to be a multi-class classification problem. Some examples of
classification problem include:

• Check fraud detection. Determining whether or not a check is valid, based on an
image of dimensions N ×M , is a binary classification problem 4 with X = R3×N×M ,
and Y = {0, 1}.

• Tumor recognition. Determining the type of a tumor based on a 3D image of
dimensions N ×M × K obtained from magnetic resonance imaging constitutes a
multi-class classification problem, where X = R3×N×M×K and Y = {0, 1, 2} or
Y = {benign, malignant, pre-cancerous}.

• Jammer recognition. Determining if a received signal x ∈ CN originates from a
jammer is a binary classification problem, with X = CN , and Y = {0, 1}.

2.1.2 Unsupervised learning
In the context of unsupervised learning, no labeled data are available, in contrast to the
supervised learning framework. The objective is not to make predictions for a given input,
but rather to identify hidden structures within the input space based solely on observations
from the input space [GBC16, Chapter 5, pp. 146-147], [Aze19, Chapter 1, pp. 7-9]. A
formal definition of this concept is proposed in Definition 2.4.

Definition 2.4: Unsupervised learning

Let x ∈ X be a variable from an input space X . Let us assume that the data
distribution is captured by an unknown probability distribution px on X , and
that there exists a representation space Z, in which relevant information about
px can be captured. The goal of unsupervised learning is to identify a function
f , within an hypothesis class H ⊆ ZX , such that f minimizes a task-specific
objective function. Formally, this amounts to solving:

minimize
f

Ex∼px [µZ (f (x))] ,

subject to f ∈ H ⊆ ZX
(2.4)

where µZ : Z → R+ quantifies how well the learned representation captures the
underlying structure of the data.

4. Note that, in this example, each pixel is considered to be encoded as a real scalar. In practice it is
typically encoded on 8 bits, thereby limiting the input space to {0, · · · , 255}3×N×M .
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Note that the concept of unsupervised learning, and the notion of mapping function
to a representation space are quite broad and abstract: it encompasses not only ana-
lytically defined functions, but also those that do not admit a closed-form expression.
Examples of unsupervised learning problems include density estimation [Ros56; Par62],
clustering [Mac67], dimensionality reduction [Pea01], data denoising [CLMR23], or sparse
representation learning. A quick focus on density estimation, clustering, and dimension-
ality reduction is proposed in the following paragraphs.

Density estimation

Assuming that the input space X is governed by an unknown probability density function
px (x), i.e.:

∀x ∈ X , x ∼ px (x) , (2.5)
and given an observation of the input space, D = {x1, · · · , xN} ∈ XN , the density es-
timation task consists in estimating a surrogate density function f (x) using D. In this
context, the representation space Z is a latent space in which the data distribution px (x)
is easier to model. From a more formal perspective, the density estimation task can be
seen as solving the following optimization problem:

minimize
f

1
|D|

∑
x∈D

µZ (f (x)) ,

subject to f ∈ H
(2.6)

where H is the hypothesis class associated to this problem 5, and µZ : Z → R+ denotes an
error measure, e.g. the Kullback-Leibler divergence with the empirical probability density
function evaluated on D. The objective is that the solution of the optimization problem
presented in Eq. (2.6), f ⋆, approximates the true data density function in the sense that
the following Kullback-Leibler divergence tends to 0:

∫
X
f ⋆ (x) ln

(
f ⋆ (x)
px (x)

)
dx ≃ 0. (2.7)

A classical example of density estimation method is the kernel density estimator, intro-
duced independently by Rosenblatt and Parzen [Ros56; Par62], and later extended to the
multivariate setting [Sco15]. An illustration of this task is proposed in Fig. 2.1.

Clustering

The clustering task seeks to group data samples according to shared characteristics. A
general illustration of this process is presented in Fig. 2.2. Formally, clustering involves
finding a function f : X → Z = [C1, · · · , CK ], which assigns each data point x ∈ X to one

5. Note that in the context of this problem, H can be defined as the set of all probability density
functions, i.e. H =

{
f ∈ ZX |∀x ∈ X , f (x) ≥ 0,

∫
X f (x) dx = 1

}
.
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Figure 2.1: Illustration of the density estimation task: the histogram is based on the
observation D, and the red curve represents the estimated density f (based on [YuHsu25]).

Figure 2.2: Illustration of the clustering task: given an observation D (here points in R2),
the objective is to separate them in different clusters Ck, such that each point in the same
cluster shares a common characteristic (here its color).
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of the K clusters Ck, based on a certain similarity criterion. The objective is to identify a
partition of the input space from an observation D = {x1, · · · , xN} ∈ XN , such that:

K⋃
k=1
Ck ≃ X , (2.8)

and:
Ci ∩ Cj = ∅,∀i ̸= j. (2.9)

Formally, the clustering task takes the form of the following optimization problem:

minimize
f, (C1, · · · , CK)

1
|D|

∑
x∈D

µZ,X K (f (x) , (C1, · · · , CK)) ,

subject to f ∈ H,
(C1, · · · , CK) ⊂ XK ,
K⋃
k=1
Ck ≃ X ,

Ci ∩ Cj = ∅,∀i ̸= j

(2.10)

where H denotes the hypothesis class, and µZ,X K : Z × XK → R+ denotes an error
measure on the cluster assignment. The influence of the aforementioned similarity criterion
manifests through the design of this error measure, which determines how similarity or
dissimilarity between samples is evaluated during the optimization process.

Classical clustering methods include the k-means method [Mac67], or the gaussian
mixture model method [Ras99]. Examples of clustering applications include:

• Image segmentation. Given an image, separate its semantic content in different
regions, e.g. road, pedestrian, or stop sign.

• Customer segmentation. Given a purchase records, separate customers within dis-
tinct regions to give business analytics such as product preferences per buyer profile.

Dimensionality reduction

The general objective of the dimensionality reduction task is to find a representation
space whose dimension is lower than the input space, and where some properties of the
input space are preserved: an illustration of this task is presented in Fig. 2.3. Given an
observation D = {x1, · · · , xN} ∈ XN , the dimensionality reduction task can be formally
defined as follows:

minimize
f

1
|D|

∑
x∈D

µZ,X (f (x) , x) ,

subject to f ∈ H =
{
f ∈ ZX | dimR (Z) < dimR (X )

} (2.11)
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Input space X

Representation space Z
dimR (Z) < dimR (X )

f : X → Z

Figure 2.3: Illustration of the dimensionality reduction task (based on [Fle25]): the ob-
servation D from the input space (here X = R3), is mapped towards a lower dimensional
space (here Z = R2).

where µZ,X : Z × X → R+ denotes an error measure on the encoded input. In a similar
manner than for the clustering task, the design of this error measure is highly depen-
dent on the specific objective of the dimensionality reduction task. Different goals, such
as preserving pairwise distances, capturing variance, or maintaining neighborhood struc-
ture, may require distinct formulations of µZ,X . Applications of dimensionality reduction
include:

• Compression tasks. Storing the encoded representation requires less memory than
storing the original data. In this context, the encoding function must admit an
inverse so that it is possible to decode the encoded information. Additionally, the
decoded data must present acceptable distortion 6.

• Channel charting. This method aims at embedding high dimensional channel ma-
trices on low dimensional representation spaces, with topology preservation con-
straints. It is the core concept of the contributions presented in Chapters 8 and 9.

2.1.3 Alternative learning paradigms
Semi-supervised learning

Hitherto, learning problems have been categorized according to the availability of labels.
Nevertheless, mixed scenarios may arise, in which only a subset of the data is labeled
while the remainder remains unlabeled. This setting constitutes the foundation of semi-
supervised learning: see [CSZ06] for more information. Semi-supervised learning is of

6. Note that, besides its dimensionality, the entropy of the encoded variable must also be taken into
account when optimizing the compression scheme.
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particular interest in some problems where data collection is easy, but annotation is te-
dious: e.g. computer vision problems, where large image or video datasets are available,
but where data annotation is a very time-consuming process.

Reinforcement learning

Another important learning paradigm is reinforcement learning. This framework is quite
similar to a human learning process: an agent interacts with an environment by selecting
actions in a fixed set. After one or multiple actions, the agent receives a reward that
can be either positive or negative. The design of the reward policy constitutes the core
this learning paradigm, as it guides the agent towards a desired behavior. An interested
reader can refer to [SB18; BT96] for more information 7. For instance, this paradigm
is used to train modern Go/chess/shogi engines: the environment is the Go/chess/shogi
game [Sil+16; Sil+18], the actions are the game’s possible plays regarding the current
agent’s situation, and the reward constitutes a feedback regarding the agent’s actions.

Online learning

Online learning constitutes a learning paradigm that can be formulated in both supervised
and unsupervised settings. Its central principle is to avoid relying on a fixed dataset
D, and instead updating the model continuously as new data becomes available. This
approach is particularly well-suited for systems where data arrives sequentially over time.
For instance, one can consider a transmission quality predictor deployed on a base station.
In the classical supervised or unsupervised settings, training such a predictor requires the
prior collection of a large dataset of received signals, which may be time-consuming. By
contrast, within the online learning paradigm, the predictor’s parameters are updated
incrementally with each newly received signal, enabling real-time adaptation to changing
conditions.

2.2 General learning notions

Now that notions regarding the different learning paradigms have been presented, it is
proposed to present some elements about the actual learning process. Note that this
section will focus on supervised learning problems, but that the same notions can be
extended in the other frameworks.

7. Note that reinforcement learning can be seen as a generalization of the Markov decision process
framework, when the transition probabilities of the environment are unknown, or when the state space
is too large to be exhaustively explored.
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2.2.1 Risk minimization
Towards the empirical risk

As presented in Definition 2.1, solving a supervised learning task amounts to finding a
mapping f : X → Y , that minimizes the expected error measure over the data distribution
px,y. This expected error is referred to as the risk, and quantifies how well the learned
mapping captures the underlying data relations between X and Y .

Definition 2.5: Risk
Let px,y, defined over X × Y , be the data distribution in a supervised learning
problem, where f ∈ YX is the learned mapping, X being the input space, and Y
being the output space. Given an error measure µY : Y × Y → R+, the risk is
defined as:

R (f) = E(x,y)∼px,y [µY (f (x) , y)] . (2.12)

Remark 2.1. The error measure is also commonly referred to as the loss function, denoted
by L. To avoid confusion with the set notation, and to maintain consistency with the error
measure presented in Section 2.1, the µY notation is used thereafter, but the error measure
and loss function terms are interchangeably used.

The key difference between optimization and machine learning lies in Definition 2.5. If
the true data distribution px,y is known, minimizing the risk over the hypothesis class H
constitutes a pure optimization problem. However, in most ML problems, one only has
access to D = {(xi, yi)}Ni=1 ∈ XN × YN , consisting of N i.i.d. samples drawn from px,y.
In this case, the true data distribution is unavailable, and one instead works with an
empirical estimate p̂x,y|D, which depends on the observation D 8. The learning problem
therefore translates to the following empirical risk minimization problem:

minimize
f

E(x,y)∼p̂x,y|D [µY (f (x) , y)] = 1
|D|

∑
(x,y)∈D

µY (f (x) , y) .

subject to f ∈ H
(2.13)

Remark 2.2. It can be observed that the optimization problem presented in Eq. (2.13) is
similar to those presented in Eq. (2.6), (2.10), and (2.11). Indeed, all these problems can
be formulated as instances of empirical risk minimization.

The central idea behind empirical risk minimization is to consider that the observation
D successfully captures the underlying true data distribution. Under this assumption,

8. The index D in p̂x,y|D denotes the distribution estimate dependence to the observation D.
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minimizing the empirical risk serves as a surrogate for minimizing the true risk. Nonethe-
less, several important considerations must be highlighted regarding the empirical risk
minimization principle:

1. With a sufficiently large number of observations, i.e. |D| → +∞, the empirical risk
converges to the risk: this follows directly from the strong law of large numbers.

2. This asymptotic convergence generally does not extend to the minimizers of the
respective risk functions. In particular, a minimizer of the empirical risk is not
necessarily statistically consistent, i.e. it does not converge in probability to a min-
imizer of the true risk as |D| → +∞. Notwithstanding, given certain assumptions
on the hypothesis class H, theoretical convergence guarantees can be established:
an interested reader is referred to the Vapnik-Chervonenkis theory [Vap00].

3. By definition, the empirical risk minimization is ill-posed: multiple minimizers of
the empirical risk may exist, leading to the formulation of Highlight 2.1.

Highlight 2.1: Empirical risk minimization and machine
learning

In machine learning problems, the goal is to minimize the empirical risk with the
hope that this will also lead to the minimization of the true risk.

Generalization and over/underfitting

As stated before, in supervised ML methods, the objective is to train a model, based on
observations D, to predict a behavior on unseen data. For a trained model, the quality of
its predictions on unseen data constitutes its generalization performance.

Definition 2.6: Generalization error
Let f ∈ YX be a trained ML model using the observation D ∈ XN ×YN . Given a
certain generalization performance measure µg

Y : Y ×Y → R+, the generalization
error on unseen data G ∈ XM × YM is defined as:

ϵg (f |G) = 1
|G|

∑
(x,y)∈G

µg
Y (f (x) , y) . (2.14)

The generalization notion gives rise to the concepts of overfitting and underfitting. A
model that achieves a very good empirical risk value 9, but a high generalization error is

9. This value is commonly referred to as the training error.
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Figure 2.4: Illustration of the overfitting/underfitting concept on a clustering task: (a)
underfitting, (b) optimal fit, (c) overfitting.

said to overfit the training data. In such cases, the trained model performs well on the
data it was trained on, but fails to predict on unseen examples, thereby limiting its actual
utility. Conversely, a model that fails to achieve a low training error is said to underfit
the training data. Such cases usually happen when the model’s complexity is insufficient
relative to that of the actual mapping: by design, the model is not able to capture the
underlying data structures, resulting in underfitting. This overfitting/underfitting concept
is illustrated in Fig. 2.4.

Highlight 2.2: Generalization, overfitting, and underfitting

Given a certain ML model:

• Generalization refers to the model’s ability to perform well on unseen data,
beyond the training set.

• Overfitting refers to the case where the trained model is able to learn on
the training data, but exhibits poor generalization performance.

• Underfitting refers to the case where the model is too simplistic to capture
the underlying structure of the training data, leading to poor performance
even on the training set.

Bias-variance tradeoff

A well known principle in ML theory is the concept of bias-variance trade-off 10: this
tradeoff can be defined and explained from the excess risk perspective. Given a trained
model f ∈ YX , the excess risk is defined as the difference between the optimal risk,
i.e. risk evaluated at the function that minimizes the risk over the set of all functions:

10. See [SSBD14, Chapter 5, pp. 64-65] for more information.
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R⋆ = inff∈YX R (f), and the risk evaluated on f , i.e. R (f). The excess risk admits an
approximation/estimation error decomposition, formalized in Definition 2.7.

Definition 2.7: Excess risk decomposition

Let f ∈ YX be a trained ML model, belonging to an hypothesis class H, R (f)
being its associated risk. Let R⋆ be the optimal risk, i.e.:

R⋆ = inf
f∈YX

R (f) . (2.15)

The excess risk is defined as R (f)− R⋆, and decomposes as:

R (f)− R⋆ =
(

R (f)− inf
f∈H

R (f)
)

+
(

inf
f∈H

R (f)− R⋆
)

(2.16)

= ϵest (f) + ϵapp (f) , (2.17)

where ϵest (f) denotes an estimation error, and ϵapp (f) an approximation error.

Figure 2.5: Illustration of Definition 2.7: f is the considered model, f ⋆H = arg inff∈H R (f)
represents the optimal model (from a risk perspective) within the hypothesis class H, and
f ⋆ = arg inff∈YX R (f) is the optimal model (from a risk perspective) within YX (based
on [Rak12]).

Definition 2.7 is illustrated in Fig. 2.5, and several comments can be made:

• The estimation error, ϵest (f) = R (f)− inff∈H R (f), quantifies the distance between
the trained model and the optimal model in the hypothesis class. Considering a
large observation size, i.e. |D| → +∞, tends to reduce this error.
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• The approximation error, ϵapp (f) = inff∈H R (f) − R⋆, quantifies the distance be-
tween the optimal model in the hypothesis class and the optimal model over the
set of all possible functions, i.e. it describes the quality of the hypothesis class. If
H = YX , then the approximation error vanishes.

The excess risk can thus be decomposed into two components: a term that measures
the effectiveness of the learning method, i.e. how well the learning method is able to
find a solution close to the optimal one within the hypothesis class, and another term
that evaluates expressiveness of the hypothesis class, i.e. how well the hypothesis class is
adapted to the considered problem. The well known bias-variance problem then arises:
selecting a large hypothesis class reduces the approximation error (low bias), but generally
increases the estimation error (high variance) as the support of the search space is higher.
Conversely, selecting a small hypothesis class yields a low estimation error (low variance)
due to a small search space support, but increases the approximation error (high bias)
due to the limited representation capabilities of the optimal function in the hypothesis
class.

2.2.2 Learning method
Solving the problem represented in Eq. (2.13) constitutes the objective of the learning
method: given the observation D and the hypothesis class H, the goal is to minimize the
empirical risk. Depending on the loss function and hypothesis class properties, the problem
may admit a closed form analytical solution: e.g. this is the case for the linear regression
problem, presented in details in Section 2.3.1. However, most modern ML models are too
complex to allow for such analytical solutions. In these cases, gradient-based optimiza-
tion methods are usually used to iteratively approximate a solution. Indeed, given that
the hypothesis class consists of parametric functions 11, where θ denotes the learnable
parameters, the optimization problem rewrites as:

minimize
θ

E(x,y)∼p̂x,y|D [µY (fθ (x) , y)] ,

subject to θ ∈ Hθ

(2.18)

where Hθ represents the hypothesis class parameter space, i.e. H = {fθ|θ ∈ Hθ}. Under
the hypothesis of error measure convexity wrt. θ, an approximated solution of Eq. (2.18)
can be obtained by finding θ for which the empirical risk gradient vanishes, i.e. solving
∇θE(x,y)∼p̂x,y|D [µY (fθ (x) , y)] = 0 for θ.

Remark 2.3. Note that gradient-based methods are also used when the error measure is
non-convex, with the hope of converging towards a satisfying local minimum. This consti-
tutes the core of deep learning methods, presented in details in Section 2.4.

11. Note that such assumption is weak as many ML methods consists of parametric models.
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(x0, f(x0))

(x1, f(x1))

x

f(x)

Figure 2.6: Illustration of the gradient descent algorithm: x0 is the initialization point,
and xi represents the obtained location after i gradient updates.

Algorithm 1 Gradient descent.
Inputs: Function to minimize f , initial value x ∈ X , stopping criterion SC

1: while SC = False do
2: Compute the gradient update: ∇xf (x)
3: Choose an update step: λ
4: Update the current value: x← x− λ∇xf (x)
5: end while

Output: x (Approximated minimum).

Gradient descent algorithm

Due to its extensive use in machine learning, it is proposed to quickly present the gradient
descent algorithm. Given a convex function f ∈ YX , an approximated solution to the
following optimization problem:

minimize
x

f (x) ,

subject to x ∈ X
(2.19)

can be obtain using Algorithm 1. An illustration of the gradient descent concept is pro-
posed in Fig. 2.6. The choice of the update step 12 λ ∈ R+ is of paramount importance:
a value that is too large may lead to divergence or unstable behavior, while a value that
is too small can result in excessively slow convergence. Note that modern gradient de-
scent algorithms, such as Adam [KB15], include mechanisms to adapt the update step
dynamically during training, often leading to faster and more stable convergence.

12. Also commonly referred to as the learning rate.
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2.2.3 Model selection criteria
Previous sections have addressed the definition of learning problems, key theoretical no-
tions regarding learning, and of the learning process itself. The focus now shifts towards
the question of model selection, that is, how to choose among several trained models.
Indeed, the famous no free lunch theorem [WM97] 13, states that for every ML method,
there exists a task on which it fails: i.e. no model can have good performance on all tasks.
It thus important to define selection methods between several models.

Training, test and validation sets

Given a supervised learning problem with hypothesis classH, the aim is to find a mapping
f that minimizes the empirical risk over the observation D, also denoted as the training
set, but that also presents a low generalization error. Evaluating the generalization error
requires data not seen during the training phase: this motivates the need for a test set,
independent from the training set. Now, let us assume that K models have been selected
from H, trained on the training set, and whose generalization errors have been evaluated
on the test set. The central challenge lies in selecting the most appropriate model between
the K trained candidates. A solution consists in defining a third set, known as the valida-
tion set, independent from the training and test sets, and used to compute an evaluation
measure.

Definition 2.8: Training, test, and validation sets

Let D ∈ XN × YN be the available data for a supervised learning problem. The
training, test, and validation sets, Dtr, Dte and Dval, are defined by partitioning
D such that:

Dtr ∩ Dte = ∅ (2.20)
Dtr ∩ Dval = ∅ (2.21)
Dte ∩ Dval = ∅. (2.22)

Given K parametric models: fθk
∈ Hk ⊂ H, k ∈ J1, KK, a simple model selection method,

known as the hold-out method, consists of the following steps:

1. Train each model on the training set, using the error measure µY :

∀k ∈ J1, KK, f ⋆θk
= arg min

fθk
∈Hk

1
|Dtr|

∑
(x,y)∈Dtr

µY (fθk
(x) , y) . (2.23)

13. An interested reader is referred to [SSBD14, Chapter 5, pp. 61-63] for a formal definition.
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2. Select the model that has the lowest error on the validation set:

f ⋆θk⋆
= arg min

f⋆
θk

∈
{
f⋆

θ1
,··· ,f⋆

θK

} 1
|Dval|

∑
(x,y)∈Dval

µY
(
f ⋆θk

(x) , y
)
. (2.24)

3. Evaluate the generalization error of the selected model on the test set:

ϵg
(
f ⋆θk⋆
|Dte

)
= 1
|Dte|

∑
(x,y)∈Dte

µg
Y

(
f ⋆θk⋆

(x) , y
)
. (2.25)

Note that more sophisticated methods, e.g. k-fold cross-validation, exist in order to re-
duce the amount of required data for the validation set. An interested reader can refer
to [GBC16, Chapter 5, pp. 122-123] or [SSBD14, Chapter 11, pp. 149-150] for more infor-
mation.

Complexity regularization

During the model selection step, each model complexity can be taken into account, follow-
ing the Occam’s razor principle: "Entities are not to be multiplied without necessity", i.e.
given two models with similar performance, the least complex is to be preferred. Math-
ematically, this can be accomplished by adding a complexity regularization term in the
score function used during the model selection step, i.e. µY in Eq. (2.24): popular com-
plexity regularizers include the Akaike information criterion or the Bayesian information
criterion. An interest reader is referred to [SS04] for more information.

2.3 Some popular ML methods
After laying the theoretical foundations of machine learning, this section proposes illustra-
tive examples with three well-known ML methods: linear regression, k-nearest neighbors
(k-NN), and principal component analysis (PCA).

2.3.1 Linear regression
Linear regression represents the simplest from of regression problems, with origins tracing
back to the early 19th century. It is a non-parametric supervised learning problem that
amounts to modeling an output variable y ∈ Rm as a linear combination of an input
vector x ∈ Rl. Given an observation D = {(xi,yi)}Ni=1 ∈ Rl×N × Rm×N , this learning
problem formally reads as:

minimizew
1
|D|

∑
(x,y)∈D

∥y−Wx∥2
2 ,

subject to W ∈ Rm×l
(2.26)
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Figure 2.7: Illustration of the regression concept. The goal is to learn a representation
of the relation between xi ∈ R and yi ∈ R: the input space is X = R3, such that
xi = (1, xi, x2

i ), and the output space is Y = R, with W = [b0, b1, b2], such that ŷi =
b0 + b1xi + b2x

2
i .

where W ∈ Rm×l is a weight matrix. In this problem, the input space is X = Rl, the
output space is Y = Rm, and the loss function is the squared ℓ2 norm. Solving this problem
is straightforward as it admits the following analytical solution:

W⋆ = YXT
(
XXT

)−1
, (2.27)

where Y = [y1, · · · ,yN ] ∈ Rm×N , and X = [x1, · · · ,xN ] ∈ Rl×N . A demonstration of this
solution is provided in Appendix B.1, and an illustration is proposed in Fig. 2.7.

2.3.2 k-nearest neighbors
k-NN is a very simple, yet powerful, supervised ML method that can solve both classifi-
cation and regression problems. Given an observation D = {(xi, yi)}Ni=1 ∈ XN × YN , the
objective of k-NN is to associate a label y ∈ Y to an input x ∈ X based on the labels of
the k closest locations xk ∈ D with respect to a distance 14 d : X × X → R+.

Nearest neighbor concept

The 1-NN algorithm partitions the input space X into N regions, based on the observation
D. For any input x ∈ X , the predicted label is assigned according to the label of closest
sample in D, i.e. the region in which x belongs. This formally reads as the following set
partition:

X =
N⋃
i=1
{x ∈ X |∀xl ∈ D, d (x, xi) ≤ d (x, xl)} . (2.28)

14. Note that this imposes X to be a metric space, as the input space must possess a distance.
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Figure 2.8: Illustration of the Voronoï diagram concept (X = R2) with the ℓ2 distance: in
(a) the regions are based on the inputs, i.e. Eq. (2.28), while (b) considers regions based
on the labels (two possible labels, color-coded as red/blue), i.e. Eq. (2.29).

This partition is known as a Voronoï diagram, and depends on the distance design. This
partition can also be seen from a label perspective: there will be as many regions as the
number of different labels in D. Letting M ≤ N be the number of different labels in D,
i.e. M = ∑

y∈Y 1{y∈Y|∃(xi,yi)∈D,yi=y} (y), the partition rewrites as:

X =
M⋃
i=1

{
x ∈ X |yj⋆ = yi, j

⋆ = arg min
j∈J1,NK

d (x, xj)
}
. (2.29)

Both partitions are illustrated in Fig. 2.8.

Extension to k-NN

As opposed to 1-NN, the k-NN algorithm predicts a label based on the k closest neighbors’
labels. As such, it usually provides a more reliable prediction. Indeed, if there exists
labelization errors in D, the prediction proposed by the 1-NN might be false: taking into
account multiple neighbors allows to mitigate this issue. The decision process depends if
the k-NN method is used for a regression or a classification task.

• Regression. In this setting, the predicted label for an input x ∈ X corresponds
to a weighted linear combination of the labels of the k nearest neighbors in D. A
common approach is to use distance-based weights, i.e.:

ŷ =
∑

i∈N D
k

(x)

1
d (x, xi)

yi, (2.30)

where ND
k (x) denotes the set constituted by the indices of the k-nearest neighbors

of x in D.

• Classification. In this context, the predicted label for an input x ∈ X is given by
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Figure 2.9: Illustration of the k-NN method in a binary classification context (X = R2,
Y = [0, 1]) with the ℓ2 distance: (a) k = 3, (b) k = 8. The background color at a given
location designs the associated label based on the k-nearest neighbors in D.

the majority label among the k-nearest neighbors of x in D:

ŷ = arg max
y∈Y

∑
yi∈N D

k
(x)
1{y∈Y|yi=y} (y) . (2.31)

It then becomes evident that the choice of the hyperparameter k is crucial: a small value
of k may lead to a model that is sensitive to noise in the data, while a large k value tends
to smooth out predictions but may overlook minority class labels due to averaging effects.
An illustration of the effect of this hyperparameter in a binary classification context is
proposed in Fig. 2.9, where the background color at given location represents the predicted
class.

To summarize, k-NN is a non-parametric supervised learning method for both regres-
sion and classification tasks. Consequently, the output space depends on the considered
task. Owing to its non-parametric nature, the k-NN method does not assume an explicit
loss function but rather depends on a distance metric to identify neighbors in the in-
put space, and does not admit an analytical expression. Common implementations of
k-NN rely on computing a distance graph between each data point in the observation D,
which can be computationally intensive. Popular algorithms, such as K-D tree [Ben75] or
ball tree approaches [Omo89], offer efficient search capabilities and perform well even in
high-dimensional spaces.

2.3.3 Principal component analysis
PCA is an unsupervised learning method for dimensionality reduction tasks: a detailed
presentation can be found in [GBC16, Chapter 2, pp. 48-52, Chapter 5, pp. 147-150],
or [SSBD14, Chapter 23, pp. 324-326]. It is a very powerful method to perform data
exploration or data pre-processing, with applications in many fields, e.g. genetics, com-
puter vision, finance, or marketing. The objective of PCA is to identify a low-dimensional
representation space in which the variance of the projected data is maximized along the
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Figure 2.10: Illustration of PCA: the data, represented in the blue points in R2 are em-
bedded on the R1 line as the green points, with u1 being the new space basis vector.

new basis vectors. More formally, given the observation D = {xi}Ni=1 ∈ RD×N , which can
be rewritten as X ∈ RD×N , and assuming centered data 15, the PCA of X is a linear
orthonormal transformation, mapping X to a d-dimensional subspace (d < D), and max-
imizing the variance of X along the subspace basis vectors. It can be expressed as the
following optimization problem:

maximize
V

1
|D|

∑
x∈D

∥∥∥VTx
∥∥∥2

2
.

subject to V ∈ RD×d,

VTV = Idd

(2.32)

Here, the input space is X = RD, the output space is Y = Rd, and the loss function is
the squared ℓ2 norm. It can be shown that this problem admits the following analytical
solution:

V⋆ = Ud = [u1, · · · ,ud] , (2.33)
where Ud ∈ RD×d are the eigenvectors associated to the d largest eigenvalues of the data
covariance matrix XXT. A proof of this solution is proposed in Appendix B.2, and an
illustration is provided in Fig. 2.10. The choice of the subspace dimension d is critical:
a dimension that is too low may fail to capture the underlying complexity of the data,
whereas a dimension that is too high may result in a representation that is difficult to
interpret or exploit effectively.

2.4 Focus on deep learning

This section focuses on deep learning methods, which constitute the central ML methods
used in current ML research.

15. Such that the observation is centered:
∑

i=1 xi = 0.
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2.4.1 Motivations

While the aforementioned ML methods present good performance across a broad range
of problems, the recent surge of interest in ML is largely driven by the rise of deep learn-
ing, and, in particular, by the success of deep neural networks. Applications ranging from
image recognition, protein structure prediction to speech recognition and conversational
agents have showcased the versatility and effectiveness of modern neural networks. By
definition, deep learning constitutes a subfield of ML that leverages deep neural archi-
tectures to address complex tasks. In contrast to traditional machine learning methods,
which requires models to be tailored to the problem at hand, neural networks can adapt
their representations directly from data. This capacity for data-driven adaptation consti-
tutes the core advantage of neural networks and deep learning. A more formal definition of
the deep learning paradigm, in a supervised learning setting, is presented in Highlight 2.3.

Highlight 2.3: Deep learning paradigm

Given an unknown mapping ψ : X → Y , and a given error measure µY : Y ×Y →
R+, the objective of deep learning is to train a neural network fθ : X → Y on
data D such that, after training:

E(x,ψ(x))∼px,y [µY (fθ (x) , ψ (x))] ≤ ϵ, (2.34)

where the error level ϵ depends on the considered problem. The parameters θ
are called the learnable parameters of the network, and are updated during the
training process. Note that the structure of fθ can be either very simple or very
complex, depending on the complexity of the target mapping ψ.

Artificial neuron

The neural network field is not particularly recent, with work on a mathematical model of
the neuron tracing back to 1943 [MP43]. In this work, McCulloch and Pitts drew inspira-
tion from the biological description of a neuron to propose a mathematical model, thereby
introducing one of the earliest forms of the artificial neuron. This model is formally intro-
duced in Definition 2.9. While original research on neural networks aimed at mimicking
the biological organization of mammals brains, current research only focus towards finding
neural architectures that can learn complex functions, with no intent towards biological
similarities.
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Definition 2.9: Artificial neuron
Given an input x ∈ Rn, a weight vector w ∈ Rn, and an activation function
σ : R → R, such that σ (x)i = σ (xi), the output of an artificial neuron is given
by:

fθ = σ
(
wTx

)
, (2.35)

where θ = w. The weight vector and activation function allow the output to be
a non-linear weighted combination of the inputs.

The first implementation of the neuron model was established by Rosenblatt in the late
1950s [Ros57]. The implemented model, known as the perceptron, consisted of a unique
neuron equipped with a sign activation function, and was used to solve a binary clas-
sification task. However, while there exists some results regarding theoretical learning
capabilities of the perceptron, e.g. Novikoff’s convergence theorem [Nov62], its inherent
simple structure limits its expressive power: a simple artificial neuron is only able to learn
simple functions.

Multi-layer perceptron

The multi-layer perceptron (MLP) model can be viewed as an improved perceptron model.
It consists of multiple stacked neurons, connected by non-linear functions. The inputs and
outputs of the MLP are respectively called the input and output layers, while the successive
stacked neurons layers are called the hidden layers. A formal definition of the MLP model
is presented in Definition 2.10, and an illustration is provided in Fig. 2.11.

Definition 2.10: Multi-layer perceptron

For an input x ∈ Rn0 , the output of a MLP with p layers is given by:

fθ (x) = (ϕp ◦ σp−1 ◦ ϕp−1 · · · ◦ σ1 ◦ ϕ1) (x) , (2.36)

where σi : R→ R, such that (σi ◦ x)j = σi ◦ xj, and ϕi : Rni−1 → Rni respectively
denote the activation function and affine mapping a of the ith layer. Specifically:

ϕi (x) = Wix + bi, (2.37)

with Wi ∈ Rni×ni−1 , and bi ∈ Rni .
a. Note that complex affine mappings can also be considered.
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Figure 2.11: Illustration of a MLP neural network: the input lies in R3, there are 3 hidden
layers, and the output lies in R2. The bottom schematic illustrates the behavior of an
hidden layer: zi = (σi ◦ ϕi) (zi−1), ϕi being an affine mapping and σi a generic activation
function (based on [Neu25b]).

71



Part I, Chapter 2 – Machine learning

This complex structure endows MLPs with high expressive power, i.e. MLPs are able to
approximate a broad class of functions. By intuition, one can think that any given func-
tion can be approximated by a composition of non-linear functions: in the MLP structure,
the affine mapping accounts for the representation of linear functions, while the activation
functions introduce non-linearities. This intuition is formalized by a series of theorems,
based on initial results of Cybenko, Hornik, Stinchcombe, and White [Cyb89; HSW89],
showing that MLPs are universal function approximators. Given certain conditions on the
activation functions, a MLP with at least one sufficiently wide hidden layer can approxi-
mate any continuous function [GBC16, Chapter 6, pp. 198-201]. A more formal definition
is presented in Theorem 2.1.

Theorem 2.1: Universal approximation

Let C (X ,Y) be the set of continuous functions from X to Y . Let n ∈ N∗, m ∈ N∗,
σ ∈ C (R,R), and K be a compact subset of Rn, K ⊆ Rn. Given ψ ∈ C (K,Rm),
∀ϵ > 0, ∃k ∈ N∗, W1 ∈ Rk×n, b1 ∈ Rk, W2 ∈ Rm×k, b2 ∈ Rm such that:

sup
x∈K
∥ψ (x)−W2 (σ (W1x + b1) + b2)∥2 ≤ ϵ. (2.38)

In other words, the set of functions representable by MLPs is dense in C (K,Rm):
any continuous function of a compact subspace of Rn can be approximated by a
two-layer MLP with one arbitrarily wide hidden layer.

An alternative version of this theorem exists for a fixed layer width, i.e. number of neurons
per layer, but arbitrarily deep network 16, i.e. number of layers [Lu+17]. Recent research
focuses on finding bounds for the expressive power of MLPs with fixed layer width and
depth: an interested reader is referred to [Par+21].

Neural network training

Although the universal approximation theorem guarantees the existence of a MLP capable
of approximating virtually any function, it does not provide information regarding the
needed structure, i.e. which depth and width to choose, nor on the training procedure
necessary to determine the parameters of each layer for a given task. However, owing to
their compositional structure, MLPs can be efficiently trained through gradient descent,
using efficient differentiation techniques such as backpropagation [RHW86] 17.

It is proposed to illustrate this concept through a supervised learning problem involv-
ing the generic neural network fθ (x) =

(
fθp ◦ fθp−1 ◦ · · · ◦ fθ1

)
(x), where fθi

denotes the

16. The depth of a neural network is sometimes denoted as its width.
17. An interested reader is referred to [GBC16, Chapter 6, pp. 204-227] for additional information.
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ith layer with learnable parameters θi. In this setting, the empirical risk minimization
problem reads as:

minimize
θ

1
|D|

∑
(x,y)∈D

µ (y, fθ (x)) ,

subject to θ ∈ Hθ

(2.39)

where D = {(xi,yi)}Ni=1 is the observation, and Hθ is the learnable parameters hypothesis
class. An approximate solution can be found using gradient descent 18. The learnable
parameters of each layers are updated as:

∀i ∈ J1, pK, θi ← θi − λ∇θi
µ (y, fθ (x)) . (2.40)

The complexity resides in the computation of ∇θi
µ (y, fθ (x)). However, owing to the

compositional structure of neural networks, it is possible to use the chain’s rule to easily
compute each gradient, as presented in Definition 2.11.

Definition 2.11: Chain’s rule for backpropagation

Let x ∈ Rn0 , and µ : Rnp × Rnp → R+. Let fθ (x) =
(
fθp ◦ fθp−1 ◦ · · · ◦ fθ1

)
(x),

such that:

fθi
: Rni−1 → Rni , ∀i ∈ J1, pK (2.41)

zi = fθi
(zi−1) ,∀i ∈ J1, pK (2.42)

z0 = x. (2.43)

Let γ = µ (y, fθ (x)). The gradient of the jth parameter of the ith layer reads as:

∂

∂θi,j
γ =

np∑
kp=1

∂µ (y, zp)
∂zp,kp

∂zp,kp

∂θi,j
(2.44)

=
np∑
kp=1

np−1∑
kp−1=1

· · ·
ni∑
ki=1

∂µ (y, zp)
∂zp,kp

∂zp,kp

∂zp−1,kp−1

· · ·
∂zi+1,ki+1

∂zi,ki

∂zi,ki

∂θi,j
. (2.45)

Introducing the Jacobian matrix of f : Rn → Rm, s.t. y = f (x), as ∆y,x =
[∇x1y, · · · ,∇xny] ∈ Rm×n, the total gradient of the ith layer parameters can be
expressed as:

∇θi
µ (y, fθ (x)) = ∆T

zi,θi

 p∏
k=i+1

∆T
zk,zk−1

∇zpµ (y, zp) . (2.46)

18. See Section 2.2.2.
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Figure 2.12: Illustration of chain’s rule for fθ (x) =
(
fθp ◦ fθp−1 ◦ · · · ◦ fθ1

)
(x): the gradi-

ent update for the parameters of the ith layer requires computing the updates for layers
i+ 1, · · · , p.

The gradient of the parameters at an arbitrary layer i, presented in Eq. (2.46), can be
decomposed into three parts:

• ∆T
zi,θi

describes the gradients at the ith layer, i.e. how a small change in parameters
θi affects the layer’s output zi.

• ∏p
k=i+1 ∆T

zk,zk−1
represents how the gradient of the loss propagates backward from

the output layer to the ith layer, capturing the contribution of subsequent layers to
the update of the parameters at layer i.

• ∇zpµ (y, zp) represents the loss function contribution to the parameters update.

Additionally, one can remark a recursive structure in the Jacobian products. Introducing
Φi = ∏p

k=i+1 ∆T
zk,zk−1

, with Φp = Id, one has:

Φi = ∆T
zi+1,zi

Φi+1. (2.47)

Computing∇θi
µ (y, fθ (x)) is thus relatively straightforward in principle, as the parameter

update at layer i relies on gradients computed for layer i + 1. However, it can entail
significant computational complexity in practice. First, depending on the depth of the
neural network, updating the parameters of the first layer requires propagating gradients
through all subsequent layers. This process can be computationally demanding and may
lead to vanishing gradients in networks with a large number of layers. Second, this process
relies on the ability to compute the gradient of each layer’s output with respect to its input,
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meaning that all operations in the network must be differentiable. An illustration of the
backpropagation concept is proposed in Fig. 2.12.

Remark 2.4. Gradient descent is leveraged to solve the optimization problem described
Eq. (2.39). In order to obtain an approximate solution with a reasonably low approximation
error, the loss function should be convex with respect to the learnable parameters. However,
due to the complex structure of neural networks, this convexity condition is rarely satisfied.
Despite this, gradient descent and its variants form the core of modern learning methods,
with the hope of converging towards a sufficiently good local minimum.

2.4.2 Popular architectures
While MLPs were among the first neural architectures, modern neural networks exhibit
a higher degree of sophistication while still following the MLP principles: they usually
consist of input and output layers, with one or more intermediate hidden layers. It is
important to note that the no free lunch theorem still applies to neural networks: no single
architecture can achieve high performance across all learning tasks or data modalities.
Consequently, the objective is to select an architecture that is appropriate for the specific
task at hand, and to train it using the available data. Some popular architectures are
presented in the following paragraphs.

Convolutional networks

Convolutional neural networks (CNNs) [LeC+89] were originally introduced for image
processing tasks but are applicable to a wide range of pattern recognition problems. Their
design is motivated by the observation that semantic content of an image is invariant to
translations. This prior knowledge naturally motivates the use of convolution operators,
which enforce translation-equivariance in the learned representations, i.e. the property
that a translation of the input results in an equivalent translation of the output. A basic
CNN architecture thus consists of several convolutional layers that extract local structures
from the input data, followed by a MLP that combines these features to produce the final
output. CNNs can either solve classification problems, e.g. determining whether an image
depicts a cat or a dog, or regression problems, e.g. predicting a car’s retail price from
its image. It is worth noting that CNNs solved the image recognition task: modern CNN
architectures outperform humans in image recognition problems. An interested reader is
referred to [GBC16, Chapter 9, pp. 330-372] for more information.

Autoencoders

Autoencoders (AEs) are a class of neural networks designed to address representation
learning tasks. Specifically, they consist of two main components: an encoder, which maps
the input data to a lower-dimensional space 19, and a decoder, which maps the encoded

19. Note that, in the context of AEs, the low-dimensional space is also denoted as the latent space.
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data back to the input space. The network is trained in a end-to-end manner with the
goal of minimizing the difference between the input and the output. As such, AEs are
trained in an unsupervised manner: by definition, the training does not rely on labeled
data. Once trained, the learned encoded representation can be used for several tasks, e.g.
data compression, structure discovery, or denoising. Note that the contribution presented
in Chapter 6 is based on an AE structure. An interested reader is referred to [GBC16,
Chapter 14, pp. 502-525] for more information.

Transformers

Transformer networks [Vas+17] constitute the core architecture of large language models
that are used in conversational agents such as ChatGPT. This neural architecture relies
heavily on the attention mechanism, which, given an input sequence, computes a score
for each element, reflecting its relative importance with respect to the others. This en-
ables the neural network to capture the contextual relevance of each input element and
leverage this information to perform the required task. Transformer networks have been
successfully used in a broad class of tasks such as natural language generation [Bro+20],
speech recognition [Gul+20] or image generation [PX23].

2.4.3 Known limitations
Over the past decade, neural networks have achieved impressive results across a wide
range of tasks. However, several limitations have emerged, some of which are outlined
below.

Training difficulties

As for every ML method, and especially given the complexity of the problems they address,
neural networks require a training phase that can be extensive. This is especially evident in
modern neural architectures, such as those powering conversational agents, which often
contain a very large number of learnable parameters, that must all be updated during
training. For instance, GPT-3 posses 175 billion learnable parameters [Bro+20], and it
is estimated that GPT-4 posses around 1.7 trillion learnable parameters. Such complex
architectures raise several issues:

• Data requirements. By definition, neural networks, and more generally machine
learning methods, are data-driven, learning patterns directly from observed data.
Consequently, depending on the complexity of the task at hand, a substantial
amount of data is often required to achieve satisfactory performance. As an exam-
ple, the dataset used to train GPT-3 comprises nearly 500 billion tokens [Bro+20],
corresponding to approximately 375 billion worlds. If this content were printed on
standard A4 paper in 12-point Times New Roman font, it would occupy roughly
937 million pages. When stacked, these pages would reach an approximated height
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of 94 kilometers, ten times the height of Mount Everest, and nearly the edge of
space (Kármán line). Recent research estimates that if large language models con-
tinue their developments trend, they will be trained on the totality of public human
generated text data between years 2026 and 2032 [Vil+24], as illustrated in Fig. 3.

• Memory requirements. Modern neural networks are typically trained on GPUs,
which allow for significantly faster training times compared to conventional central
processing units (CPUs). However, each GPU has physical memory constraints,
imposing the use of complex distributed architectures to train large networks. For
instance, it is estimated that GPT-4 has been trained on 20000 NVIDIA GPUs.

• Training time. Since every learnable parameter must be updated during training,
and because the loss function with respect to the learnable parameters generally
becomes more chaotic as their number increases, the training time tends to grow
with the number of learnable parameters. For instance, it is estimated that GPT-4
required around three months of continuous training, with a revealed cost reaching
around 100 million USD.

Note that examples with the GPT-3/4 models represent extreme cases, as these models
embody the highest levels of complexity in current neural architectures. Nonetheless, they
are indicative of the challenges in training neural networks.

Interpretability

One of the main criticism of deep learning lies in its limited interpretability. Indeed, while
a trained neural network can be viewed as a function mapping an input to an output, its
analytical form is typically a composition of many layers, offering little to no insight into
the nature of the learned mapping. As a result, some complex neural architectures are
often referred to as black boxes, due to the lack of transparency in their decision-making
process. Current research in the deep learning field tries to propose neural architectures
with increased interpretability. Examples illustrating this research effort are Kolmogorov-
Arnold networks (KANs) [Liu+25], and the fields of physics-informed neural networks
(PINNs), and model-based machine learning (MB-ML). These research directions are
rapidly presented below:

• KANs. The core idea behind KANs is the use of the Kolmogorov-Arnold represen-
tation theorem [SchHie21] to structure a neural network. The associated structure is
still organized within layers, but only learns non-linear activation functions. It was
shown in [Liu+25] that, although KANs may require longer training times compared
to MLPs, their resulting structure offers significantly improved interpretability.

• PINNs and MB-ML. These approaches aim to incorporate physical laws or a pri-
ori problem knowledge directly into the learning process. MB-ML forms the core
of Chapter 3, where a detailed comparison between MB-ML and PINNs will be
provided.
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2.5 Conclusion
This chapter aimed at providing an introduction to the machine learning field. The main
takeaways are summarized below.

• Machine learning is a general field focused on developing methods that learn from
data. It encompasses several paradigms, including supervised learning, unsupervised
learning, or reinforcement learning. Within these paradigms, various methods exist
to solve tasks such as regression, classification, or dimensionality reduction.

• The core idea of machine learning is to solve an empirical risk minimization problem,
where a learning algorithm optimize parameters of a model, over training data, to
solve a given task. Additionally, different model selection criteria guard against
overfitting.

• Deep learning constitutes a subfield of machine learning that uses deep neural net-
works in learning tasks. Neural networks consist of composed parameterized func-
tions whose parameters are optimized to minimize task-specific loss functions.

• There exists many different neural network architectures, each designed for partic-
ular learning tasks.

• While neural networks present impressive performance in many tasks, they present
limitations such as complex training procedure, long training time or lack of in-
terpretability. These limitations can be mitigated, for instance through the use of
the model-based machine learning paradigm, which is introduced in the following
chapter.
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Chapter 3

MODEL-BASED MACHINE LEARNING

This chapter aims at providing an overview of the model-based machine learning paradigm,
and see how it fundamentally differs from classical machine learning methods. First, the
general mathematical framework of inference rule design is presented in Section 3.1, as
well as how model-based and machine learning methods can be incorporated within this
framework. Then, Section 3.2 presents how it is possible to combine strengths of both the
model-based and machine learning paradigms to increase performance, interpretability and
reduce training complexities. Subsequently, Section 3.3 presents how the model-based ma-
chine learning paradigm can be applied to applications related to the wireless propagation
channel. Finally, Section 3.4 provides some concluding remarks.
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This chapter draws significant inspiration from the excellent book of Shlezinger and El-
dar [SE23], which serves as a longer version of several foundational papers: [Shl+21;
SEB22; Shl+23]. The book provides a rigorous and structured presentation of the model-
based machine learning paradigm, supported by theoretical developments and valuable
illustrative examples.
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3.1 General context
Every data-processing problem can generally be approached through two main paradigms:
data-driven and model-based. In the data-driven approach, solutions of the given prob-
lem are obtained by optimizing learnable parameters of a model-agnostic method, relying
solely on the information provided by the available data. This constitutes the core of
the machine learning framework, presented in details in Chapter 2. The main advantage
of this approach is the absence of domain-specific knowledge requirements: a ML model
can be trained without any a priori information about the considered data-processing
problem. In particular, the adaptability of modern neural networks allows a single archi-
tecture to achieve satisfactory performance across a wide range of problems. However,
this expressive power comes at the expense of high training complexity and limited inter-
pretability [MLE21]. These architectures often demand large amounts of training data,
long training times, and typically act as black boxes, since their outputs cannot be easily
related to the provided inputs. On the other hand, the model-based approach relies on
domain knowledge: using a priori information about the problem, and suitable simplify-
ing assumptions allows the derivation of a mathematical model describing the problem.
This often enables the formulation of a closed-form solution, or motivates the use of
iterative algorithms to solve the problem, both of which are typically of relatively low
computational complexity. However, owing to their reliance on simplifying assumptions,
model-based methods are generally prone to high biases: when these assumptions hold,
satisfactory performance can be achieved, but when they do not, a significant performance
degradation is to be expected.

Highlight 3.1: Model-based machine learning paradigm

The philosophy of the model-based machine learning paradigm lies in combining
elements of model-based approaches with machine learning techniques, thereby
leveraging the advantages of both.

3.1.1 Inference rule design
From a theoretical perspective, model-based and machine learning methods are specific
instances of the inference rule design framework. In this setting, the problem consists in
finding an inference rule 1 f , mapping a context x ∈ X to a decision y ∈ Y 2:

f : X → Y , (3.1)

1. Note that it is sometimes also called inference mapping, decision rule or decision mapping.
2. Note that, in [SE23], the decision is denoted by s, and the decision space by S. It is proposed to

adopt the y and Y notations to be consistent with the usual machine learning notations presented in
Chapter 2.
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where X denotes the context space and Y represents the decision space.
The inference rule design framework takes its name from its underlying philosophy:

given a specific context x, the selected decision rule f allows to infer a decision f (x).
One can directly remark that the challenge lies is efficiently selecting the inference rule,
as different tasks usually require different mappings. Subsequent paragraphs present each
step of this paradigm in detail.

Highlight 3.2: Inference rule design philosophy

For a given problem, designing an inference rule can be decomposed into three
distinct steps [SE23, Chapter 2, pp. 301 - 305]:

1. Select the inference rule type H adapted to the specific problem.

2. Tune the selected rule f with respect to a given error measure.

3. Evaluate the tuned inference rule.

Remark 3.1. An experienced reader might notice that the inference rule design frame-
work appears very similar to the machine learning paradigm introduced in Chapter 2.
However, it constitutes an unifying framework that bridges the model-based and data-
driven approaches. Indeed, this framework is sufficiently general to encompass a wide
range of problems, including classical signal processing tasks such as estimation, denois-
ing, or super-resolution, as well as control problems involving state-space evolution, but
also machine learning problems such as regression or classification.

Inference rule type selection

From a general perspective, any map belonging to the set of mapping from X to Y , i.e.
YX , constitutes a candidate mapping. In practice, testing every map from this set entails
an intractable complexity. Therefore, the candidate inference rules belong to a restriction
of this set, defined as:

H ⊆ YX . (3.2)
H is known as the inference rule type but is more usually defined as the hypothesis class.
Usual hypothesis classes include linear models, neural networks, or iterative algorithms.
These hypothesis classes can usually consists of parameterized functions, where each of
these functions’ parameters belong to a parameter space Hθ, defined such that:

H = {fθ|θ ∈ Hθ} . (3.3)
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In this context, fθ represents an inference rule parameterized by the parameters θ. As an
example, for linear models, the hypothesis and parameter space classes are defined as:

H =
{
fθ ∈ YX |fθ : x→ Ax + b

}
(3.4)

Hθ =
{
A,b|A ∈ CdimR(Y)×dimR(X ),b ∈ CdimR(Y)

}
. (3.5)

Parameter tuning

The relevance of a given inference rule is evaluated using an error measure µ, defined as
the following map [SE23, Section 2.3, pp. 303 - 304]:

µ : H×X × Y → R+. (3.6)

This measure characterizes the relevance of a rule f for a given context x and associated
decision y. From this error measure, it is then possible to find the optimal inference rule
within the hypothesis class, a task that can be formalized as the following optimization
problem:

minimize
fθ

µ (fθ, x, y) .

subject to fθ ∈ H,
(x, y) ∈ X × Y

(3.7)

This optimization problem can also be rewritten from a parameter space perspective:

minimize
θ

µ (fθ, x, y) .

subject to θ ∈ Hθ,
(x, y) ∈ X × Y

(3.8)

Tuning an inference rule therefore consists in solving the optimization problem defined in
Eq. (3.7), or equivalently in Eq. (3.8). The selection of the error measure is of paramount
importance as it influences the tuned inference rule: if the error measure is not adapted
to the given problem, the tuned rule will perform poorly. Usual error measures include
the ℓ1 and ℓ2 norms, the conditional cross entropy, or the Kullback-Leibler divergence.

Inference rule evaluation

The final step of the presented framework consists in selecting an evaluation metric, and
assessing the performance of the tuned inference rule. Indeed, as explained in [SE23,
Section 2.3, pp. 304], the error measure used during the tuning step can be a surrogate
of the actual problem objective. This originates from multiple reasons, some of which are
listed below:

• Complexity limitations. The problem at hand may be too complex to define a
clear objective that fully captures the desired outcome. This is particularly the case
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in tasks addressed by modern deep learning methods, which are often so intricate
that the error measure itself is defined as a combination of multiple criteria, each
targeting a specific subproblem.

• Regularizers. The chosen error measure might include regularizers that do not di-
rectly constitute the core problem objective, but serve to obtain a tuned rule with
certain properties. For instance, in sparse recovery problems [DE03; Fuc04; Don06;
CRT06; TW10], sparsity-promoting regularizers, e.g. the ℓ1 norm, are commonly
used to enforce sparsity in the resulting solutions.

As a result, the error measure used during the tuning process may not fully capture the
ultimate objective of the considered task. Therefore, it is often necessary to rely on a
different evaluation metric to properly assess the actual performance of the tuned rule.

Having introduced the inference rule design framework, it is now proposed to present
the relationship between this framework and the model-based and machine learning
paradigms.

3.1.2 Model-based methods
The core idea behind model-based methods lies in the use of domain knowledge to define
an analytical model describing the problem, which allows to ease the inference rule type
selection and tuning steps. A definition of the domain knowledge concept is proposed in
Definition 3.1.

Definition 3.1: Domain knowledge

For a given data-processing problem, domain knowledge denotes any a priori in-
formation pertaining to the problem. Such knowledge encompasses structural or
statistical properties of the underlying model, as well as general physical con-
straints inherent to the problem setting.

As an illustrative example, it is proposed to consider the channel estimation problem, in
which the objective is to infer the channel matrix from received measurements. In this
context, domain knowledge encompasses information about the antenna system parame-
ters, such as the antenna type, carrier frequency, or bandwidth, as well as characteristics
of the propagation environment, including mobility conditions and whether the setting is
urban or rural. It may also include knowledge of the system design, such as the type of
emitted signals, and, if random, their underlying distributions.

Domain knowledge can be incorporated to facilitate the inference design steps in dif-
ferent non-exclusive ways, as detailed below:

• Hypothesis class specification. Generally, domain knowledge enables the derivation
of an analytical model that can be used to obtain a solution of the problem at hand,
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and that is valid under certain specific assumptions. This allows to restrict the
hypothesis class to a subset of YX , thereby greatly reducing the complexity of the
tuning step in the inference rule design framework. Note that if domain knowledge is
sufficiently precise, the hypothesis class can be restricted to a single fixed mapping,
bypassing the tuning step. Additionally, if the formulated model is random, domain
knowledge generally allows to explicit the underlying distributions.

• Error measure design. As explicited in Eq. (3.7) and Eq. (3.8), the tuning step
of the inference rule design relies on an error measure: domain knowledge often
allows to select a task-adapted measure, such that the tuned inference rule present
satisfactory performance.

Main model-based methods types

From a general perspective, model-based methods can be categorized within the random
and deterministic settings 3. The random setting is characterized by the presence of at least
one random parameter within the analytical model used to solve the problem. Formally,
the context x and the decision y are related through a joint distribution px,y. Consequently,
the decision is not fully characterized by the context, as it may also be influenced by
unknown random parameters. This setting is common in signal processing, where complex
problems are often addressed using simplified deterministic analytical models augmented
with random variables to capture phenomena that cannot be easily modeled otherwise.
On the other hand, in the deterministic setting, the underlying model fully characterizes
the decision based on the context, without involving any random variables.
Random setting. In this setting, domain knowledge of the underlying probability distribu-
tions can be used to tune the parameters of a parameterized function fθ that accounts for
random elements. Specifically, given an hypothesis class H, error measure µ, the selected
rule is the solution of the following optimization problem:

minimize
fθ

E(x,y)∼px,y [µ (fθ, x, y)] ,

subject to fθ ∈ H
(3.9)

where px,y denotes the underlying problem distribution. One can remark that this consti-
tutes a risk minimization problem, as defined in Definition 2.5. Additionally, the chosen
rule is the one that minimizes the mean error measure over the weighted context-decision
pairs.

It is worth noting that the obtained rule still depends on the selected error measure.
As an example it can be shown that, when selecting the squared ℓ2 distance as the error
measure, the obtained rule when solving the problem described in Eq. (3.9) is called the

3. Interested readers are referred to [SE23, Section 3.1, pp. 307-313], which further distinguishes
between Bayesian and non-Bayesian methods within the random setting.
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minimum mean squared error, whose expression is given by:

fMMSE (x) = arg min
f∈H

E(x,y)∼px,y

[
∥y − f (x)∥2

2

]
(3.10)

= Ey∼py|x [y|x] . (3.11)

The selected rule is then defined as the conditional expectation of the decision y knowing
the context x 4. Other random methods also include the well-known maximum a priori or
maximum likelihood methods. For a detailed discussion on the impact of the choice of the
error measure in the risk minimization problem, an interested reader is referred to [SE23,
Section 3.1, pp. 307 - 308].
Deterministic setting. The deterministic case can be viewed as a special case of the
random setting, where the decision y is fully determined by the context x via an unknown
function ψ, i.e.:

y = ψ (x) . (3.12)
This implies that the joint distribution px,y degenerates to:

px,y (x, y) = px (x) δ (y − ψ (x)) , (3.13)

where px (x) denotes the context probability density function, and δ (y − ψ (x)) represents
the deterministic conditional distribution py|x, reflecting the absence of randomness in the
decision y given the context x. As such, both settings can be framed within the same
risk minimization paradigm, albeit with distinct objective functions. Particularly, in the
deterministic setting, domain knowledge can be leveraged to define a task-specific error
measure, and to derive an analytical model that can be used to obtain a solution to the
problem at hand, thereby restricting the hypothesis class.

The regularized least-squares method constitutes a perfect example of this approach.
Domain knowledge of the problem is leveraged to determine an analytical model g : Y →
X , which maps a decision to a context. This model is then used to select the decision
corresponding to a given context:

fRLS (x) = arg min
y∈Y

∥x− g (y)∥2
2 + ϕ (y) . (3.14)

Furthermore, domain knowledge is also incorporated into the design of a regularizer ϕ,
that can enable the promotion of sparsity, the enforcement of physical constraints, or the
incorporation of other problem-specific properties.

Deriving a solution

In both random and deterministic settings, the obtained inference rule often takes the
form of an optimization problem that must be solved. This problem can either admit an

4. A demonstration of this expression is proposed in Appendix C.1.

85



Part I, Chapter 3 – Model-based machine learning

analytical solution, or be solved using iterative solvers such as gradient descent, proximal
gradient descent, or alternating direction of multipliers 5. It should be noted that cer-
tain tasks may yield inference rules that can be expressed as optimization problems for
which no analytical solution exists, and that cannot be efficiently solved using iterative
methods. This is typically the case in sparse recovery problems, where a solution can
be obtained by solving an optimization problem, but for which the solving procedure is
known to be NP-hard [Nat95; TW10]. In such cases, it is possible to introduce simplifying
assumptions in order to reduce the computational complexity: e.g. in the aforementioned
sparse recovery problem, changing the ℓ0 constraint to a ℓ1 constraint makes the problem
tractable. An alternative approach consists in using a heuristic algorithm that exploits
structural information given by domain knowledge. In this setting, the obtained decision
rule is generally suboptimal, as it does not correspond to the optimal inference rule over
the full hypothesis class, but it remains computationally tractable 6.

To summarize, the links between model-based methods and the inference rule design
framework are explicited in Highlight 3.3.

Highlight 3.3: Model-based methods and inference rule design
framework
Model-based methods can be integrated within the inference rule design frame-
work, presented in Highlight 3.2, as follows.

1. Inference rule type selection. H is selected based on domain knowledge.
For some problems with sufficient domain knowledge, H may contain only
one function which describes an analytical solution of the problem at hand.

2. Inference rule tuning. This tuning step often consists in using iterative
algorithms. In the case that domain knowledge is sufficient to derive an
analytical solution, i.e. |H| = 1, this step is bypassed.

3. Tuned inference rule evaluation. The obtained solution is evaluated using
an error measure, which is designed based on the problem at hand.

Limitations

As previously mentioned, the philosophy of model-based methods lies in efficiently lever-
aging domain knowledge of a specific problem, to design an inference rule that is well
adapted to the considered task. In these setups, domain knowledge is often used with

5. An interested reader is referred to [SE23, Section 3.3 pp. 316 - 326] for an extensive presentation
of iterative optimizers.

6. This approach is frequently used in wireless communication problems: some examples are presented
in [SE23, Section 3.4, pp. 326 - 329].
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simplifying assumptions in order to derive an analytical model for the given task, thereby
reducing the hypothesis class, or enabling the use of a heuristic algorithm to obtain a
solution. This dependency on simplifying assumptions constitutes the main limitation of
model-based methods, as presented in Highlight 3.4.

Highlight 3.4: Limitations of model-based methods

Model-based methods often rely on simplifying assumption to derive an analyt-
ical model of a given problem. When these assumptions are overly simplistic, or
when the system evolves such that the assumptions no longer hold, the resulting
inference rule may become suboptimal.

Model-based methods are often characterized by a high bias.

3.1.3 Machine learning methods

The aim of this section is not to provide an in-depth presentation of ML methods, since
an entire chapter of this manuscript, Chapter 2, is dedicated to this task. It rather aims
at recalling the key concepts of ML methods, see how they integrate within the inference
rule design framework, and recall their limitations.

Principles

In direct contrast to model-based methods, the machine learning approach typically as-
sumes minimal or no domain knowledge. Specifically, ML methods typically do not rely
on any a priori information regarding an underlying analytical model for the considered
task. This stems from the fact that some tasks do not admit an analytical description, or
that such a description would present an intractable complexity. For instance, the task
of automated question answering, recently popularized by conversational agents such as
ChatGPT, Claude or LeChat, does not admit any general analytical model.

By essence, ML methods are data-driven: they rely on the use of data D to select an
inference rule f mapping a context to a decision. As previously mentioned, this constitutes
the major difference with model-based methods. To design an inference rule, rather than
relying on a priori information, often combined with simplifying assumptions, the ML
approach directly leverages available data of the problem, e.g. context/decision pairs in
a supervised setting. This data dependency provides greater flexibility in the selected
rule: unlike model-based methods, deviations from simplifying problem assumptions are
implicitly accounted for during the tuning process on non-ideal data. From a formal
perspective, selecting an inference rule using the ML paradigm amounts to solving an
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empirical risk minimization problem, described in Eq. (2.13) and recalled below:

minimize
fθ

1
|D|

∑
(x,y)∈D

µY (fθ (x) , y) ,

subject to fθ ∈ H
(3.15)

where fθ denotes the inference rule, parameterized by θ, (x, y) a context/decision pair, D
the data, µY : Y ×Y → R+ an error measure, and H the hypothesis class. In this context,
the data D is leveraged to tune the parameters θ. Note that, as for model-based methods,
the optimization problem described in Eq. (3.15) may admit an analytical solution, but
is most often tackled using iterative solvers. This is particularly true with deep learning
methods 7, where the complexity of the composed candidate rules typically precludes
closed-form solutions.

Remark 3.2. Domain knowledge may be used to restrict the hypothesis class to a set of
methods well-suited to the studied problem, e.g. using CNNs for image recognition tasks,
or to design the error measure and potential regularizers, e.g. using the cross-entropy
loss for classification tasks. In fact, using this domain knowledge 8 to design the learning
method can be seen as a form of model-based machine learning, and will be made explicit
in Section 3.2.

In summary, the links between machine learning methods and the inference rule design
framework are explicited in Highlight 3.5.

Highlight 3.5: Machine learning methods and inference rule
design framework

Machine learning methods can be integrated within the inference rule design
framework, presented in Highlight 3.2, as follows.

1. Inference rule type selection. H is selected based on the problem at hand.

2. Inference rule tuning. This tuning step consists of the training phase of a
ML method, i.e. selecting a mapping fθ ∈ H based on the available data.

3. Tuned inference rule evaluation. The tuned ML-method is evaluated using
an error measure, allowing to evaluate the generalization error.

7. See Section 2.4.
8. Known as the inductive bias in the ML field.
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Limitations

The data dependency of ML methods gives rise to several concerns 9, which are listed
below and summarized in Highlight 3.6.

• Data. At the end of the tuning process on data D, the selected rule is expected
to present satisfactory performance over the entire context space X . As the tun-
ing process rely on empirical risk minimization, this is attained only if the data
accurately represents the context/decision dynamics, i.e. if the estimated joint dis-
tribution p̂x,y|D on D is close to the actual problem distribution px,y. This typically
give rises to the well-known generalization issue: the tuned rule presents satisfactory
results on the data used during training, but performs poorly on new data. Several
approaches can be envisioned to mitigate this issue, including the use of efficient
tuning strategies, or the incorporation of additional data.

• Complexity. Modern ML methods, especially when considering deep learning, rely
on highly parameterized mappings, sometimes involving billions of parameters as in
large language models. Tuning such models is extremely complex and incurs sub-
stantial time costs. Moreover, the computational complexity of these methods can
be prohibitively high, which limits their usability in resource-constrained settings
such as embedded systems.

• Interpretability. Owing to their compositional structure, deep learning methods
are often regarded as black boxes. Typically, after training, a neural network can
achieve excellent performance on a given task. However, explaining why a specific
input leads to a particular inferred decision is generally very difficult.

Highlight 3.6: Limitations of machine learning methods

ML methods rely on limited domain knowledge and primarily exploit data to
select an inference rule. To achieve satisfactory performance on complex prob-
lems, these methods often require highly parameterized mappings, which demand
extensive training time, large amounts of data, and generally offer limited inter-
pretability.

ML methods, especially neural networks, are generally difficult to
train and often lack interpretability.

9. Note that a detailed explanation of the deep learning paradigm limitations is proposed in Section 2.4.
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Table 3.1: Summary of the differences between the MB, ML and MB-ML approaches in
the context of the inference rule design framework.

Design steps MB ML MB-ML
Selection Domain knowledge Generic models Domain knowledge
Tuning Iterative or direct solution Training on data Refining a solution on data
Evaluation Problem-specific error measure

3.2 Towards model-based machine learning
The model-based machine learning paradigm [MLE21; Shl+21; SEB22; Shl+23; SE23]
originates from the limitations of both purely model-based and purely data-driven meth-
ods. On the one hand, model-based methods are computationally efficient and provide
physically interpretable results, but they are often affected by a strong bias due to their
reliance on simplifying assumptions. On the other hand, machine learning methods can
directly adapt from data, without requiring an analytical model of the problem at hand,
but they often entail significant computational complexity and provide limited inter-
pretability. The model-based machine learning paradigm seeks to combine the strengths
of both paradigms, while mitigating their respective weaknesses. A general definition of
this paradigm is proposed in Definition 3.2.

Definition 3.2: MB-ML method
A data processing method lies under the realm of model-based machine learning if
it leverages domain knowledge about a specific problem, to structure, optimize,
or initialize a learning algorithm designed to solve that problem.

Note that the three proposed categories are not mutually exclusive: e.g. a MB-ML method
may simultaneously leverage domain knowledge to structure and optimize a learning al-
gorithm. A detailed explanation of each category, along with illustrative examples, is
provided in the following paragraphs. Additionally, Table 3.1 presents how the MB-ML
approaches integrate with the inference rule design paradigm, alongside the MB and ML
approaches.

3.2.1 Structure
This category encompasses every approach that uses domain knowledge to propose a task-
adapted structure for the learning method. From a formal perspective it amounts to using
domain knowledge to restrict the hypothesis class to a subset that is more representative
of the studied problem: an illustration of this concept is provided in Fig. 3.1. In the ML
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Figure 3.1: Illustration of the use of domain knowledge to structure ML methods. In this
setting, domain knowledge is leveraged to restrict the hypothesis class H to a subset of
YX , i.e. the set of candidate mappings, with the hope that it is sufficiently informative so
that the optimal mapping f ⋆ lies within H.

field, this principle is referred to as introducing an inductive bias. Structuring learning
methods can be achieved using different approaches: selecting a type of ML methods that
are well-adapted to a given problem, or enhancing a model-based approach by replacing
specific components with learnable counterparts. It is proposed to illustrate this concept
through two specific approaches: neural network-aided (NN-aided) inference 10 and deep
unfolding 11.

Remark 3.3. While the explicit conceptualization of the model-based machine learning
paradigm is relatively recent 12, an illustration of the use of its underlying principles can be
traced back to the introduction of CNNs 13. Indeed, CNNs were initially proposed for image
recognition tasks under the key assumption that translating an image does not alter its
semantic content. This prior knowledge was directly embedded into the neural architecture
design through the use of convolutional layers. In this sense, CNNs represent an early
instance of the model-based paradigm: the a priori knowledge that semantic content is
translation-invariant served to restrict the hypothesis class to a family of neural networks
well-suited to the problem.

NN-aided inference

NN-aided inference leverages the adaptability of neural networks to replace computational
components of model-based methods that rely on overly simplifying assumptions. This
approach preserves the overall structure of the inference rule, which remains grounded in

10. An interested reader is referred to [SE23, Section 5.5, pp. 383 - 396].
11. An interested reader is referred to [SE23, Section 5.3, pp. 368 - 375] or [MLE21].
12. Seminal papers on that particular topic originates from the early 2020s.
13. See Section 2.4.2.
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Figure 3.2: Illustration of the NN-aided inference approach on the example presented in
Eq. (3.16). (a) denotes the model-based approach, where domain knowledge is leveraged to
exactly model ψ1 and approximately model ψ2 as ψ̂2. (b) denotes the NN-aided inference
approach, where the estimated ψ̂2 is replaced by a generic neural network.

domain knowledge, while introducing data-driven approaches to learn components that
are affected by missing of incomplete a priori knowledge.

In order to better grasp this concept, it is proposed to consider a problem whose
optimal inference rule can be expressed as:

f ⋆ : x→ ψ1 (x) + ψ2 (x, ψ1 (x)) , (3.16)

where ψ1 : X → Y , and ψ2 : X × Y → Y , are two problem-dependent functions. It is
assumed that domain knowledge provides an exact characterization of ψ1, but relies on
simplifying assumptions to model a surrogate ψ̂2 for ψ2. In the model-based setting, the
resulting inference rule takes the form:

fMB : x→ ψ1 (x) + ψ̂2 (x, ψ1 (x)) . (3.17)

On can remark that the imperfect domain knowledge, i.e. surrogate model ψ̂2, translates
to suboptimal performance 14. In contrast, the NN-aided inference approach consists in
replacing the approximated ψ̂2 with a model agnostic neural network, fθ, and leverages
available data to train it to recover ψ2. The resulting rule takes the following form:

fNN-aided : x→ ψ1 (x) + fθ (x, ψ1 (x)) . (3.18)

This approach preserves the structural information originating from domain knowledge,
allowing interpretability and computational efficiency, while exploiting the adaptability
of neural networks to compensate for inaccurate domain knowledge. The comparison of
both approaches is illustrated in Fig. 3.2.

The NN-aided inference approach has been used for several tasks such as dynamic
system tracking [Rev+21; Rev+22], direction of arrival estimation [Shm+23; Shm+25;
Cha+25c], or integrated sensing and communication system design [MatRam+23; Ma-

14. From a risk perspective, ψ̂2 ̸= ψ2 yields R (fMB) > R (f⋆).
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tRam+24; MatRam+25a].

Highlight 3.7: NN-aided inference and differentiability

While NN-aided inference improves performance and preserves interpretability,
it comes at the cost of training an additional neural network. In practice, this
training is typically performed using first-order optimization methods such as
gradient descent, which imposes the overall inference rule to be differentiable.

Deep unfolding

The deep unfolding methodology, first introduced in [GL10], consists in unfolding iterative
algorithms into neural networks, where each iteration of the algorithm is mapped to a layer
that can be independently trained. This approach can be seen as a specific instance of
the NN-aided methodology, in which the model-based approach does not yield an exact
analytical solution, but instead leads to an optimization problem, solvable through an
iterative solver.

It is proposed to illustrate this concept through a generic problem, whose model-based
solution can be expressed as:

fMB : x→ ψ
(
y(K)

)
, (3.19)

where K denotes an iteration number, and ψ denotes a problem-specific iterative mapping,
such that:  y(k) = ψ

(
y(k−1)

)
, k ∈ N∗

y(0) = x
. (3.20)

In this setting, domain knowledge was leveraged to derive an inference rule expressed as
an optimization problem, whose solution can be approximated using an iterative solver,
as presented in Eq. (3.19) and Eq. (3.20). In practice, domain knowledge often guides the
choice of certain parameters of the iterative solver, i.e. it influences ψ in Eq. (3.19). As a
result, the solution obtained through Eq. (3.19) relies heavily on the domain knowledge
accuracy. The deep unfolding methods consist on defining a neural network fθ such that:

ψ
(
y(K)

)
≃
(
fθK
◦ fθK−1 ◦ · · · ◦ fθ1

)
(x) (3.21)

= fθ (x) , (3.22)

which amounts to considering each iteration of the solver as a layer of a neural network:
this is illustrated in Fig. 3.3.
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Figure 3.3: Illustration of the deep unfolding method: an iterative solver is unfolded as a
neural network fθ, that is trained on available data (based on Fig. 5.6 in [SE23]).

Highlight 3.8: Deep unfolding strategies

The neural network structure obtained by unfolding an iterative optimizer can
be exploited in different ways, including:

• Preserving the overall structure of the iterative algorithm, while allowing
the hyperparameters to be optimized independently at each layer.

• Using the unfolded structure as an initialization, and subsequently refine
each layer as in a traditional neural network.

The deep unfolding method has been successfully applied to several problems ranging from
sparse recovery [GL10; YLM22; CLMR23], to non-negative matrix factorization [HRW14],
or channel decoding [BSS19], and constitutes the core of Chapter 6.

3.2.2 Optimize
From a general perspective, this category encompasses all methods that incorporate do-
main knowledge into the optimization steps of a learning algorithm. This broad definition
includes a wide range of methods such as the introduction of physics-inspired regularizers,
the learning of hyperparameters, or the incorporation of physics-based optimization con-
straints. It is proposed to illustrate this category with the learned optimizers and PINNs
methods.
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Learned optimizers

In many problems, domain knowledge can be leveraged to derive an inference rule for-
mulated as a parameterized mapping. The quality of the resulting solution then depends
on the tuning of these parameters, whether manually specified based on prior knowledge,
adjusted through hand-crafted heuristics, or set via iterative solvers, which themselves
introduce additional parameters. The learned optimizer approach 15 leverages available
data and efficient optimization techniques, such as gradient descent, to automatically tune
the parameters of the inference rule, and those of the tuning procedure itself.

From a formal perspective, given a certain problem whose optimal inference rule can
expressed as:

f ⋆ : x→ ψ (x) , (3.23)
it is assumed that domain knowledge can be used to derive an inference rule that writes
as:

fMB : x→ fθ (x|ζ) , (3.24)
where θ and ζ are known as the objective parameters and hyperparameters. Objective
parameters correspond to the learnable parameters of the model, which are optimized
during training to fit fθ to the true underlying function ψ. In contrast, hyperparameters
denotes the parameters of the learning process itself, such as those defining the behavior
of iterative solvers. For instance, in the context of neural networks, objective parameters
consists in the neural architecture learnable parameters, while hyperparameters typically
include the learning rate, epoch number, batch size, temperature, or dropout rate 16. The
learned optimizer approach consists in using available data D, to learn both θ⋆ and ζ⋆,
yielding the optimized inference rule:

fMB-ML : x→ fθ⋆ (x|ζ⋆) . (3.25)

As an example, assuming a decision space Y , error measures µθ : Y×Y → R+ and µζ : Y×
Y → R+, the updated parameters at step k, using the gradient descent optimization
method, are:  θ(k) ← θ(k−1) − λ∇θµθ (fθ (x|ζ) , y) |θ(k−1),ζ(k−1)

ζ(k) ← ζ(k−1) − λ∇ζµζ (fθ (x|ζ) , y) |θ(k−1),ζ(k−1)
, (3.26)

where (x, y) ∈ D, and λ ∈ R+ is the learning rate. Fig. 3.4 illustrates this approach,
which is often applied in practice: e.g., [Kla+25] combines deep unfolding and learned
optimization for channel estimation and precoding in hybrid MIMO systems.

Remark 3.4. The main distinction between the learned optimizer and NN-aided inference
approaches is that, in the learned optimizer, the overall structure provided by the model-
based approach is retained while some of its components, such as some hyperparameters,

15. An interested reader is referred to [SE23, Section 5.2, pp. 359-368] for an extensive presentation
with examples.

16. See [SE23, Section 5.2, pp. 359 - 360] for a detailed distinction between the two types of parameters.
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are learned, whereas the NN-aided inference approach consists in replacing certain parts
of the structure with neural networks.

Figure 3.4: Illustration of the learned optimizer approach: available data and a learning
method (here gradient descent) are leveraged to optimize the parameters θ, ζ of an
inference rule whose structure is based on domain knowledge.

Highlight 3.9: Learned optimizers as rapidly tuned inference
rules
Owing to the efficiency of modern deep learning frameworks, the learned opti-
mizer approach constitutes a promising alternative to traditional hand-crafted
tuning strategies, which are typically time-consuming and often require a priori
knowledge to restrict the parameter search spaces. However, since most mod-
ern learning techniques rely on first-order optimization, the learned optimizer
methodology requires the designed inference rule to be differentiable with respect
to its parameters.

Physics-Informed Neural Networks

PINNs [RPK19] represent a specific class of neural networks that incorporate domain
knowledge in the optimization process. Specifically, PINNs introduce regularizers derived
from partial differential equations (PDEs) in the optimization objective.

It is proposed to illustrate this approach on the well-known 2D wave equation, whose
solution u (px, py, t) satisfies the following PDE:

∂2

∂t2
u (px, py, t)− c2

(
∂2

∂p2
x

u (px, py, t) + ∂2

∂p2
y

u (px, py, t)
)

= 0, (3.27)

where px, py, and t respectively represent locations and time, and c is the propagation
speed of the wave in the considered medium. This PDE can be solved by finding a neural
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network fθ that approximates u (px, py, t). Formally, denoting Y = domc (u (px, py, t)), and
given a dataset D of positions, times, and associated wave field, the optimization problem
can be expressed as:

minimize
fθ

1
|D|

∑
((px,py ,t),y)∈D

µ (fθ (px, py, t) , y) + ψ (fθ, px, py, t) ,

subject to fθ ∈ H
(3.28)

where H denotes the hypothesis class, µ : Y×Y → R+ an error measure, and ψ a regular-
izer. The distinguishing feature of the PINN paradigm lies in the design of the regularizer.
Specifically, the regularizer is said to be physics-based, as it is derived from the underlying
PDE of the problem, i.e.:

ψ (fθ, px, py, t) =
∣∣∣∣∣ ∂2

∂t2
fθ (px, py, t)− c2

(
∂2

∂p2
x

fθ (px, py, t) + ∂2

∂p2
y

fθ (px, py, t)
)∣∣∣∣∣ . (3.29)

The optimization objective thus accounts for:

1. A data-driven error term, measuring how accurately the learned network models
the given data: µ (fθ (px, py, t) , y).

2. A physics-based error term, quantifying the extent to which the learned network
respects the underlying physical principles: ψ (fθ, px, py, t).

Note that it is also possible to add another objective term that takes into account bound-
ary conditions of the considered problem. An illustration of the PINN paradigm applied
to the wave equation is proposed in Fig. 3.5.

PINNs have been successfully used on a wide class of tasks, especially in physics,
where PDEs are often available to describe the problems at hand. Indeed, PINNs provide
satisfying solutions to problems ranging from fluid dynamics [Lu+21], to electromagnetic
metamaterial design [FZ20]. An interested reader is referred to [Cuo+22] for a compre-
hensive review of problems on which PINNs can be applied.

Highlight 3.10: PINNs strengths

PINNs enable the training of neural architectures in a physics-informed man-
ner, ensuring that the resulting solution satisfies the physical laws describing the
problem at hand. Owing to the ubiquity of partial differential equations across
several scientific fields, and the automatic differentiation capabilities of modern
deep learning frameworks, PINNs have emerged as a promising paradigm for
many applications.
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Figure 3.5: Illustration of the PINNs paradigm: a neural network is trained to minimize
a combination of a data-driven loss and a physics-based regularization term derived from
the underlying PDE of the problem.

Remark 3.5. Note that, although PINNs have demonstrated promising results across
various applications, several challenges remain concerning their training. In particular,
studies have shown that the data and physics loss terms may pursue competing objectives,
often resulting in slow convergence. This interplay effectively turns the training process
into a multi-objective optimization problem, where determining appropriate weights for
each objective constitutes a challenging task. An interested reader is referred to [Roh+23]
for a detailed discussion.

3.2.3 Initialize

This approach is closely related to the previous optimization approach. It encompasses
all methods that uses domain knowledge to provide an initialization to a learning algo-
rithm. Taking the example presented in Eq. (3.24), the initialization approach consists in
leveraging domain knowledge to initialize θ and ζ, that are subsequently optimized using
a learning method. For instance, in [YLM22; CLMR23], this initialization approach is ap-
plied to a sparse recovery problem: a dictionary is initialized using a physical propagation
channel model, and is subsequently optimized through gradient descent. An illustration
of this approach is provided in Fig. 3.6.
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(θ0, µ(θ0))

(θMB
0 , µ(θMB

0 ))
θ

µ(θ)

Figure 3.6: Illustration of the model-based initialization approach in a one-dimensional
setting: µ(θ) denotes the error measure wrt. the learnable parameter θ, θ0 denotes a
model-agnostic initialization, and θMB

0 denotes the model-based initialization. It can be
seen that the model-based initialization enables faster convergence.

Highlight 3.11: Initializing yields faster convergence

Initializing the parameters of a learning method based on domain knowledge
generally enables faster convergence towards a satisfactory solution. From an
error measure perspective, this initialization scheme generally provides a favorable
starting point in the parameter space, allowing the optimization procedure to
reach a satisfactory minimum in a few iterations.

3.3 Application to the wireless channel
This section aims at providing a concise overview of how the model-based machine learning
paradigm is leveraged across the contributions forming the core of this manuscript. The
goal is not to present each contribution in full detail, but to highlight how the proposed
methods are connected to the MB-ML framework. As stated in the previous sections, the
MB-ML paradigm is based on three key ingredients, summarized below:

• Problem. A mathematical formulation of the studied question, typically expressed
as an optimization problem.

• Learning algorithm. A method that leverages available data to provide a solution
to the problem at hand.

• Domain knowledge. All a priori information about the studied problem, including
physics-based simplifying assumptions or analytical models.
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Decades of research in wireless communications have produced an extensive collection of
analytical models for many classical problems, making the MB-ML approach particularly
well suited to this field 17. As noted above, all contributions of this thesis follow the
MB-ML paradigm: although the problems, learning methods, and the extent of domain
knowledge may vary, they all build upon the same simplifying assumption, presented
below.

Working hypothesis
(H1) Given an emitter and a receiver, the propagating waves between them are

assumed to undergo a phase shift and attenuation that are both proportional
to the propagation distance.

In each of the proposed contributions, (H1) can be used to:

• Formulate a propagation channel model: Chapters 4, 5, 6 and 7.

• Advocate for the use of a specific distance: Chapters 8, and 9.

Additionally, each contribution addresses a distinct wireless communication problem that
can be categorized within the research axes (A1)-(A3). A detailed presentation of each
problem is presented in the following subsections.

3.3.1 Radio environment compression and localization
The contributions related to research axis (A1) are presented in Chapter 4 and 5. These
chapters present how to perform radio environment compression using a model-based
neural network, and how to use this network to solve a localization task.

Radio environment compression: Chapter 4

The core of this problem lies in selecting an inference rule for the location-to-channel
mapping, i.e. finding a mapping that infers propagation channel coefficients H, directly
from a location x. Selecting an inference rule that approximates this mapping can be
interpreted as a radio environment compression task, since the rule encodes the entire
radio environment by mapping low-dimensional locations to their corresponding high-
dimensional channel coefficients.

While physics-based propagation models can provide approximated analytical solu-
tions to this problem, they often rely on simplifying assumptions, and involve parameters
that require extensive tuning, which limits their practical applicability. The contribution
in Chapter 4 consists in structuring a neural network fθ, based on a physical propagation
channel model that relies on (H1), to learn the location-to-channel mapping.

17. This is not the case in several other fields. For example, due to the inherent complexity of the
considered problems, fields such as image and video processing often lack analytical models.
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Problem 3.1: MB-ML for radio environment compression

Formally, the location-to-channel mapping writes as:

f : X −→ Y
x −→ H (x) ,

(3.30)

where X defines the location space, i.e. X ⊆ R3, and Y defines the channel
coefficients space, i.e. Y ⊆ Cm×n with specific channel dimensions m and n.

Approximating this mapping can be formally defined as solving the following
optimization problem:

minimize
fθ

E(x,H(x))∼px,H

[
∥fθ (x)−H (x)∥2

F

]
.

subject to fθ ∈ H
(3.31)

The proposed MB-ML approach in Chapter 4 consists in using (H1) to define a
neural network whose structure is well-adapted to this specific learning task.

Wireless localization: Chapter 5

In wireless communication, localization, also referred to as positioning, consists in de-
termining the position of a UE, based on given measurements. Multiple model-based
methods have been proposed for this task, some of which rely on information collected
from multiple base stations [GG05]. An alternative approach, known as fingerprinting 18,
leverages a database of location/channel coefficient pairs. Given a channel matrix, the
estimated position is obtained as the location corresponding to the most similar channel
matrix in the dictionary 19. The accuracy of fingerprinting methods is therefore highly
dependent on the spatial density of the used database, and on the level of distortion in
the channel coefficients. For example, a synthetic database generated with a propagation
channel model often yields poor performance in real environments due to the simplifying
assumptions inherent to the channel model.

The contribution presented in Chapter 5 builds on the previously introduced neural
network that learns the location-to-channel mapping. This neural network, structured us-
ing (H1), is used to enhance the accuracy of a fingerprinting-based localization method.
Indeed, since this neural network encodes a continuous mapping between locations and
channel coefficients, it can be exploited to augment a fingerprinting database with addi-
tional realistic entries, thereby increasing its spatial density. Furthermore, a model-based

18. An interested reader is referred to [Nes+20] for an extensive survey.
19. The notion of channel similarity is deliberately kept vague at this stage: a formal definition will be

provided in Chapter 5.
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optimization of the proposed localization method is introduced, relying on a propagation
channel model derived from (H1).

Problem 3.2: MB-ML for wireless localization
Formally, the localization problem based on channel coefficients involves finding
a mapping from the channel space X ⊆ Cm×n, with specific channel dimensions
m and n, to the location space Y ⊆ R3:

f : X −→ Y
H (x) −→ x.

(3.32)

Approximating this mapping can be written as the following optimization prob-
lem:

minimize
fθ

E(H(x),x)∼pH,x

[
∥fθ (H (x))− x∥2

2

]
.

subject to fθ ∈ H
(3.33)

The traditional fingerprinting method consists of the solution:

fθ (H (x)) = arg max
x̃∈G

sim (H (x) ,H (x̃)) , (3.34)

where G denotes a database, and sim (·, ·) : X × X → R+ is a channel similar-
ity measure. Since the accuracy of fingerprinting-based localization methods is
constrained by the spatial density of the database G, it is proposed to enhance
this approach through MB-ML. Specifically, the model-based neural network in-
troduced in Chapter 4 is used to infer channel coefficients at arbitrary locations,
thereby increasing the spatial density of the locations in the database.

3.3.2 Joint parametric and hardware impairments estimation
The contributions related to research axis (A2), presented in Chapters 6 and 7, address
a joint estimation problem. In both cases, the proposed methods aim to estimate task-
specific parameters alongside certain hardware impairments (HWIs) related to the con-
sidered system. A common observation across these setups is that the performance of
the parametric estimation task is significantly affected by the lack of HWI knowledge.
To address this challenge, the proposed contributions build upon (H1) to develop an an-
alytical model that addresses the estimation task, which is subsequently refined through
the application of learning algorithms to learn the unknown HWIs, while simultaneously
estimating the parameters of interest. This can be formally defined as follows.
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Problem 3.3: MB-ML for joint parametric and HWI estimation

Given an observation x ∈ X , and unknown parameters y ∈ Y , the aim of para-
metric estimation is to recover y from x, which amounts to estimate the mapping:

fζ : X −→ Y
x −→ y,

(3.35)

where ζ denotes HWIs associated with the system at hand, which are themselves
to be estimated. This can be rewritten as the following optimization problem:

minimize
ζ̃

E(x,y)∼px,y

[
µY

(
fζ̃ (x) ,y

)]
,

subject to ζ̃ ∈ Hζ
(3.36)

where µY : Y × Y → R+ denotes an error measure characterizing the distortion
of the estimated parameters, and Hζ the HWIs hypothesis class.

Model-based methods can be used to select an inference rule that solves this
inference rule selection problem, based on (H1). However, this approach remains
suboptimal as it typically assumes nominal HWIs, and therefore do not optimize
ζ̃. To address this limitation, the MB-ML paradigm is leveraged by enhancing
the model-based solution through the integration of a learning method for ζ̃.

Channel estimation: Chapter 6

Chapter 6 addresses a channel denoising problem, where the objective is to estimate
channel coefficients from noisy observations. Leveraging domain knowledge of the prob-
lem, based on (H1), the observations can be modeled as a noisy sparse linear combination
of frequency response vectors. Building on this model, traditional sparse recovery algo-
rithms can be applied to perform channel denoising. However, these algorithms rely on
a dictionary of frequency response vectors, which are highly sensitive to HWIs, such as
imperfect frequency offsets knowledge. To address this limitation, the MB-ML paradigm
is leveraged, through the deep unfolding approach. Specifically, the well-known matching
pursuit (MP) algorithm [MZ93], an iterative sparse recovery method, is unfolded into a
neural network. This enables the introduction of learnable parameters, particularly the
HWIs, which are learned during training, ultimately leading to improved denoising per-
formance over traditional model-based methods. Table 3.2 summarizes how the generic
problem defined in Problem 3.3 specializes to the presented channel denoising task.
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Table 3.2: Summary of the used parameters in Chapters 6 and 7, in the context of Prob-
lem 3.3. m, n, m′, n′ and p denote arbitrary problem dimensions.

Contribution X Y µY ζ

Chapter 6 Cm×n Cm×n ℓ2 norm Frequency HWIs
Chapter 7 Cm′×n′ [−π/2, π/2]p Modified ℓ2 norm Antenna HWIs

DoA estimation: Chapter 7

Chapter 7 studies the DoA estimation problem: given measurements from an antenna ar-
ray, the goal is to estimate the DoAs of impinging signals. Classical model-based methods,
such as the multiple signal classification (MUSIC) algorithm, rely on (H1) to represent
the received signal as a noisy linear combination of steering vectors. A subspace decom-
position technique is then applied to mitigate noise and extract the DoAs. However, as
for the channel denoising problem, the elements of the linear combination, in this case
the steering vectors, are distorted by antenna HWIs, resulting in degraded DoA estima-
tion performance. To address this issue, the proposed contribution leverages the MB-ML
paradigm, in particular the learned optimizer approach, to jointly estimate the DoAs
and learn the HWIs. The key idea is to parametrize the steering vectors as a function
of the HWIs, and to update the HWI parameters through gradient descent. To enable
this, all processing steps require differentiability, which introduces a subsequent contribu-
tion: a differentiable extension of the MUSIC algorithm. Table 3.2 presents the different
parameters of Problem 3.3, in the context of the DoA estimation problem.

3.3.3 Channel compression through channel charting
The contributions presented in Chapters 8 and 9 consider a task-oriented channel com-
pression problem, which consists of research axis (A3). As discussed in Section 1.3, mod-
ern wireless communication schemes rely heavily on channel state information (CSI) to
enhance transmission performance. For instance, CSI is used to compute beamforming
matrices that direct signals towards the intended users. However, obtaining CSI at the
base station entails significant complexity, especially in systems with non-reciprocal chan-
nels 20. Indeed, in these settings, a BS transmits known pilot symbols to UEs, enabling
them to estimate the channel coefficients. Then, the estimated CSI must be fed back
from the UEs to the BS. Since CSI usually consists of a large number of coefficients, this
feedback procedure is costly.

To reduce the complexity of this feedback procedure, a common approach is to com-
press the estimated CSI into a low-dimensional representation at the UE level, transmit
this compressed representation, and subsequently reconstruct the CSI at the BS level. This
constitutes the well known CSI compression framework, presented in [WSJ18; Wan+19;

20. Such as frequency division duplex (FDD) systems, where uplink and downlink frequencies differ.
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CGS22]. An alternative, task-oriented, approach is to bypass explicit CSI reconstruction,
and instead directly infer the quantity of interest, e.g. a precoding matrix or codebook
index, from the low-dimensional channel representation. From a formal perspective, this
procedure can be expressed as an optimization problem, which is presented below.

Problem 3.4: MB-ML for task-oriented CSI compression

Given channel coefficients h ∈ X , the aim of task-oriented CSI compression is to
compress h in a low-dimensional representation z ∈ Z, and to decode z into a
quantity of interest y ∈ Y , related to the considered task. This framework can
be interpreted as estimating an encoding map:

f : X −→ Z
h −→ z,

(3.37)

and a decoding map:
g : Z −→ Y

z −→ y,
(3.38)

with dimR (Z) ≪ dimR (X ). This mapping estimation task translates to the fol-
lowing optimization problem:

minimize
fθe , gθd

E(h,y)∼ph,y [µY ((gθd ◦ fθe) (h) ,y)] ,

subject to (fθe , gθd) ∈ H,
domc (fθe) = dom (gθd) ,
dimR (domc (fθe))≪ dimR (dom (fθe))

(3.39)

where µY : Y ×Y → R+ represents a performance measure related to the consid-
ered task.

Traditional CSI compression methods typically rely on model-agnostic neu-
ral networks for both the encoder fθe and the decoder gθd , which limits the in-
terpretability of the resulting encoding and decoding schemes. By contrast, the
MB-ML paradigm can be used to structure fθe and gθd according to (H1), thereby
ensuring that the low-dimensional representation space remains interpretable and
that the decoding procedure yields satisfactory performance.

In both contributions, the dimensionality constraints presented in Problem 3.4 are satis-
fied by the encoder/decoder design. Additionally, the MB-ML encoder is obtained through
channel charting (CC). CC is an unsupervised machine learning method, that embeds
channel coefficients into a low-dimensional pseudo-location space, subject to constraints
ensuring that topological structures, specifically spatial neighborhoods, are preserved be-
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tween the channel and representation spaces 21.

Efficient beam prediction: Chapter 8

Chapter 8 focuses on a specific wireless system setup known as FDD cell-free massive
MIMO systems. In this context, the cell-free structure allows base stations to commu-
nicate with each others. The non-heterogeneous nature of cell-free systems 22, and high
dimensionality of CSI in massive MIMO (mMIMO) systems, motivate the use of a task-
based CSI compression scheme. Specifically, it is proposed to reduce the complexity of the
beam-assignment task in the context of discrete beam dictionaries, i.e. codebooks. The
proposed approach relies on designing an encoder that embeds CSI into a low-dimensional
pseudo-location, and a model-based decoder that maps the pseudo-location to a beam
index. This leads to the following procedure, that significantly reduces the overall beam-
assignment complexity:

1. A BS sends pilot symbols to a given UE.

2. The UE estimates the CSI and transmits it to the BS.

3. The BS encodes the estimated CSI into a low dimensional pseudo-location.

4. The BS forwards the pseudo-location to all other BSs in the cell-free system.

5. Each BS uses a trained decoder to infer the codebook beam to serve the UE.

In this procedure, domain knowledge, based on (H1), is leveraged to structure both the
encoder and decoder as model-based neural networks, yielding superior performance com-
pared to model-agnostic neural networks. A summary of the parameters of Problem 3.4
in the context of this beam-assignment task is provided in Table 3.3.

CSI compression: Chapter 9

Chapter 9 focuses on a traditional FDD mMIMO cellular system. Similarly to the previ-
ously discussed cell-free mMIMO setup, precoder design in conventional FDD mMIMO
systems is hindered by the high dimensionality of CSI, which induces significant reporting
complexity. To address this issue, the MB-ML framework is leveraged to design efficient
neural encoders and decoders, thereby reducing the overall complexity of the CSI feed-
back procedure. Specifically, instead of reconstructing CSI from low-dimensional pseudo-
locations for subsequent precoder computations, the proposed method decodes the pseudo-
locations directly into a precoder. This is enabled by introducing a beamforming-based er-
ror measure into the joint training of the neural encoder and decoder structures. As for the

21. Note that an entire section of Chapter 8, namely Section 8.1, is dedicated to a detailed presentation
of the channel charting concept.

22. For instance, base stations may operate on different frequency bands.
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Table 3.3: Summary of the used parameters in Chapters 8 and 9, in the context of Prob-
lem 3.4. m, n and d denotes arbitrary problem dimensions, with the constraint d≪ m.

Contribution X Z Y µY

Chapter 8 Cm Rd N∗ Cross-entropy
Chapter 9 Cm Rd Cm×n Beamforming based

Table 3.4: Summary of the use-cases covered by the different contributions of the thesis.

Use-case Contribution MB-ML approach
Estimating Chapter 4 Structure

Chapter 5 Structure/Optimize
Chapter 6 Structure/Initialize
Chapter 7 Structure/Initialize

Compressing Chapter 4 Structure
Chapter 8 Structure/Initialize
Chapter 9 Structure/Initialize

Controlling Chapter 8 Structure/Initialize
Chapter 9 Structure/Initialize

previously presented method, domain knowledge, based on (H1), is incorporated to struc-
ture the encoder/decoder architectures. It is shown that the proposed MB-ML method
outperforms model-agnostic ML approaches, while substantially reducing the overall CSI
reporting complexity. Table 3.3 presents the different parameters of Problem 3.4 in the
context of this precoder regression task.

3.3.4 Use-case summary
For each contribution, the associated MB-ML model is applicable to at least one of the
following use cases:

• Estimating: use the model to estimate parameters of the propagation channel.

• Compressing: use the model to compress information associated with the propaga-
tion channel.

• Controlling: use the model to adapt the considered system parameters to the prop-
agation channel.

Table 3.4 summarizes the use-cases for each contribution and their associated MB-ML
approach, namely, structure, optimize, or initialize, as defined in Definition 3.2.

107



Part I, Chapter 3 – Model-based machine learning

3.4 Conclusion
The goal of this chapter was to introduce the model-based machine learning paradigm,
and present how it differs from classical machine learning. Several key aspects can be
highlighted, as summarized below.

• Model-based and machine learning methods are embedded within the inference rule
design framework, which provides the theoretical foundations for analyzing and
comparing these different approaches.

• Model-based methods rely on domain knowledge and simplifying assumptions to
derive analytical models describing a given problem. This dependency can introduce
high biases, but generally yields solutions with low computational complexity.

• Machine learning methods are data-driven: for a given problem, they learn a solution
based on available data, without relying on explicit assumptions. However, they
often require a substantial training phase, which incurs significant computational
complexity and requires large volumes of data. Furthermore, the performance of
trained machine learning models often suffers from limited interpretability, thereby
restricting the extent to which their associated inference rules can be understood
and trusted.

• The MB-ML paradigm leverages the respective strengths of both approaches: do-
main knowledge is used to structure, optimize, or initialize learning algorithms,
resulting in interpretable solutions with relatively low complexity.

• Owing to the abundance of analytical models, the wireless communication field is
particularly well-adapted to the use of MB-ML methods. This thesis focuses on
the application of the MB-ML paradigm in three distinct areas: location-to-channel
mapping learning, i.e. (A1), hardware impairments compensation, i.e. (A2), and
channel compression, i.e. (A3).
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Chapter 4

LOCATION-TO-CHANNEL MAPPING:
LEARNING

This chapter focuses on designing a neural network to learn the location-to-channel map-
ping, a task made challenging by high-frequency nature of this mapping, and the result-
ing spectral bias. Section 4.1 introduces the context and formulates the learning problem.
Section 4.2 demonstrates how domain knowledge can be leveraged to derive an approx-
imate analytical expression for the considered mapping. Building upon this expression,
Section 4.3 proposes a neural architecture specifically adapted to the problem at hand.
Finally, Section 4.4 presents experimental results validating the proposed approach, and
Section 4.5 present some concluding remarks.
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This chapter is mainly based on a journal article published in the IEEE Journal of Se-
lected Topics in Signal Processing [Cha+25a], which extends a conference article presented
at the 2024 IEEE International Conference on Acoustics, Speech and Signal Process-
ing [Cha+24b]. Furthermore, the experiments described in this chapter entailed a total
computational cost of approximately 255 GPU days.
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4.1 Problem setting

4.1.1 General introduction
In the past few years, model-based machine learning have showed great results in chan-
nel estimation problems [He+18; WHD21; YLM22; CLMR23], direction of arrival esti-
mation [Shm+25; Cha+25c], channel charting [Yas+22; Yas+23; Yas+24], but also in
integrated sensing and communication scenarios [MatRam+24]. It is proposed to further
explore this paradigm by examining its capabilities in the context of Problem 3.1, namely
radio-environment compression. The central question is whether a model-based neural
architecture can be designed to learn the location-to-channel mapping. Since the prop-
agation channel coefficients are inherently related to the user’s location, this mapping
can, in principle, be captured by a suitably structured neural network. Once trained,
such a network would require only the user’s location as inputs to generate the corre-
sponding channel coefficients. This approach would be beneficial in many applications:
some examples include channel estimation, secure communication mechanisms, resource
allocation or interference management, but also radio-environment compression. Indeed,
if one achieves near perfect learning of the location-to-channel mapping with the neural
network, it could be more efficient to only store the weights of the trained neural network
rather than directly storing the channel coefficients.

Learning continuous mappings with neural networks is known as the implicit neural
representation (INR) problem. After its great success in the resolution of image processing
problems such as novel view synthesis [Mil+21], researchers have started to establish theo-
retical results on the INRs mapping learning capabilities [RL22; ZRL21; Yuc+22; RML22;
SCL24; Sar+24]. While classical architectures, such as MLPs, are universal function ap-
proximators 1, it has been shown that they exhibit a bias towards learning low-frequency
functions, a phenomenon known as the spectral bias [Rah+19; Cao+21; JohXu+20].

Focus on the spectral bias issue.

The spectral bias phenomenon does not imply that classical MLPs are incapable of ap-
proximating functions with high-frequency content 2, but rather that such architectures
generally require extended training duration to effectively capture high-frequency features.
The theoretical foundation of the spectral bias phenomenon can be explained using the
neural tangent kernel theory (NTK), presented in Highlight 4.1. Specifically, it is shown
in [Cao+21] that, during gradient descent, a two-layer MLP initially learns components
of the target function that lie in the span of the NTK’s eigenfunctions associated with
the largest eigenvalues 3. Furthermore, it is also shown that these dominant components
correspond to low degree spherical harmonics, i.e. low-frequency content [Cao+21, Sec-
tions 3.1, 3.2, pp. 3-4]. An illustration of this phenomenon is presented in Fig. 4.1, where

1. See [Cyb89; HSW89], and Theorem 2.1.
2. This assertion would contradict the universal approximation theorem.
3. Eigenfunctions can be viewed as generalizations of eigenvectors to function spaces.
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Figure 4.1: Illustration of the first five eigenfunctions of the empirical NTK for different
neural networks at initialization. For the RFF and SIREN architectures, the hyperpa-
rameters, σ, ω0, modulate the maximum frequency span in the embedding layer. As the
eigenfunctions of the NTK condition the learning performance of neural networks, having
eigenfunctions with high frequency content allows to overcome the spectral bias issue. It
can clearly be seen that the MLP eigenfunctions present low frequency content, showcas-
ing the spectral bias phenomenon (modified Fig. 5 in [Yuc+22]).

the RFF and SIREN networks are INRs developed to overcome the spectral bias issue, as
presented in the subsequent paragraph.

Highlight 4.1: Neural tangent kernel theory

An important theoretical framework for analyzing neural network learning dy-
namics is the NTK theory [JGH18]. Formally, NTK theory states that training a
neural network with sufficiently wide layers using gradient descent in its param-
eter space is equivalent to performing gradient descent in a reproducing kernel
Hilbert space (RKHS). This RKHS is defined by a kernel specific to the consid-
ered neural network, known as the NTK. In other words, the training dynamics of
a sufficiently wide neural network can be approximated by those of a kernel-based
method governed by the NTK.

To address the limitations induced by the spectral bias phenomenon, several special-
ized architectures have been developed: random Fourier features (RFFs) [RR07; Tan+20],
sinusoidal representation networks (SIRENs) [Sit+20], or Gaussian activated radiance
fields (GARFs) [Chn+22]. These architectures aim at incorporating high-frequency con-
tent into the neural model. The principles underlying these spectral bias resistant designs
can be categorized within two approaches: embedding specialization within traditional
ReLU-MLPs, or embedding replacement.

• Embedding specialization. This approach consists on the projection of the input
on a higher dimensional space containing high-frequency content, and is commonly
referred to as the positional embedding method. This approach, firstly introduced
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in [Mil+21], aligns with earlier findings in [Rah+19], where the authors showed that
introducing a particular high-frequency embedding allowed to ease the learning of
high-frequency content in the target mapping. Further work focused in the design
of a well adapted embedding layer for the target mapping learning, while the rest
of the neural architecture is a traditional ReLU-MLP. This approach has been used
in [RR07; Mil+21; Tan+20; Pum+21; Par+21; Du+21].

• Embedding replacement. Conversely, this approach suggests omitting the initial
high-frequency embedding and instead specializing the activation functions of the
MLP. This method recently garnered significant attention: in [Sit+20], the authors
proposed to replace ReLU non-linearities by sine functions, achieving high perfor-
mance in high-frequency mapping learning. Nevertheless, it has been shown that
using sine non-linearities can lead to high sensitivity to the network parameters ini-
tialization. To address this, the authors in [Chn+22] proposed replacing sine non-
linearities with Gaussian ones, achieving strong performance in image reconstruc-
tion problems without requiring intricate network parameters initialization schemes.
Additionally, in [RL22], the authors showed that sine non-linearities were part of a
broad class of non-linearities that permitted MLPs to learn high-frequency content.
They also showed that using non-periodic non-linearities allowed to obtain good
performance in novel view synthesis problems. Finally, it has recently been shown
in [Sar+23] that complex Gabor wavelets could be used as activation functions,
yielding good performance in a wide range of image processing problems.

Theorem 4.1: [Yuc+22] Expressive power of MLPs with
sinusoidal embeddings.

Let fθ : RD → R be a L-layer MLP with polynomial activation functions, i.e. that
admits a representation σ (x) = ∑K

k=1 αkx
k. Let us assume that the initial layer

of fθ is a sine embedding layer:

γ (x) = sin (Ωx + ϕ) , (4.1)

where Ω = [Ω1, · · · ,ΩT ]T ∈ RT×D and ϕ ∈ RT respectively denote the frequency
and phase embedding parameters. Then, fθ can only represent functions of the
form:

fθ (x) =
∑

ω∈H(Ω)
cω sin (⟨ω,x⟩+ ϕω) , (4.2)

where:

H (Ω) ⊆


T∑
t=1

stΩt

∣∣∣∣∣∣st ∈ Z s.t.
T∑
t=1
|st| ≤ KL−1

 . (4.3)
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Proof. See Appendix of [Yuc+22]. ■

Theorem 4.1, allows to explain the good learning performance of SIRENs and RFFs for tar-
get functions with high frequency content. Indeed, it establishes that MLPs equipped with
polynomial activation functions and a sinusoidal embedding layer, are capable of repre-
senting functions expressed as linear combinations of certain harmonics of the embedding
layer. Consequently, the ability of such architectures to capture high-frequency content
is primarily determined by the design of their embedding layer. In particular, [Yuc+22]
demonstrates that a simple three-layer SIREN can represent signals composed of infinitely
many frequency harmonics, owing to its specialized embedding design.

Location-to-channel mapping and spectral bias

The location-to-channel mapping presents a high-frequency spatial dependence, on the
order of the operating wavelength, making its learning a remarkably complex problem due
to the aforementioned spectral bias issue. One may then pose the subsequent inquiries:
Are classical INR architectures able to learn the location-to-channel mapping? Is a model-
based approach able to learn this mapping? Does the model-based approach outperform
INR architectures in terms of learning performance and complexity?

4.1.2 Related work and contributions
Related work

Learning continuous mappings through neural networks has been extensively studied
by the image processing community. For instance, it has been used for image recon-
struction problems [Sit+20; Bem+20; CLW21], for 3D scene reconstruction from 2D im-
ages [Mil+21; Yar+20; SZW19] but also for dynamic 3D scene reconstruction from 2D
images [Pum+21; Par+21; Tre+21; Du+21; Xia+21]. In the signal processing commu-
nity, machine learning capabilities have been recently leveraged for various problems: e.g.
ML-based channel estimation [Gao+18; Sol+19; BDA20]. There also exist works about
mapping learning in communication problems: specifically, the location/pseudo-location-
to-beamformer mapping learning has been studied in [LeMag+22b] and [LeMag+22a], as
well as the pseudo-location-to-best-codebook-index mapping learning in [Yas+23]. Addi-
tionally, our previous work in [Cha+24b] studied the location-to-channel mapping learning
in a simplified scenario: only a single antenna and frequency were considered. This chap-
ter builds on that foundation, offering a significant extension of the previously proposed
method by incorporating support for both multi-antenna and multi-frequency scenarios,
thereby addressing broader and more complex use cases. In [Zha+23], the authors propose
to adapt the neural radiance fields concept of [Mil+21] from optical to radio-frequency
signals. However, the proposed model requires complex learning strategies and long train-
ing times. Additionally, the proposed model is used for downlink channel estimation in
a frequency division duplex setting, but requires the uplink channel knowledge. In this

115



Part II, Chapter 4 – Location-to-channel mapping: learning

chapter, the proposed approach only requires the receiver location knowledge and pos-
sesses relatively low sample complexity. Finally, in [Hoy+24], the authors proposed to
calibrate electromagnetic properties of a scene, e.g. material permittivity and conductiv-
ity, scattering and reflection coefficients, using a differentiable ray-tracing approach. Upon
completion of the calibration process, accessing the scene properties in different configura-
tions becomes feasible. Among other applications, using the calibrated scene enables the
accurate computation of the propagation channel response at different locations, through
ray-tracing. The primary distinction between this differentiable ray-tracing method and
the suggested approach is that the former emphasizes on calibrating a specific scene at the
electromagnetic property level while considering the scene topology known. Conversely,
the latter proposes a straightforward approach for the continuous location-to-channel
mapping learning using a model-based neural network with no prior information about
the scene topology.

Contributions

It is proposed to leverage the capabilities of model-based machine learning for the location-
to-channel mapping learning. To maintain generality, this mapping learning problem is
examined over multiple antennas and multiple frequencies. This chapter introduces the
following contributions:

• A theoretical study of a physics-based channel model, using Taylor expansions, al-
lows to clearly separate low and high-frequency spatial contents (Lemma 4.1, Propo-
sition 4.1, Proposition 4.2).

• A sparse signal processing approach, using sparse representations of the channel, is
presented to ensure the validity of the obtained channel approximation across the
entire R3 space (Theorem 4.2).

• A model-based neural architecture is derived from the approximated channel model.
It is shown that the obtained structure shares common features with classical INR
architectures, such as a spectral separation stage with a high-frequency embedding,
allowing to bypass the spectral-bias issue.

• Experiments are conducted on realistic channels, showing the great potential of
the proposed approach, both in terms of learning performance and computational
efficiency. Moreover, some experiments clearly show that the proposed approach
successfully learns the underlying physical propagation model, enabling efficient
generalization.

4.1.3 Problem formulation
Let us consider a communication system where a BS transmits information through Na

antennas and Ns distinct frequencies to mono-antenna UEs. In the time domain, the
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propagation channel defines the filter operating on the electromagnetic waves transmitted
between an emitting and receiving antenna 4. This filter impulse response is classically
known as the channel impulse response. Considering the propagation channel over Lp
specular propagation paths between the jth BS antenna and a mono-antenna receiver
located at x ∈ R3 yields the following CIR definition:

hj (t,x) =
Lp∑
l=1

αl,j (x) δ (t− τl,j (x)) , (4.4)

where αl,j (x) ∈ R, resp. τl,j (x) ∈ R, is the attenuation coefficient, resp. propagation
delay, for the lth path and jth BS antenna. Applying the Fourier transform on the CIR
yields the channel frequency response. For a given frequency fk, this gives:

hj (fk,x) =
Lp∑
l=1

αl,j (x) e−j2πfkτl,j(x) (4.5)

=
Lp∑
l=1

γl
dl,j (x)e−j 2π

λk
dl,j(x)

, (4.6)

where λk = c/fk ∈ R is the wavelength associated to frequency fk and dl,j (x) ∈ R
represents the propagation distance for the lth path and jth BS antenna. In further
developments, the frequency dependence in Eq. (4.6) is dropped and the notation hj,k (x)
is used. In Eq. (4.6), it is assumed that the attenuation is proportional to dl,j (x) and that
the delay is such that:

τl,j (x) =

dl,j(x)
c

∀j, l = 1
dl,j(x)
c
− νl,j ∀j, l ̸= 1

, (4.7)

where νl,j ∈ R accounts for a supplementary delay induced by wave-matter interactions.

Remark 4.1. Note that the attenuation model introduced in Eq. (4.6), as well as the
propagation delay model introduced in Eq. (4.7), are a direct manifestation of the domain
knowledge introduced in (H1).

As a result of Eq. (4.7), the attenuation coefficient γl becomes complex: ∀l > 1, Re {γl}
and Im {γl} represent the small-scale attenuation and phase shift introduced along the
lth path. Note that Re {γ1} = 1 and Im {γ1} = 0 when considering a LoS path, as this
path does not present any wave-matter interaction.

The contribution of reflected paths can be modeled using the virtual source the-
ory [Poz98, Chapter 1, pp.47-49]. This theory states that a path, between a source and a
receiver, reflected on a planeR can be equivalently represented as a direct path originating
from the source’s symmetric counterpart with respect to R, and ending at the receiver,
as illustrated in Fig. 4.2 (a). Moreover, while the virtual source theory is classically used
to model reflections, it can also accommodate the modeling of diffraction [Liu+14]. In

4. See Chapter 1 for more information.
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Figure 4.2: Virtual source theory used to model: (a) reflection on reflection plane R, (b)
diffraction on diffracting object D.

this scenario, the virtual source is located at the endpoint of the diffraction object D,
as illustrated in Fig. 4.2 (b). Using this theory to model the propagation distance dl (x)
yields:

hj,k (x) =
Lp∑
l=1

γl
∥x− al,j∥2

e−j 2π
λk
∥x−al,j∥2 , (4.8)

where al,j ∈ R3 denotes the location of the lth virtual antenna, so that 1/ ∥x− al,j∥2
represents the large scale fading of the lth path.

Remark 4.2. Note that Eq. (4.8) models a multipath channel, where the Lp propagation
paths are distinguishable paths: they can result from reflection, diffraction or scattering.

Remark 4.3. The proposed channel model builds on the widely used ray-based channel
model. This general framework subsumes specific models such as the Saleh-Valenzuela
model, where path gains and ray directions follow specific statistical distributions. This
general model provides greater flexibility to represent diverse channel scenarios, including
indoor and outdoor environments, while also accounting for crucial physical propagation
phenomena such as reflection and diffraction. This flexibility strengthens the general ap-
plicability of the proposed method.

The exponential argument in Eq. (4.8) reveals a high-frequency spatial dependence: a
small change in the location x induces a significant change in the channel coefficient
hj,k (x). This arises from the wavelength dependence in the exponential argument: as the
carrier frequency rises, the wavelength drops, yielding fast variations of channel coefficients
in the location space. In classical communication systems (sub-6 GHz), λ is on the order
of a few centimeters. 5G/6G systems also consider millimeter wavelengths.

Let H (x) ∈ CNa×Ns be the antenna-frequency channel matrix at location x. This
matrix is constructed from the concatenation of the complex frequency channel coefficients
hj,k (x) in Eq. (4.8), across every antenna and frequency. The goal of this study is to learn:

fθ : R3 −→ CNa×Ns

x −→ H (x) ,
(4.9)
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i.e. a neural network f parameterized by a set of learnable parameters θ that learns
the continuous mapping between a location x and complex channel matrix H (x). As
previously mentioned, the high-frequency spatial dependency in the channel model causes
the location-to-channel mapping to be remarkably hard to learn using classical neural
architectures, due to the spectral-bias issue. Alternative neural architectures overcoming
this issue are presented in the next section.

4.2 Towards a model-based approach
This section presents the proposed model-based approach, as well as the related theo-
retical results. Such theoretical developments are crucial for understanding the proposed
model-based neural architecture presented in Section 4.3, as this architecture is based on
Theorem 4.2. Although the use of Taylor approximations on the propagation distance
is not novel, the contribution presented in this section is, to the best of the authors’
knowledge, the first to propose an approximated channel model that enables extrapola-
tion around both a reference receiver location and a reference emitter antenna location,
relying solely on assumptions of attenuation and phase proportionality with the propaga-
tion distance. Additionally, this section presents a discussion on the use of sparse recovery
methods to address the problem formulated in Eq. (4.20).

4.2.1 Model-based approach
It is proposed to use knowledge from the physics-based propagation model presented in
Eq. (4.8), to derive a model-based neural architecture that can overcome the spectral-bias
issue. As the high-frequency spatial dependency originates from the wavelength presence
in the ratio ∥x− al,j∥2 /λk in Eq. (4.8), it is proposed to develop this term using a Taylor
expansion. It will be shown that it allows to separate the high-frequency from the low-
frequency spatial content. This approach, known as the plane wave approximation, is used
to obtain the well-known steering vector model [TV05, Chapter 7], [LMLCP19].

Lemma 4.1: Local distance approximation

Let xr ∈ R3 be a reference location and Vx ⊂ R3 be a local validity domain such
that ∀x ∈ Vx, ∥x− xr∥2 ≤ ϵx. Let al,r ∈ R3 be a reference antenna location and
Va ⊂ R3 be local validity domain such that ∀al,j ∈ Va, ∥al,j − al,r∥2 ≤ ϵa. One
has, ∀ (x, al,j) ∈ Vx × Va :

∥x− al,j∥2 ≃∥xr − al,r∥2 + ul,j (xr)T (x− xr)− ul,r (xr)T (al,j − al,r) , (4.10)

with ul,j (xr) = (xr − al,j) / ∥xr − al,j∥2.
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Figure 4.3: Taylor expansion on locations only: (a) location x far from reference xr, (b)
location x close to reference xr. In both settings, e1 characterizes the approximation error.

Proof. See Appendix D.1. ■

Fig. 4.3 illustrates the Taylor expansion on locations. One can remark the direct link
between the approximation error and the distance to reference: when the considered lo-
cation x is far from the reference xr, the approximation error is high, while on the other
hand, when the distance to the reference is small, the approximation error decreases. This
emphasizes the local validity of Lemma 4.1. A similar analysis can be made for the Taylor
expansion on antennas.

Corollary 4.1 proposes to analytically characterize the approximation error of the
Taylor expansion introduced in Lemma 4.1.

Corollary 4.1: Distance approximation error

Let xr ∈ R3 and al,r ∈ R3 respectively denote a reference location and a reference
antenna location. The approximation error in Eq. (4.10) can be approximated
using the second order of the Taylor expansions as:

e ≃ 1
2

(
∥x− xr∥2

2
∥xr − al,j∥2

− o
(

1
∥xr − al,j∥2

2

)
+ ∥al,j − al,r∥2

2
∥xr − al,r∥2

− o
(

1
∥xr − al,r∥2

2

))
.

(4.11)

Proof. See Appendix D.2. ■

One can remark in Corollary 4.1 that the approximation error is mostly dependent on
the ratios ∥x− xr∥2

2 / ∥xr − al,j∥2 and ∥al,j − al,r∥2
2 / ∥xr − al,r∥2. In other words, when

the distance between the reference location and current/reference antenna is important,
the approximation error decreases. Indeed, in such scenario, the common far field ap-
proximation is valid, making the planar approximation of spherical wavefronts realistic.
In Eq. (4.10), the planar wavefront term is represented by the first projection term: this
term is null when the location (x− xr) is orthogonal to the direction ul,j (xr). Once in-
troduced in a complex exponential, it yields periodic parallel level sets in the ul,j (xr)
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direction. Such phenomenon constitutes the definition of planar wavefronts. On the other
hand, when the reference distances are small, the far field approximation does not hold,
making the approximation error being directly dependent on the distances to the refer-
ences ∥x− xr∥2 and ∥al,j − al,r∥2.

Proposition 4.1 presents the injection of the approximated propagation distance in
the channel model in Eq. (4.8). This allows to obtain an approximated channel coefficient
around a reference location and a reference antenna.

Proposition 4.1: Approximated channel interpretation

Let xr ∈ R3 and al,r ∈ R3 be a reference location and reference antenna location.
Let dl,r = ∥xr − al,r∥2, τl,r = dl,r/c, and hl,r (xr) = e−j 2π

λr
dl,r/dl,r. Let fr ∈ R be a

reference frequency such that ∀fk ∈ R, fk = (fk − fr) + fr. One has, ∀ (x, al,j) ∈
Vx × Va :

hj,k (x) ≃
Lp∑
l=1

γlhl,r (xr)︸ ︷︷ ︸
Reference channel

e−j 2π
λr

ul,r(xr)T(x−xr)︸ ︷︷ ︸
Location correction

e−j2π(fk−fr)τl,r︸ ︷︷ ︸
Frequency correction

ej 2π
λr

ul,r(xr)T(al,j−al,r)︸ ︷︷ ︸
Antenna correction

.

(4.12)

Proof. See Appendix D.3. ■

It can be seen in Eq. (4.12) that hj,k (x) is a sum of reference channels, around a ref-
erence location, at a reference frequency, multiplied by location, frequency, and antenna
correction terms. Letting wl,r (x) = γlhl,r (xr) ej 2π

λr
ul,r(xr)Txr ∈ C, Eq. (4.12) can be further

rearranged as, ∀ (x, al,j) ∈ Vx × Va:

hj,k (x) ≃
Lp∑
l=1

wl,r (x) e−j2π(fk−fr)τl,rej 2π
λr

ul,r(xr)T(al,j−al,r)︸ ︷︷ ︸
Slowly varying

e−j 2π
λr

ul,r(xr)Tx︸ ︷︷ ︸
Fastly varying

. (4.13)

Remark 4.4. One can observe in Eq. (4.13) that the channel coefficient hj,k (x) can be
viewed as a linear combination of planar wavefronts. The directions of said planar wave-
fronts are defined by the spatial frequencies ul,r (xr). Furthermore, Eq. (4.13) presents a
spectral separation stage: the planar wavefronts present high-frequency spatial content be-
cause of their wavelength dependency in the exponential argument, while the weights, mul-
tiplied by the location and antenna-correction terms, present low-frequency spatial content
(on the order of the Taylor-expansions validity domain).

Proposition 4.2 presents the expansion of the obtained approximation to every antenna
and frequency, i.e. expresses the channel matrix H (x) as a function of the location x.
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Proposition 4.2: Channel matrix local approximation

Let ψa,l (x) ∈ CNa be a steering vector (SV) and ψf ,l (x) ∈ CNs be a frequency
response vector (FRV). Let ψx,l (x) = e−j 2π

λr
ul,r(xr)Tx ∈ C be a planar wavefront.

The multi-antenna multi-frequency channel can be expressed as, ∀ (x, al,j) ∈ Vx×
Va :

H (x) ≃
Lp∑
l=1
wl,r (x)ψx,l (x)ψa,l (xr)ψf ,l (xr)

T , (4.14)

where

ψa,l (xr) =


ej 2π

λr
ul,r(xr)T(al,1−al,r)

...
ej 2π

λr
ul,r(xr)T(al,Na −al,r)

 ∈ CNa , (4.15)

and

ψf ,l (xr) =


e−j2π(f1−fr)τl,r

...
e−j2π(fNs −fr)τl,r

 ∈ CNs . (4.16)

Proof. Direct derivation from Eq. (4.13) by defining SVs and FRVs. ■

The obtained results can be summarized as follows:

• Eq. (4.10) presents the Taylor expansion of the propagation distance around a ref-
erence location and reference antenna location.

• Eq. (4.13) presents how the Taylor expansions introduce a spectral separation stage
in the propagation channel.

• Eq. (4.14) presents the expansion of the previous results over every antenna and
frequencies.

One can remark that the approximation proposed in Eq. (4.14) is only valid in neighbor-
hoods of the reference antenna location al,r and reference location xr, namely Va and Vx.
Theorem 4.2 presents the expansion of the approximation validity domain to the entire R3

space. The idea is to partition R3 into location and antenna local validity domains, and
then aggregate the needed planar wavefronts, SVs, and FRVs into dictionaries for each
location and antenna local validity domain pair. Furthermore, the proof of Theorem 4.2
introduces the Direction of Departure (DoD) ũi so that the SV dictionary is constructed
with only the physical antenna locations a1,j.
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Theorem 4.2: Global sparse channel approximation

Let us consider the tiling of the location subset Sx ⊂ R3 into Ωx local validity do-
mains. A second tiling is applied to the antenna subset Sa ⊂ R3 with Ωa local va-
lidity domains. Let D ∈ N∗ such that D ≤ LpΩxΩa. Let Ψ̃a =

[
ψ̃a,i, · · · , ψ̃a,D

]
∈

CNa×D be a dictionary of SVs, defined as:

Ψ̃a =


ej 2π

λr
ũT

1(a1,1−a1,r) · · · ej 2π
λr

ũT
D(a1,1−a1,r)

... ...
ej 2π

λr
ũT

1(a1,Na −a1,r) · · · ej 2π
λr

ũT
D(a1,Na −a1,r)

 , (4.17)

where ũi ∈ R3 is a DoD. Let Ψ̃f =
[
ψ̃f ,1, · · · , ψ̃f ,D

]
∈ CNs×D be a dictionary of

FRVs, defined as:

Ψ̃f =


e−j2π(f1−fr)τ1 · · · e−j2π(f1−fr)τD

... ...
e−j2π(fNs −fr)τi · · · e−j2π(fNs −fr)τD

 , (4.18)

where τi ∈ R+ is a propagation delay. Let ψ̃x (x) =
[
ψ̃x,1, · · · , ψ̃x,D

]
∈ CD be a

dictionary of planar wavefronts, defined as:

ψ̃x (x) =
[
e−j 2π

λr
uT

1x · · · e−j 2π
λr

uT
Dx
]
, (4.19)

where ui ∈ R3 is a spatial frequency. Finally, let w (x) ∈ CD be an activation
vector such that: ϖ (x) = w (x)⊙ ψ̃x (x). Then, ∀x ∈ R3:

H (x) ≃
D∑
i=1

ϖi (x) ψ̃a,iψ̃
T
f ,i. (4.20)

with ∥ϖ (x)∥0 = Lp

Proof. See Appendix D.4. ■

One can see that Theorem 4.2 proposes a sparse continuous interpolation of the channel
matrix. The composite dictionary consists of all possible combinations of the required SVs
and FRVs, while the activation vector presents spectral separation: it is defined with a
low-frequency term w (x), and a high-frequency term ψ̃x (x).

Remark 4.5. While Theorem 4.2 extends the validity expansion of Eq. (4.14) to the entire
R3 space, the number of atoms D in each dictionary is intractable due to its dependence
on the number of local validity domains Ωx and Ωa. A way to overcome this issue is to
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construct each dictionary by discretizing its generating subspace, i.e. the DoD subspace,
unit sphere S (0R3 , 1), for the SV dictionary, the delay space R+ for the FRV dictionary
and the spatial frequency subspace, S (0R3 , 1), for the planar wavefront dictionary. This
approach is at the center of the model-based neural network architecture presented in
Section 4.3.

4.2.2 Discussion: a sparse recovery approach

As Eq. (4.20) can be viewed as a sparse reconstruction problem, one could think of finding
the correct activation coefficients using sparse recovery techniques. Indeed, using matching
pursuit/orthogonal matching pursuit (OMP) algorithms [MZ93; PRK93], one could find
a sparse representation of H (x) in a composite dictionary of FRVs/SVs 5. Obtaining a
channel estimate Ĥ (x) at a wanted location x could be separated into two stages. First,
∀xr ∈ Hr ⊂ R3, Hr being a set of reference locations, one would have to solve:

minimize
w = [w1, · · · , wD]

∥∥∥∥∥H (xr)−
D∑
i=1

wiψ̃x,i (xr) ψ̃a,iψ̃
T
f ,i

∥∥∥∥∥
2

F
.

subject to w ∈ CD,

∥w∥0 = Lp

(4.21)

Then, for the wanted location x, one could obtain the channel estimate as:

Ĥ (x) =
D∑
i=1

wx⋆
r,i
ψ̃x,i (x) ψ̃a,iψ̃

T
f ,i, (4.22)

where wx⋆
r
∈ CD is the activation coefficient vector obtained by solving Eq. (4.21) for

x⋆r = arg minxr∈Hr
∥x− xr∥2, i.e. the closest reference location to the wanted location.

However this approach presents an intractable complexity induced by the high-frequency
nature of the propagation channel and the composite dictionary size. Indeed, as the prop-
agation channel is a function rapidly varying with the location, one would have to consider
spatially close reference locations, i.e. with spacing between reference locations under the
wavelength. This introduces a high cardinality in Hr, which increases the time complex-
ity for achieving the first step of this estimation scheme. Additionally, as the composite
dictionary is composed of every pair of FRVs/SVs, it results in a prohibitive dictionary
size, further increasing the time complexity of the first estimation step.

The next section proposes to transform the obtained channel approximation in Eq. (4.20)
into a neural architecture, following the model-based machine learning paradigm.

5. Note that a more detailed introduction to the matching pursuit technique is proposed in Chapter 6.
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4.3 Model-based neural architecture
As it has been shown that classical signal processing methods are unsuited for solving
the sparse reconstruction problem described in Theorem 4.2, it is proposed to leverage
the learning capabilities of neural networks for the location-to-channel mapping learning.
This section presents a model-based neural architecture derived from Eq. (4.20).

The approximation in Eq. (4.20) can be rewritten using the vectorization operator,
clearly displaying the sparse representation structure of the approximated channel. Indeed,
∀x ∈ R3:

vec (H (x)) ≃
(
Ψ̃f (x)⊗ Ψ̃a (x)

)
vec (diag (ϖ (x))) , (4.23)

with ∥ϖ (x)∥0 = Lp

where ϖ (x) = w (x)⊙ ψ̃x (x). As shown in Eq. (4.23), the location-to-channel mapping
learning problem can be partitioned into four subproblems: the planar wavefronts, FRV,
SV dictionaries, and the complex weights coefficients learning.

4.3.1 Main building blocks
Planar wavefront dictionary

As exposed by the previous analysis, the planar wavefronts take the form ψ̃x (x) =[
e−j 2π

λr
uT

1x, · · · , e−j 2π
λr

uT
Dx
]
∈ CD. A dictionary of planar wavefronts can then be constructed

from the spatial frequencies ui ∈ R3, which by definition, are unit vectors representing
the planar wavefronts direction. As a result, every spatial frequency belongs to a two-
dimensional manifold: the unit sphere S (0R3 , 1). Sampling S (0R3 , 1) with D points yields
the spatial frequency dictionary u = [u1, · · · ,uD] ∈ R3×D that is used to compute the
planar wavefront dictionary. The dictionary ψ̃x (x) is then constructed using the Fourier
feature (FF) layer, defined as:

FF : x→
[
e−j 2π

λr
uT

1x · · · e−j 2π
λr

uT
Dx
]
. (4.24)

Note that this FF layer is just a complex implementation of the cos/sin embedding layer
used in RFF networks [RR07; Tan+20]. Also note that spatial frequencies could be learned
either by gradient descent or directly through a neural network, however, they are kept
fixed for this study.

FRV dictionary

It has been presented in Eq. (4.18) that the FRV dictionary Ψ̃f (x) ∈ CNs×D only depends
on the system frequencies fk, k ∈ J1, NsK, the reference frequency fr, and propagation
delays τi. The system and reference frequencies are assumed to be known: such assumption
is typically made in classical communication systems. In this study, the reference frequency
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is computed as fr = 1
Ns

∑Ns
k=1 fk. The FRV dictionary can then be constructed by sampling

the propagation delay space, i.e. R+. In order to optimize the performance of the proposed
approach, it is suggested to learn the discretization for every location. As such, it is
proposed to use a MLP that learns a propagation delay vector τ (x) ∈ RD for every
location x. Note that, as the propagation delay vector exhibits slow variations in the
location space, the MLP will not suffer from the spectral bias.

SV dictionary

As presented in Eq. (4.17), the SV dictionary Ψ̃a (x) ∈ CNa×D only depends on the
reference frequency wavelength λr, on the true antenna locations a1,j, on the true reference
antenna location a1,r, and on DoDs ũi. The reference frequency wavelength is assumed
to be known, as well as the antenna locations. The true reference antenna location is
computed as the barycenter of the true antenna locations. In order to construct the SV
dictionary, one could discretize the DoD subspace S (0R3 , 1). Similarly than for the FRV
dictionary, it is proposed to optimize performance by learning the discretization for every
location. As such, it is proposed to learn ũ (x) using a MLP, a method referred to as MB-
ũ learning thereafter. An alternative approach consists in directly learning the entire SV
dictionary for each location using a MLP, without assuming any dictionary structure. This
approach, referred to as MB-Ψ̃a learning, releases constraints on the antenna correction
terms at the expense of an increased learning-parameter complexity.

Complex weights learning

The complex activation weights w (x) ∈ CD are learned following the same approach
as in [Cha+24b]. More specifically, a MLP is used to learn the complex weight vector,
w (x) ∈ CD, introducing the sparsity constraint with a softmax ponderation. Note that
this hypernetwork encompasses the learning of the path attenuation. While the channel
model presented in Eq. (4.6) assumes the attenuation being proportional to the propa-
gation distance dl (x), there are cases where attenuation is proportional to dl (x)α, with
α ∈ R+,∗. The proposed neural model can handle such cases, as the MLP used for the
complex activation weights learning is capable to learn such non-linear content. Finally,
this MLP can adapt the sparsity of the learned activation vector, thereby effectively ac-
counting for potential variations in the number of propagation paths for different locations
within the considered scene.

4.3.2 Global architecture

The proposed model-based neural network architecture for the location-to-channel map-
ping learning is presented in Fig. 4.4. Note that this architecture only presents the MB-ũ
approach, and that, during experiments, the used approach will be explicitly specified.
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Figure 4.4: Proposed model-based neural architecture for the location-to-channel mapping
learning.
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Also note that MLPC,T represents a 3-layer ReLUC-MLP 6 with complex weights and biases,
where each layer width is T . MLPR,T represents the same MLP but with real weights/bi-
ases and ReLU 7 activation functions. The following remark emphasizes that the use of
hypernetworks is a key feature of the proposed model.

Remark 4.6. The proposed architecture shares common features with classical INR net-
works. Indeed, the FF layer can be seen as a positional-embedding stage, where the low
dimensional location information is projected on a higher dimensional space containing
high spatial frequencies. Nevertheless, the proposed architecture stands out from classical
INR networks with the introduction of hypernetworks [Sch92; HDL17], i.e. parallel neural
networks learning parameters of the main network. As illustrated in Fig. 4.4, four hyper-
networks are used to learn parameters of the main branch: one for the complex activation
vector learning w (x), and three dedicated for the planar wavefront ψ̃x (x), FRV Ψ̃f (x)
and SV Ψ̃a (x) dictionaries constitution. Note that the proposed architecture is a spe-
cific instance of the hypernetwork architecture family, which includes the widely popular
self-attention mechanism [Vas+17].

4.4 Experiments
In this section, the mapping-learning performance of the proposed approach are evaluated
on realistic synthetic data. Additionally, its performance is compared against classical
architecture from the INR literature.

4.4.1 Learning framework and baselines
Learning framework

The dataset consists of locations and associated channel coefficients. Its generation can
be divided into two phases:

1. Location generation.

2. Channel computation at the generated locations.

System parameters. For all datasets, the central frequency, i.e. the reference frequency
fr, is set to 3.5 GHz and the considered bandwidth is 50 MHz. The BS is equipped with
a uniform linear array (ULA) with half reference wavelength spacing. The number of
considered antennas Na and frequencies Ns is presented for each experiment.
Location generation. For all datasets, a L by L square scene, with L = 10 m, is considered
as the location space. Inside this scene, training locations are uniformly sampled with a
certain location density. The uniform sampling influences the location generation process:

6. ∀z1 ∈ C,∀z2 ∈ CN , ReLUC (z1) = ReLU (Re {z1}) + jReLU (Im {z1}), and softmaxC (z2) =
softmax (|z2|).

7. ReLU (x) = max (0, x).
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when considering N training locations, the training location matrix can be expressed as
X = [x1, · · · ,xN ] ∈ RN×2, with:

∀i ∈ J1, NK, xi ∼ U ([−L/2, L/2]× [−L/2, L/2]) . (4.25)

The spatial density impacts the number of generated locations within the scene. The L by
L square scene covers an area Sm m2, or equivalently Sλ λ2. To achieve a desired spatial
density of γm locs./m2, or equivalently γλ locs./λ2, the following formula is applied:

N = Smγm = Sλγλ. (4.26)

Test locations are generated across a 2D uniform grid within the scene. The spacing
between each test location in both the x and y directions is set to λ/4. In the considered
scene and at the considered reference frequency, this grid yields around 210k test locations,
enabling a thorough assessment of the mapping learning capabilities. Additionally, the
spatial proximity of test locations allows to assess the learning performance of small scale
channel fading.
Remark 4.7. Note that while all previous theoretical developments are proven in the R3

scenario, the following simulations for the location-to-channel mapping learning capabil-
ities are performed in R2 due to computational complexity. Hence, for all datasets, the
locations are considered on the same elevation plane as the BS, i.e. considering bidimen-
sional locations and azimuth DoDs. Consequently, spatial frequencies are sampled from
C (0R2 , 1), i.e. from the unit circle.
Channel generation. Realistic synthetic channels are generated using the Sionna ray-
tracing library [Hoy+22]. For each training/test location, ray-tracing techniques find
the propagation paths and compute the associated channel coefficients. Three different
datasets are considered:

• D1: complex dataset with variable number of propagation paths regarding the con-
sidered location in the scene.

• D2: D1 with no LoS path.

• D3: LoS dataset.
D2 enables investigation of the mapping-learning capabilities of the proposed model under
conditions characterized by an equitable distribution of path contributions, where no
single path exhibits dominant power. As depicted in Fig. 4.5, D1 and D2 are generated in
the Etoile Sionna scene in Paris, while D3 is generated in an empty scene. For all datasets,
diffraction and scattering are not considered. In D1 and D2, each propagation path can
present at most two consecutive reflections.
Training loss and evaluation metric. All networks are trained using the classical ℓF loss,
defined as:

µ = 1
|D|

∑
(x,H(x))∈D

∥H (x)− fθ (x)∥2
F , (4.27)
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Figure 4.5: Ray-tracing scenes in Sionna: the red plane represents the possible train-
ing/test locations and the blue dot represents the BS. (a): scene used for D1 and D2. (b):
scene used for D3.

where fθ (x) = Ĥ (x) is the output of the neural network, and D ⊂ R2 × CNa×Ns is the
training location/channel dataset for the considered scene. The evaluation metric is the
normalized mean squared error (NMSE) in dB over the test grid, defined as:

NMSE(dB) = 10 log10

 1
|T |

∑
(x,H(x))∈T

∥H (x)− fθ (x)∥2
F

∥H (x)∥2
F

 , (4.28)

where T ⊂ R2 × CNa×Ns is the test location/channel dataset for the considered scene.

Remark 4.8. While the proposed classical ℓF loss function may appear overly simplistic
for this learning task, the subsequent experiments demonstrate that it achieves satisfac-
tory mapping learning results. A more complex loss function, which would incorporate the
selection of the correct planar wavefronts/SVs/FRVs for each training location, could be
envisioned. However, in contrast to the proposed ℓF loss, such approach would require a
more extensive data collection process, as both the azimuth and elevation angle of arrivals
would need to be gathered for each training location.

Highlight 4.2: Comparison with ray-tracing.

Given that the proposed model necessitates a training phase utilizing channel
coefficients, obtained through ray-tracing in this study, a natural point of inquiry
emerges regarding the rationale for not directly employing ray-tracing for channel
prediction, given its applicability as an applied AI model.

The primary theoretical and practical advantage of the proposed method over
ray-tracing is that accurate channel prediction through ray-tracing necessitates
the constitution of a digital twin, with rigorous modelization of the scene at
the electromagnetic level. Specifically, this ray-tracing approach mandates the
determination of each scene element’s electromagnetic properties such as material
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permittivity or conductivity and reflection/diffraction coefficients. In contrast,
the proposed method exclusively requires the collection of channel coefficients at
different locations within a scene, and demonstrates independence from a priori
knowledge of the scene topology. Furthermore, the ray-tracing approach exhibits a
significantly superior computational complexity: predicting the channel at a given
location involves shooting rays in all directions across the R3 space. Conversely,
once trained, the proposed method exclusively involves computationally efficient
matrix operations, as described in Eq. (4.23).

Baselines

It is proposed to assess the performance of the proposed architecture against baseline
models from the INR literature. As such, several baselines are proposed in Fig. 4.6: (a)
is a classical complex MLP while (b) and (c) are complex RFFs. Additionally, in (b), the
spatial frequencies are drawn from a gaussian distribution, while (c) considers the same
spatial frequencies as in the model-based architecture, i.e. sampled from the unit circle
C (0R2 , 1). All MLPs output a complex vector of dimension NaNs which is then reshaped
to obtain the estimated channel matrix Ĥ (x) ∈ CNa×Ns .

Figure 4.6: Baselines: (a) MLP, (b) and (c) RFFs.

4.4.2 Results and applications
Experimental results

For all experiments, the proposed networks and baselines have the following layer sizes:
T1 = 256, T2 = T3 = 64, T4 = 1024, and T5 = T6 = 64. Additionally, unless stated
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otherwise, D = 1000 spatial frequencies are considered. Those values have been empiri-
cally chosen to maximize performance and minimize overfitting. For RFFs, increasing the
number of learnable parameters did not improve performance. Finally, a training location
density of 175 locs./m2 ≃ 1.3 locs./λ2, which is equivalent to 17.5k training locations, is
considered at the exception of the experiment depicted in Fig. 4.8.
Scene reconstruction. Let Na = 64, Ns = 64. It is proposed to study the ability of each
network to learn the location-to-channel mapping in different radio-environments.

Table 4.1 presents the reconstruction results. One can remark that the proposed MB-
Ψ̃a model outperforms every baseline and the MB-ũ model in every propagation scene.
The performance gap observed between the MB-Ψ̃a and MB-ũ models is due to a hypoth-
esis made in the proof of Proposition 4.1, and is explained in a subsequent experiment.
The inferior mapping learning capabilities of the baselines can be explained by the lack
of structure in their architecture.

Fig. 4.7 presents the reconstructed channel after training, for several models. The top
row represents the real part of the reconstructed channels, while the bottom row represents
the associated spatial spectrums, i.e. 2D Fourier transform. Note that the vertical and
horizontal lines in the bottom row are artifacts arising from the rectangular windowing of
the scene. It clearly appears that the MB network efficiently learns the desired mapping.
Additionally, one can remark that the RFF model presents high-frequency spatial contents
due to its embedding stage, as shown on the bottom row, but fails to learn the complex
structure of the propagation channel. Finally, the reconstructed channel for the MLP
model presents low-frequency spatial contents: its spectral content is concentrated near
the origin on the bottom row. This behavior illustrates the spectral-bias issue inherent to
this architecture.

Fig. 4.8 presents the mapping-learning performance evolution with respect to the train-
ing location density on the D1 dataset. One can remark that the MB-Ψ̃a network out-
performs the baseline in any density configuration. Additionally, the proposed network
presents a failure mode in the low location density regime. In this regime, the scarcity
of spatially close training locations results in the learning failure of the rapidly vary-
ing spatial content. Note that the proposed method achieves quasi perfect reconstruction
in sub-Shannon-Nyquist location density, as the 2D Shannon-Nyquist criterion yields a
density of 4 locs./λ2.

Fig. 4.9 presents the ground-truth and estimated frequency/antenna responses for a
given test location in the D1 dataset. One can see that, due to the multipath nature
of the D1 scene, the frequency response presents rapid variations. Both the estimated
frequency and antenna responses are close to the ground-truth highlighting the very good
reconstruction performance of the proposed model network.
Generalization capabilities. Fig. 4.10 presents the frequency generalization performance
of the MB-Ψ̃a model trained on the D1 dataset with Ns = 32, and evaluated on Ns = 64
frequencies. The dashed line in Fig. 4.10 represents the training/test frequency separation.
The NMSE, computed over the test locations, at the central antenna for each frequencies,
is unsurprisingly higher for the frequencies unseen during training but still remains low.
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Table 4.1: NMSE (in dB) over the test grid for the different datasets.

MLP RFF RFF (MB init.) MB-Ψ̃a MB-ũ
Learnable
parameters 10.5M 669k 669k 9.1M 851k

D1 0.01 0.02 2.10−3 −29.23 −14.60
D2 0.01 0.05 3.10−3 −20.19 −10.25
D3 0.01 0.02 2.10−3 −40.67 −11.40

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 4.7: Top row: real part of reconstructed channel over a 2.5m by 2.5m zone of D1,
for the central antenna and frequency (Na = 64, Ns = 64). Bottom row: spatial spectrum
of the reconstructed channel over the entire D1 scene (logarithmic scaling), for the central
antenna and frequency (Na = 64, Ns = 64). (a)/(e): Ground Truth, (b)/(f): MB-Ψ̃a,
(c)/(g): RFF, (d)/(h): MLP.

It highlights the generalization capabilities of the model-based neural network: as the
FRV hypernetwork learns propagation delays, it successfully learns the physics of wave
propagation in the considered scene, and is agnostic to the considered frequencies. This
is illustrated on the right side of Fig. 4.10, where the reconstructed channel for a given
location x1 is almost perfect on the frequencies used during training, and still follows the
ground-truth for frequencies not seen during training.
Radio-environment compression. Let Na = 64, Ns = 64. Let us consider the transmis-
sion, or storage, of the test dataset: in addition to the location information, one has to
transmit 2NaNsNl real numbers where Nl is the number of locations in the test dataset.
As the test location grid is very dense (Nl ≃ 210k), it could be more efficient to only trans-
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Figure 4.8: NMSE evolution with the training location density: MB-Ψ̃a learning, D1
dataset (Na = 64, Ns = 64).
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Figure 4.9: Reconstruction performance for a given location x0: MB-Ψ̃a learning, D1
dataset (Na = 64, Ns = 64).
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Figure 4.10: Frequency generalization performance: MB-Ψ̃a learning, D1 dataset (Na = 64,
Ns = 32 for training, Ns = 64 for testing).
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D1 dataset (Na = 64, Ns = 64).
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mit the weights of the trained model-based neural architecture. Indeed, as the MB-Ψ̃a
model achieves good location-to-channel mapping learning, one can use this network and
the transmitted locations to reconstruct the channel. As an example, when considering
the encoding of variables using 32 bits, the channel coefficients over the test grid weight
around 6.9 Go while the 9.1M learnable parameters of the MB-Ψ̃a model (with D = 1000)
only weight around 36.4 Mo. Let Nb be the number of real learnable coefficients of the
proposed neural architecture, the compression ratio is then defined as:

γ = 2NaNsNl

Nb

. (4.29)

Fig. 4.11 presents the evolution of the learning performance with respect to the com-
pression ratio γ for various networks. It can be shown that the number of sampled spatial
frequencies D is predominant on the learning error for the MB models. Therefore, it is
proposed to only vary this parameter to vary Nb. The random locs. approach refers to the
training on random locations with a spatial density of 1.3 locs./λ2, while the grid locs.
refers to the training on the entire λ/4 uniform grid. One can remark in Fig. 4.11 that,
even at high compression ratios, the NMSE of the MB-Ψ̃a model remains significantly low,
highlighting the efficiency of the proposed approach for radio-environment compression.
One can also note that, when considering the grid locs. approach, the model-based neural
network reaches very good reconstruction performance, with a NMSE performance in-
crease by around 10dB in comparison to the random locs. approach. Therefore, it enables
the transmission of the dataset through the network weights with minimal reconstruction
error, at the expense of a longer training phase. One should note that the compression
ratio is virtually infinite. Indeed, as the trained network efficiently learns the location-to-
channel mapping, it is able to infer the channel matrix for any location in the considered
scene with good performance, yielding an infinite Nl in Eq. (4.29). Finally, one can inter-
pret this experiment under the rate-distortion paradigm: in this context, the distortion
measure is represented by the NMSE in dB, while the rate is represented as the inverse
of the compression ratio. As the compression ratio increases, i.e. the rate decreases, the
proposed neural model is required to encode the channels using fewer learnable parame-
ters, resulting in a higher NMSE, which indicates an increase in distortion. This behavior
aligns with the rate-distortion theory, where the trade-off between distortion and rate is
investigated. In Fig. 4.11, it can be seen seen that the distortion is nearly logarithmically
proportional to the rate inverse. This implies that a slight decrease in rate, or equivalently,
an increase in the compression ratio, results only in a modest increase in distortion.
Performance evolution with Na and Ns. Fig. 4.12 exposes the performance evolution
along the antenna array and system frequencies for the MB-ũ learning network, trained
on the D1 dataset with Na = 64, Ns = 64. It presents the NMSE along the antenna
indexes, computed over the test grid at the central frequency, and the NMSE along the
frequency indexes, computed over the test grid at the central antenna. One can observe
that, while the NMSE is almost constant over the different frequencies, it rises on the
antenna array sides. This can be explained through the previous theoretical developments:

136



4.4 Experiments

the model-based neural network has been designed with two Taylor expansions, one on
the locations and another on the antennas. When the considered antenna array is large,
the antenna correction terms fail for the array sides due the local nature of the Taylor
expansion. This results in an increased error response on the antenna array sides. On the
other hand, as the frequency correction terms do not originate from an approximation 8,
the error response over the different system frequencies does not exhibit error spikes.
It motivates the use of the MB-Ψ̃a model which drops the model-based constraints for
the FRV dictionary, overcoming this side effect. Note that a more extensive comparison
between the two architectures is presented in a following experiment.

Fig. 4.13 presents the performance evolution of the MB-Ψ̃a model with respect to the
number of frequencies, by setting Na = 2 and letting Ns vary over the fixed 50 MHz band-
width. One can remark that the NMSE curve presents a minor performance degradation
when Ns increases from 1 to 8 and then remains constant for higher values of Ns. As the
FRV hypernetwork is independent of the number of frequencies, increasingNs is equivalent
to considering a harder learning problem with the same number of learnable parameters.
This explains the minor performance degradation when Ns increases. However note that,
even with Ns = 64, the NMSE performance remains satisfactory. Additionally, the adapt-
ability of the proposed architecture is enhanced: in [Cha+24b], the proposed network was
only able to learn the location-to-channel mapping for a unique antenna and frequency.
Directly transposing the model-based architecture of [Cha+24b] for multi-antenna/multi-
frequency would require one parallel model for each wanted antenna/frequency pair. The
proposed model-based architecture directly scales with the number of frequencies: as the
FRV hypernetwork is independent of Ns, one can use the same network for any wanted
number of frequencies with the same learnable parameter complexity. The only complex-
ity difference comes from Kronecker product of Eq. (4.23), which is negligible compared
to the total numbers of operations in the neural network.
MB-Ψ̃a learning vs MB-ũ learning. During the theoretical developments of Proposi-
tion 4.1, the hypothesis of DoD equality over the entire antenna array was made to obtain
Eq. (4.12). This hypothesis fails in two scenarios, presented in Fig. 4.14: when the con-
sidered scene is close to the antenna array, and when the considered scene is far from a
large antenna array.

Fig. 4.15 presents the performance evolution with respect to the number of antennas
for Ns = 2 and both the MB-Ψ̃a and MB-ũ models trained on the D3 dataset. One
can remark that the NMSE increases with the number of antennas for the MB-ũ model:
this is an immediate consequence of the aforementioned failure scenarios. Indeed, as the
propagation scene for the D3 dataset consists of a small zone around the BS, when one
increases the number of antennas, the assumption of DoD equality across all antennas
does not hold anymore, resulting in a performance loss. This phenomenon is absent for
the MB-Ψ̃a model: in this architecture, the entire FRV matrix is learned, overcoming the
DoD assumption issue.

8. See Eq. (D.22) in Appendix D.3.
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Figure 4.12: NMSE evolution with antenna/frequency index: MB-ũ learning, D1 dataset
(Na = 64, Ns = 64).
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Figure 4.14: Failure scenarios for the DoD equality hypothesis: (a) locations close to the
antenna array, (b): locations far from a large antenna array.
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Figure 4.15: NMSE evolution with Na: D3 dataset (Ns = 2).
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Areas of applications

Previous experiments assumed perfect knowledge of the location where the channel needed
to be evaluated. However, if a location offset arises from an imperfect location estimation
process, the predicted channel from the trained model will correspond to the channel at
the offset location. Since the channel varies rapidly with the location, on the order of
the wavelength, the error between the true channel and the predicted channel will be
significant, thereby limiting the application of the proposed method for precise channel
estimation. Notwithstanding, the proposed method can be considered for different appli-
cations, some of which are outlined below.
Radio-environment compression. As discussed in Section 4.4.2, the model’s ability to
learn the location-to-channel mapping enables the storage of channel coefficients within
its learnable parameters. Fig. 4.11 illustrates the reconstruction performance as a function
of the compression ratio, demonstrating that the test dataset can be compressed up to a
compression ratio of 103 without significant reconstruction error.
UE localization. Let x ∈ R3 be a UE physical location and H (x) ∈ CNa×Ns the corre-
sponding channel coefficients. One might inquire the following question: Is it possible to
estimate x using solely the trained neural architecture and H (x)? This question is an-
swered in Chapter 5, where it is shown that the proposed model-based neural architecture
enables radio-localization with sub-wavelength accuracy.
General communication tasks. Upon training completion, the BS could use this neural
model to obtain a rough estimate of the channel coefficients for different UEs, without
the need of sending pilot symbols. This could be useful for many tasks: efficient beam
management, resource allocation, or interference management.

4.5 Conclusion
This chapter focused on the application of the MB-ML paradigm to the location-to-
channel mapping learning task, formalized in Problem 3.1. In this context, several key
observations can be drawn:

• Domain knowledge, formalized in (H1), was leveraged to derive a propagation chan-
nel model. Analytical developments based on this model yielded an approximate
location-to-channel map exhibiting a sparse dictionary structure. This approximated
map was translated into a neural network architecture, where compact hypernet-
works were trained to learn the individual dictionaries, preserving the overall sparse
organization. Thus, domain knowledge was used to structure the learning method,
specifically by guiding the design of a neural network architecture.

• Experiments conducted on realistic synthetic data, and comparisons with baselines
from the INR literature, established the superior performance of the proposed MB-
ML model, as well as its ability to overcome the spectral bias issue. Furthermore,
its application to Problem 3.1, i.e. radio-environment compression, was illustrated.
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4.5 Conclusion

Transmitting the parameters of the trained model-based neural architecture, and
using it to reconstruct the channel coefficients at wanted locations has been shown
to be significantly more efficient than directly transmitting the channel coefficients,
achieving compression ratios of up to 103 with minimal performance degradation.

• The interpretability benefits of the MB-ML paradigm were also emphasized. The-
oretical developments used to derive the approximated channel model provided in-
sights on performance of the model-based architecture across various scenarios.
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Chapter 5

LOCATION-TO-CHANNEL MAPPING:
LOCALIZATION APPLICATION

This chapter investigates the use of the neural architecture introduced in Chapter 4 as a
neural generative model in a localization context. In particular, it examines how this archi-
tecture can enhance the performance of fingerprinting-based localization methods, achiev-
ing sub-wavelength accuracy in several realistic propagation environments. Section 5.1
provides a formal introduction to the radio-localization problem. Section 5.2 details the
proposed model-based method, and introduces theoretical performance bounds. Section 5.3
presents an experimental validation of the proposed approach. Finally, Section 5.4 offers
concluding remarks.
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5.1 Introduction

5.1.1 General introduction
Radio localization refers to the process of determining the location of an object, such as
a transmitter, a receiver or a passive target, based on measurements of radio frequency
electromagnetic waves. One of the earliest application of radio localization is radio detec-
tion and ranging (radar), which has been extensively used in both military, e.g. detecting
adversarial aircrafts, and civilian contexts, e.g. air traffic control in civil aviation. Tradi-
tional radio localization techniques rely on the use of signal processing methods such as
angle of arrival, time of arrival, time difference of arrival or round trip time: see [Liu+07]
for an extensive review. These methods typically require multiple sensing nodes and as-
sume the existence of a direct LoS propagation path with negligible NLoS paths treated
as nuisance. However, in complex radio environments, NLoS paths may be significant,
resulting in degraded localization accuracy.

The evolution towards the sixth-generation of cellular networks has introduced the
concept of integrated sensing and communication, wherein sensing tasks, such as localiza-
tion, and communication functions are jointly developed to improve system efficiency and
performance. This places the localization problematic at the core of future cellular com-
munication systems, as these methods will be extensively used to enable a wide range of
localization-based applications [DiTar+14; Wym+20]. From this perspective, it is crucial
to develop localization methods that achieve high precision in complex radio propagation
environments, in order to maximize the efficiency of future applications. One example
of a radio-localization-aided application is the deployment of automated guided vehicles
in smart factories, wherein precise positioning is essential for efficient and autonomous
operations. Smart factories are typically complex indoor environments with challenging
propagation conditions, i.e. quasi-static channel but with significant NLoS paths, where
classical localization methods often suffer from degraded performance.

Over the past decade, rapid developments in the machine learning field have facilitated
the development of learning-based localization methods, particularly those leveraging fin-
gerprinting. These methods exploit patterns in a radio-environment related feature, e.g.
received signal strength or channel coefficients, to perform localization by associating a
given measured feature with a position, through the use of a ML method. Such approach
has been studied by the 3GPP [3GP21; 3GP22]. In this context, it was reported that, in
complex indoor radio environments, the 90% quantile localization error metric could be
reduced from approximately 15 m with classical methods to within the range of 1− 5 m
when leveraging ML-aided techniques [Cha+23]. However, these approaches still rely on
channel estimates from multiple base stations, and the proposed neural architectures often
introduce significant computational complexity during both training and inference phases,
in addition to requiring large dataset sizes. This chapter investigates to what extent the
model-based machine learning paradigm [Shl+23; SE23], identified as a key strategy for
improving the efficiency and interpretability of ML techniques, can be leveraged for ac-
curate and efficient radio localization. Given the well-known challenges of localization
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in complex radio environments, several key questions arise: Does a model-based machine
learning localization method achieve superior performance in challenging radio environ-
ments compared to classical methods? Does it entail a lower computational complexity
than other machine-learning methods?

5.1.2 Contributions and related work
Contributions

Our previous studies [Cha+24b; Cha+25a] introduced a novel neural architecture 1 that
combines the concept of implicit neural representation 2, with the model-based machine
learning paradigm, in order to learn the location-to-channel mapping at the wavelength
level. The neural network proposed in [Cha+25a], and presented in Chapter 4, is capable
of inferring the channel coefficients between a multi-antenna base station operating over
multiple frequencies and a mono-antenna user equipment at a given location, achieving
high accuracy. Once trained, this neural network can be used as a generative neural
channel model on a given scene. This chapter investigates the use of this neural model
to perform localization with sub-wavelength precision. The main contributions can be
summarized as follows.

• A localization method that leverages the learned location-to-channel mapping to
perform data augmentation within a fingerprinting framework is introduced in Def-
inition 5.3 and illustrated in Fig. 5.1.

• The performance and computational complexity of the proposed method are opti-
mized in Section 5.2.4, using theoretical insights introduced in Corollary 5.2.

• Several experiments conducted on realistic channels generated through ray-tracing
in both outdoor and complex indoor environments demonstrate the sub-wavelength
precision and computational efficiency of the proposed method.

Related work

ML-based localization methods is a well studied topic in the recent literature: the reader
is referred to [Nes+20] and [Bur+20] for comprehensive surveys. Fingerprinting-based
localization can rely on a wide range of ML methods: support vector machine [Far+11],
k-NN [Hoa+18], decision trees [Yim08], random forests [Qin+20], principal component
analysis [Sal+16], but also deep neural networks [BRY20; Cha+23].

On the other hand, the use of the model-based machine learning paradigm has been
applied to several wireless communication problems such as precoding [LS23], detec-
tion [SDW17], channel estimation [He+18; WHD21; YLM22; CLMR23], angle of arrival

1. See Chapter 4 for a detailed presentation.
2. See [Ess+25] for an extensive literature review on the use of INRs.
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Figure 5.1: Overview of the proposed method: the left-hand side illustrates the classical
k-NN/MLP approaches using a fixed database (DB), whereas the right-hand side depicts
the proposed scheme, in which a neural network learning the location-to-channel mapping
serves as a neural database.

estimation [Shm+25; Cha+25c], channel charting [Yas+22; Yas+23; Yas+24; Cha+24a],
but also in integrated sensing and communication scenarios [MatRam+24; MatRam+25b].
Its use in a localization context has been studied in [Yan+21], where a model-based neural
network is employed to estimate the position and velocity of a moving UE. Specifically,
these characteristics are obtained by solving a weighted least squares problem, where
the weight matrix is dynamically adapted to the input measurements through a neural
network. The primary distinction between [Yan+21] and the approach proposed in this
chapter lies in methodology: while [Yan+21] leverages data to dynamically solve a con-
ventional least-squares problem, the proposed method exploits prior knowledge of the
channel propagation model to perform data augmentation and guide the optimization
process. Furthermore, this study considers a static UE and performs localization using
only uplink channel coefficients obtained at a single BS, whereas [Yan+21] addresses a
mobile UE and relies on measurements from multiple BSs processed centrally. Finally, to
the best of the author’s knowledge, the work presented in this chapter is the first to explore
the use of a generative neural channel model to perform localization. While a simplified
evaluation setup with noiseless, static channels is considered, this work provides an initial
validation of the proposed method, and still reflects relevant real-world scenarios. Indeed,
the noiseless assumption is justified by the widespread use of pilot symbols in sensing
systems. Additionally, while static or quasi-static propagation environments are not rep-
resentative of all propagation environments, there exist contexts where this assumption
is reasonable, e.g. in certain indoor environments, such as indoor factories where precise
localization supports automation. In time-varying environments, periodic data collection
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combined with re-training of the proposed neural architecture could further extend the
presented approach.

5.1.3 System model and problem formulation
Let us consider a scene where the location space is a plane denoted by S ⊂ R2. The
considered task is the localization of a mono-antenna UE located at x ∈ S, which trans-
mits pilots on Ns distinct frequencies to a BS equipped with Na antennas, using only
the noiseless uplink channel matrix H (x) ∈ CNa×Ns . It is assumed that the considered
propagation scene is static.

Remark 5.1. As mentioned in the introduction, the assumptions of noiseless and static
channels are physically grounded and reflect practical scenarios, especially indoor envi-
ronments such as factories, where precise localization is critical for automation.

This localization problem can be formally defined as determining a location estimator
E⋆ : Df → S, that minimizes the mean localization error, i.e.:

E⋆ = arg min
E∈X

Ex∼px [∥x− E (f (H (x)))∥2] , (5.1)

where X is the location estimator class, f (H (x)) is a channel feature, Df = dom (f)
being its domain. Additionally, px denotes the true locations distribution over S. The
challenge lies in developing an estimator capable of providing accurate location estimates
across the entire scene, with minimal a-priori knowledge. One classical approach in the
localization literature is fingerprinting with propagation channel coefficients, which can
be summarized as follows:

1. In a given propagation scene, one constitutes a dictionary of known UE locations G:

G = {x̃i}
Nf

i=1 ⊂ S, (5.2)

and a dictionary of the corresponding propagation channel coefficients H:

H = {H (x̃i)}
Nf

i=1 ⊂ CNa×Ns , (5.3)

where H (x̃i) ∈ CNa×Ns is the uplink channel matrix between the BS and UE located
at x̃i ∈ S, and Nf is the number of collected location/channel coefficient pairs.

2. For the UE with unknown location x, the BS estimates the uplink channel matrix
H (x). The estimated location is subsequently obtained as:

x̂ (H (x)) = arg max
x̃∈G

sim (H (x) ,H (x̃)) , (5.4)
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with sim (·, ·) : CNa×Ns × CNa×Ns → ]−∞, 1] being a channel similarity measure,
optimal at 1 3.

This approach exhibits two shortcomings. First, for the estimated location to be unique
within G, the channel function needs to be injective with respect to the similarity measure,
as defined below.

Definition 5.1: Channel function injectivity

The channel function is said to be injective wrt. similarity measure iff:

∀ (x, x̃) ∈ S × S, sim (H (x) ,H (x̃)) = 1⇒ xm = xn. (5.5)

Second, the precision of the estimated location is directly related to the spatial density of
the location subset G. Indeed, assuming that the true locations are uniformly distributed,
a manifestation of the well-known curse of dimensionality [HTF09, Chapter 2, pp.22-26]
reads as:

Ex∼px [∥x− x̂ (H (x))∥2] ∝
(
AS

|G|

) 1
d

, (5.6)

where x̂ (H (x)) is obtained by solving Eq. (5.4), AS is the area covered by S, and
d = dimR (S) = 2. Enhancing the localization accuracy thus necessitates an extensive
measurement process, which poses challenges in both the time required for dictionary
construction, and the memory requirements for storing the dictionary. For a fixed cov-
ered area AS , dividing the localization error by a factor n ∈ R∗ requires multiplying the
cardinality of G by a factor nd. This results in an impractically large dataset size, which
represents the main limitation of classical fingerprinting methods.

5.2 Proposed approach
This section presents how a model-based neural network learning the location-to-channel
mapping can be used to overcome the limitations of the classical fingerprinting-based
localization method.

5.2.1 Learning a generative neural channel model
It is proposed to use the neural architecture presented in [Cha+24b], and expanded
in [Cha+25a] 4, as a generative neural channel model. Considering Lp propagation paths,

3. Note that the choice of the similarity function’s codomain is abitrary.
4. Note that this neural architecture constitutes the main contribution of Chapter 4.
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the channel coefficients at frequency fk between antenna j of the BS and the UE located
at x ∈ S can be modeled as:

hj (fk,x) =
Lp∑
l=1

γl
dl,j (x)e−j 2π

λk
dl,j(x)

, (5.7)

where γl ∈ C accounts for wave-matter interactions of NLoS paths, dl,j (x) is the length
of the lth propagation path for the jth BS antenna, and λk = c/fk

5.

Remark 5.2. Using the virtual source theory [Poz98, Chapter 1, pp.47-49], [Liu+14],
one can rewrite Eq. (5.7) as:

hj (fk,x) =
Lp∑
l=1

γl
∥x− al,j∥2

e−j 2π
λk
∥x−al,j∥2 , (5.8)

where al,j ∈ R2 is the jth true antenna location, when l = 1, or jth virtual antenna
location, when l > 1. This channel model will be used in the subsequent theoretical devel-
opments.

Let H (x) ∈ CNa×Ns be the uplink channel matrix at location x, i.e. the concatenation of
the channel coefficients defined in Eq. (5.8), for all antennas and frequencies. In [Cha+25a],
the authors designed a model-based neural network fθ from the propagation model pre-
sented in Eq. (5.8), θ being its set of learnable parameters. This neural network learns
the mapping:

fθ : R2 −→ CNa×Ns

x −→ H (x) ,
(5.9)

by minimizing the loss function:

µ = 1
|D|

∑
(x,H(x))∈D

∥H (x)− fθ (x)∥2
F , (5.10)

over the training dataset D ⊂ S × CNa×Ns , consisting of locations and associated uplink
channel matrices.

Remark 5.3. In [Cha+25a], all theoretical developments are made for true locations
x ∈ R3. This study only considers the R2 scenario to simplify the associated theoretical
analysis. This assumption is equivalent to having all UEs confined to the same elevation
plane as the BS. It is worth noting that all the proposed theoretical results can easily be
extended to R3.

In this study, fθ is the MB-Ψ̃a neural network proposed in [Cha+25a], whose architecture
is recalled in Fig. 5.2. For a given input location x, the associated channel H (x) is infered

5. Eq. (5.7) accounts only for direct propagation, reflection, and diffraction. Note that scattering effects can be incor-
porated by decoupling the distances used in the attenuation term (as a product of distances) and in the phase term (as a
sum of distances).
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Figure 5.2: Architecture of the neural model fθ proposed in [Cha+25a]. The Fourier
feature (FF) embedding projects the input location x into a subspace that captures high
frequency variations. This figure can be seen as a simplified version of Fig. 4.4.

as a sparse linear combination of steering vectors (denoted by the dictionary Ψ̃a (x)),
of frequency response vectors (denoted by the dictionary Ψ̃f (x)) and planar wavefronts
(denoted by the dictionary ψ̃x (x)), which accounts for local displacements. Each MLP
consists of a distinct three-layer MLP hypernetwork, with hidden layer sizes of 256 for the
weight hypernetwork and 64 for the antenna and frequency hypernetworks. In total, the
model comprises about 9.1 million learnable parameters. It was shown that, after training,
this neural architecture was able to infer the channel matrix at any wanted location in
the scene considered during training, with minimal error, yielding the following definition.

Definition 5.2: Model estimation error
Let S ⊂ R2 be the set of locations covered by the considered scene, and fθ the
trained neural model. Then, the model estimation error Ξ (x) is bounded as,
∃ϵfθ
∈ R+ s.t. ∀x ∈ S :

Ξ (x) = ∥H (x)− fθ (x)∥F
∥H (x)∥F

≤ ϵfθ
. (5.11)

The estimation error Ξ (x) of the proposed network remains low, even in complex radio
environments. In [Cha+25a], the NMSE on the test dataset, defined as Ex∼px

[
Ξ (x)2

]
, was

reported to be approximately −40 dB in LoS-only environments, −29 dB in LoS/NLoS
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environments, and −20 dB in NLoS-only environments 6. This good performance on the
test dataset indicates that the proposed network learns the underlying propagation physics
rather than memorizing the training data. Furthermore, the proposed network was shown
to effectively capture the fast-fading characteristics of the channel, i.e. small-scale fading,
allowing it to infer distinct channel matrices for locations separated by sub-wavelength
distances, while maintaining low estimation error. These findings support the feasibility
of using fθ as a generative neural channel model within the considered scene.

Remark 5.4. Once the location-to-channel mapping is learned through fθ, it can be used
to generate any number of approximated channels at any given location in the scene,
allowing to generate a potentially infinite database to be used for localization. Moreover,
the mapping being continuous and differentiable, first order optimization method can be
applied. These two properties are at the core of the proposed method, which is described
in details next.

5.2.2 Application to localization
As presented in Eq. (5.6), the primary drawbacks of fingerprinting-based localization
methods include the need for a substantial comparison dictionary, which in turn necessi-
tates an extensive measurement campaign and imposes memory storage constraints. It is
proposed to use the proposed model-based neural architecture to solve this dictionary size
issue. Indeed, as fθ can be seen as a generative neural channel model, an infinite number
of comparison channels can be generated on the fly to solve Eq. (5.4), 7 as formalized in
Definition 5.3.

Definition 5.3: Location estimator
Let S ⊂ R2 be the set of locations covered by the considered scene. Let x ∈ S be
the UE unknown location and H (x) ∈ CNa×Ns be the associated uplink channel
matrix. An estimate of x is given by:

x̂ (H (x) |θ,S) = arg min
x̃∈S

∥H (x)− fθ (x̃)∥F . (5.12)

Remark 5.5. Eq. (5.12) is obtained by considering the following similarity measure in
Eq. (5.4):

sim (H (xm) ,H (xn)) = 1− ∥H (xm)−H (xn)∥F . (5.13)
This similarity measure is optimal when one-valued, as it requires the channel coefficients
to be exactly equal across all antennas and subcarriers. Its injectivity properties and their

6. See Table 4.1 in Chapter 4.
7. Note that, when comparing the approaches in Section 5.3, the amount of data required to train the

generative neural model is taken into account.
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implications will be discussed in Section 5.2.3. Since the Frobenius distance component
of this similarity measure is central to the subsequent analysis, it is referred to as the
phase-sensitive (PS) distance and defined as follows:

µPS (H (x) , x̃|θ) = ∥H (x)− fθ (x̃)∥F . (5.14)

Given the ability of fθ to effectively learn the location-to-channel mapping, the theo-
retical error performance of the proposed method can be established, as formalized in
Theorem 5.1.

Theorem 5.1: Asymptotic estimation performance

Let S ⊂ R2 be the set of locations covered by the considered scene. Let x ∈ S be
the UE unknown location, and x̂ (H (x) |θ,S) be the solution of Eq. (5.12). Let
ϵfθ
∈ R+ be the model estimation error bound defined in Definition 5.2. Assuming

that Eq. (5.13) satisfies Definition 5.1, it follows that:

sup
x∈S
∥x− x̂ (H (x) |θ,S)∥2 −→ϵfθ

→0
0. (5.15)

Proof. See Appendix E.1. ■

Theorem 5.1 demonstrates that the location estimator presented in Definition 5.3 achieves
perfect asymptotic accuracy, while maintaining finite memory requirements. Indeed, chan-
nel coefficients can be evaluated on-the-fly using fθ, which only requires storing |θ| coef-
ficients. However, the proposed method requires inferring the channel at every location in
S, which is uncountable. To address this, the scene location space is discretized using a
finite grid G ⊂ S ⊂ R2, leading to the following localization error bound.

Theorem 5.2: Grid-based estimation lower bound
Let G ⊂ S ⊂ R2 be the discretized location grid. Let x ∈ S be the UE unknown
location. Assuming that the true locations are uniformly distributed within S,
and that the grid is uniform with inter-element spacing ν ∈ R+,∗ yields:

Ex∼px [∥x− x̂ (H (x) |θ,G)∥2] ≥ νδ, (5.16)

with δ = 1
6

(√
2 + ln

(√
2 + 1

))
≃ 0.38.

Proof. See Appendix E.2. ■
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Remark 5.6. Theorem 5.2 states that the localization accuracy is lower-bounded by the
grid inter-element spacing. This is unsurprising as solving Eq. (5.12) on the grid G is
equivalent to performing a grid search, inherently constraining the localization accuracy
to the grid resolution.

To overcome this grid limitation, an off-grid approach is introduced: after the initial
grid search, a gradient-based refinement with N∇ steps is applied to enhance localization
accuracy, as formalized in Eq. (5.17). At step k, the update is expressed as:

x̂(k+1) ←x̂(k) − α∇x̃µPS (H (x) , x̃|θ) |x̂(k) , (5.17)

where α ∈ R+ controls the gradient contribution to the update, x̂(k) is the location
estimate at step k, with x̂(0) = x̂ (H (x) |θ,G). As for all gradient-based methods, this
localization refinement is prone to local minima error in the PS distance used as a loss
function in Eq. (5.17). A method to avoid local minima and increase performance is
presented in Section 5.2.4.

5.2.3 About the channel function injectivity

As discussed in Section 5.1.3, ensuring that the channel function is injective wrt. the
similarity measure defined in Eq. (5.13) is essential for the uniqueness of the location
estimate, and thus for the accuracy of the proposed method. It can be demonstrated that
the channel function is indeed injective wrt. the Frobenius-based similarity function by
deriving the global minimum of the PS distance. The subsequent theoretical contributions
can be summarized as follows:

• Theorem 5.3 establishes a condition for reaching the global minimum of the Frobe-
nius distance introduced in Eq. (5.14).

• Corollary 5.1 demonstrates that the channel function is injective wrt. the similarity
measure defined in Eq. (5.13), based on the results of Theorem 5.3.

• Corollary 5.2 builds on Theorem 5.3, considering a dominant propagation path to
define the distance between two consecutive minima in the Frobenius distance.
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Theorem 5.3: Global minimum location
For a given location x ∈ S, the Frobenius distance component of the similarity
measure defined in Eq. (5.14), rewritten as ∥H (x)−H (x + δ)∥F, reaches a global
minimum when the displacement vector δ ∈ R2 satisfies:

δ ∈
⋂

(i,j,l,k)∈L
C
(
al,i − x, ∥x− al,i∥2 + kλj

)
. (5.18)

with L = J1, NaK×J1, NsK×J1, LpK×Z, and al,i ∈ R2 being the antenna locations
defined in Remark 5.2.

Proof. See Appendix E.3. ■

Corollary 5.1: Impact on injectivity

In the absence of symmetries in the scene including the antenna array, and con-
sidering Na > 1 antennas, the channel function is injective wrt. the similarity
measure defined in Eq. (5.13).

Proof. See Appendix E.4. ■

Fig. 5.3 illustrates Theorem 5.3 and Corollary 5.1 by depicting, for each antenna, path,
frequency, and integer multiple k, the circles defined in Eq. (5.18). These circles represent
local minima, as a displacement vector along one of them nulls the contribution of a
specific antenna, frequency, and path in ∥H (x)−H (x + δ)∥F.

Remark 5.7. As stated by Theorem 5.3, and visualized in Fig. 5.3, the global minimum is
attained when all circles intersect, which occurs at x, only when k = 0: this is equivalent
to setting δ = 0R2. This holds only if the scene does not exhibit perfect topological sym-
metries, when including the antenna array. However, this assumption is weak, as perfect
symmetries, up to the scene objects’ electromagnetic properties, is unlikely to be found in
real-world propagation environments.

The size of the basins of attraction associated with minima in the Frobenius distance is
influenced by the number of antennas and the considered bandwidth. As illustrated in
Fig. 5.3 (a), a larger antenna array decreases the tangential extent of the region where the
circles intersect. Conversely, the radial size of this region depends on k (λNs − λ1) , k ∈ Z,
which is related to the bandwidth. Theoretically, for a sufficiently high k, or a sufficiently
high bandwidth, it is possible to resolve one basin of attraction per frequency. However, in
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(a) Lp = 1
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(b) Lp = 2 x

k = 0

k = 1

k = 2

Figure 5.3: Illustration of Theorem 5.3 in a vector space whose origin is x: minimum circles
for Na = 4 antennas, Ns = 3 frequencies, color-coded as gray/red/green, and k ∈ J0, 2K.
For k = 0, circles originating from all frequencies coincide, as observed in Eq (5.18). The
black crosses represent the antenna locations a1,i, i ∈ J1, NaK.
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practice, since the wavelength does not significantly vary over the system bandwidth, this
distinction remains impractical. This insight clarifies the distance between consecutive
minima, as formalized in Corollary 5.2.

Corollary 5.2: Impact on local minima spacing

For a given location x ∈ S, in presence of a dominant propagation path, the
distance between two consecutive minima in ∥H (x)−H (x + δ)∥F can be ap-
proximated as λ0, where λ0 = 1/Ns

∑
i∈J1,NsK λi.

Proof. See Appendix E.5, and Fig. 5.3 (a) for an illustration. ■

Remark 5.8. When considering multipath propagation, each propagation path introduces
an additional set of circles. In this case, the local minima form a grid-like pattern, as
exposed in Fig. 5.3 (b). It increases the complexity of the gradient descent procedure,
making convergence to the global minimum more challenging. This is consistent with the
well-established fact that localization in the presence of NLoS paths is a hard task.

5.2.4 Performance and complexity optimization
Hitherto, Theorem 5.2 has established the theoretical limitations of the grid-based ap-
proach, Eq. (5.17) has introduced a gradient-based refinement, and Corollary 5.1 has
demonstrated the suitability of the proposed similarity measure for this localization task.
It is now proposed to optimize the performance of the proposed method, while reducing
its computational complexity.

For a given true location, the accuracy of the proposed method depends on two key
assumptions. First, the location grid G must include a point sufficiently close to the true
location. Second, the gradient descent process must successfully converge to the global
minimum. To satisfy these assumptions, the cardinality of G needs to be high, which entails
significant computational complexity. Additionally, even under this condition, the effec-
tiveness of gradient descent in reaching the global minimum remains uncertain. Indeed,
as established in Corollary 5.2, the minima of the PS distance are separated by a distance
approximately equal to the central wavelength, which, in conventional communication
systems, typically ranges from centimeters to millimeters. This small spacing between
local minima underscores the risk of convergence to a local minimum when conducting
the gradient-based approach. The proposed enhanced localization method is presented
in Algorithm 2; details about performance and complexity optimization are subsequently
presented, and Fig. 5.4 illustrates the proposed method and its variants. Note that the
naive approaches use the large discretized location grid G.

156



5.2 Proposed approach

Algorithm 2 Proposed enhanced localization method: Off-grid (PI/PS).
Inputs: Measured channel matrix H (x) ∈ CNa×Ns , trained neural model fθ, selected

initialization loss µinit, global coarse location grid GG, local grid size L, inter-element
spacing ν, number of circles NC, number of circle points MC.

1: ((a) in Fig. 5.4). Compute the local grid initialization location by performing a grid
search on GG: x̃i ← x̂ (H (x) |θ,GG), with:

x̂ (H (x) |θ,GG) = arg min
x̃∈GG

µinit (H (x) , x̃|θ) . (5.19)

2: Construct the local grid GL: size L by L, centered at x̃i, with inter-element spacing ν
in both directions:

GL = (x̃i,0 + Zν,L)× (x̃i,1 + Zν,L) , (5.20)
with Zν,L = νZ ∩ [−L/2, L/2].

3: ((b) in Fig. 5.4). Perform a grid search on GL: x̃g ← x̂ (H (x) |θ,GL), with:

x̂ (H (x) |θ,GL) = arg min
x̃∈GL

µPS (H (x) , x̃|θ) . (5.21)

4: ((c) in Fig. 5.4). Perform N∇ gradient steps from x̃g, as defined in Eq. (5.17), to
obtain x̃gd.

5: Evaluate the Frobenius distance at the obtained location:

γgd = µPS (H (x) , x̃gd|θ) . (5.22)

6: Sample locations on the circles centered at x̃gd, with radii kλ0, k ∈ J1, NCK:

GC ⊂
⋃

k∈J1,NCK

C (x̃gd, kλ0) , |GC| = MC. (5.23)

7: ((d) in Fig. 5.4). Find the minimum Frobenius distance on the circles:

x̃⋆c = arg min
x̃c∈GC

µPS (H (x) , x̃c|θ) (5.24)

γ⋆c = µPS (H (x) , x̃⋆c |θ) . (5.25)

Compare the Frobenius distances:
8: if γ⋆c ≤ γgd then
9: ((e) in Fig. 5.4). Perform N∇ gradient steps from x̃⋆c , as defined in Eq. (5.17), to

obtain x̃gd2 .
10: Update the estimated location: x̂← x̃gd2 .
11: else
12: Update the estimated location: x̂← x̃gd.
13: end if
Output: x̂ (Estimated location)
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Figure 5.4: Illustration of the proposed localization scheme steps. (a): a grid-search is
performed on the global grid GG. (b): a second grid-search is performed on the local grid GL,
constructed from the obtained location at the previous step. (c): a first gradient-descent
procedure is performed, and a local minimum is reached. (d): locations are sampled on
circles of center x̃gd and radii kλ0. (e): a second gradient-descent procedure is performed
from the best location in the sampled circle locations, from a PS distance perspective.
The bottom row illustrates the steps and loss functions involved in the proposed method
(Off-grid (PI/PS)) and its variants, which are presented in details in Section 5.3.

Performance optimization

The theoretical knowledge of the distance between consecutive minima is incorporated
into the gradient-based refinement procedure. Specifically, a dual-gradient-descent scheme
is considered: the first gradient descent is performed from x̃g, i.e. the location obtained
through the on-grid approach. This approach allows to obtain the location estimate x̃gd.
Subsequently,MC locations are sampled onNC circles of center x̃gd and radii corresponding
to integer multiples of the theoretical separation distance between minima, i.e. kλ0, k ∈ Z
(line 6 in Algorithm 2). The minimum Frobenius distance on the sampled circle locations,
i.e. γ⋆c , associated to location x̃⋆c , is then compared to the value obtained at the location
estimated through the initial gradient-descent procedure. If it is lower, it indicates the
presence of a better minimum, suggesting the possibility of refining the location estimate
towards the global minimum. In that case, a second gradient-descent procedure is per-
formed from x̃⋆c to ensure convergence to the lowest point within the basin of attraction.

Complexity optimization

To mitigate the computational complexity of the proposed method, a bi-level grid ap-
proach is proposed. Initially, an exhaustive search is performed on a coarse grid, denoted
as GG ⊂ S, to determine an initial location estimate x̃i. This global grid is constructed
based solely on the topological knowledge of the scene S, which is used to define the
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Table 5.1: Complexity comparison of the proposed approaches.

On-grid (naive) Off-grid (naive) Off-grid (PI/PS)
Time

complexity O (|G|κfθ
) O ((|G|+ |GC|+ 2N∇)κfθ

) O ((|GG|+ |GL|
+ |GC|+ 2N∇)κfθ

)
Forward

passes nb. 218k 219.2k 11.2k

grid boundaries. Subsequently, a finer local grid, GL ⊂ S, is generated around x̃i, and a
refined location estimate, x̃g, is obtained through a grid search over GL. Finally, a gradient-
descent optimization process is applied starting from this refined location estimate. The
loss function used to obtain the initialization location, as defined in Eq. (5.19), can ei-
ther be the Frobenius distance loss presented in Eq. (5.14) or the phase-insensitive (PI)
distance introduced in [LeMag21a], which is defined as follows 8:

µPI (H (x) , x̃|θ) =

√√√√√2− 2

∣∣∣Tr
(
H (x)H fθ (x̃)

)∣∣∣
∥H (x)∥F ∥fθ (x̃)∥F

. (5.26)

This PI distance does not distinguish maxima from minima due to the modulus operator
in its definition. While this characteristic limits its applicability for achieving precise
localization, it enhances the reliability of obtaining an estimate sufficiently close to the
global minimum. Indeed, this inability to distinguish between minima and maxima results
in a more gradual minimum profile, in contrast to the highly localized nature of the PS
distance minima. The respective behaviors of the PS and PI distances for this localization
problem will be illustrated in Section 5.3.

A complexity comparison of the proposed approaches is presented in Table 5.1, where
κfθ

represents the network forward pass complexity. The on-grid approach refers to the
localization without gradient-based refinement, whereas the off-grid approach considers
it. The PI/PS notation indicates which loss function is used for the grid-search on GG. As
the bi-level grid approach allows to obtain a local grid center estimate that is close to the
global minimum, it is possible to consider a low cardinality in GL, so that:

|GG|+ |GL|+ |GC|+ 2N∇ ≪ |G| . (5.27)

Specifically, considering |G| = 218.103, i.e. uniform grid on a 100 m2 square scene, with
λ0/4 inter-element spacing, |GG| = 1.103, |GL| = 9.103, |GC| = 1.103, and N∇ = 100 yields
the second line in Table 5.1, which clearly highlights the overall complexity improvement
obtained with the proposed approach.

8. This distance corresponds to the one presented in Chapter 8, in Eq. (8.11), expressed here in its
matrix formulation.
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Remark 5.9. The proposed localization method builds on the domain knowledge formal-
ized in (H1). As detailed in Chapter 4, the neural architecture used to learn the location-to-
channel mapping is derived from a propagation channel model based on (H1). Moreover,
the improved localization method leverages a circle-based procedure, itself grounded in the
theoretical characterization of the distance between consecutive minima of the channel
similarity function, as established in Corollary 5.2 using the same propagation channel
model. Both components ultimately stem from the channel model originating from (H1).

5.3 Experiments
In this section, the localization performance of the proposed estimator is evaluated against
traditional fingerprinting baselines such as k-NN, on realistic synthetic data in both indoor
and outdoor scenes.

5.3.1 Evaluation framework
System parameters

For all upcoming experiments, Ns = 64 frequencies are considered, with a central fre-
quency f0 = 3.5 GHz and a bandwidth of 20 MHz. The associated central wavelength
is λ0 ≃ 8.57 cm. The BS is equipped with a uniform linear array composed of Na = 64
antennas with half central wavelength spacing.

Scene characteristics

Three distinct scenes are considered, as represented in Fig. 5.5: an outdoor urban en-
vironment in the Etoile neighborhood of Paris, denoted as S1, and two distinct indoor
environments with metallic obstacles, denoted as S2 and S3. The primary distinction be-
tween S2 and S3 is the higher proportion of locations without LoS paths in S3 (around
50%), making it representative of a more complex radio environment. Additionally, in S1,
the antenna array is located close to the UE locations, while it is far in S2 and S3. These
contrasting settings enable the evaluation of the proposed localization method in scenarios
representative of outdoor cellular deployments and indoor industrial environments.

Location generation

Each scene consists of a LS,xLS,y m2 plane considered as the location space S. Within
this location space, training, test, and evaluation locations are sampled. The training
locations, used to train the fθ model, and denoted as Gtrain, are uniformly sampled as
follows:

∀xi ∈ Gtrain,xi ∼ U ([−LS,x/2, LS,x/2]× [−LS,y/2, LS,y/2]) . (5.28)
Test locations, denoted as Gtest, are used to validate the mapping-learning capabilities of
fθ. They form a uniform grid with an inter-element spacing of λ0/4: this yields a train/test
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Figure 5.5: 3D view of the considered scenes: the red plane represents the possible train-
ing/test/evaluation locations and the green spheres represent the BS antennas. In S2 and
S3, gray planes represent metallic obstacles. For S1, only the locations in front of the BS
are considered during the localization performance evaluation.

ratio of around 7%. Evaluation locations, collected in Gloc, are uniformly sampled within
S, following Eq. (5.28), and are specifically used to assess the performance of the proposed
localization method. Importantly, Gtrain ∩ Gtest = ∅, Gtrain ∩ Gloc = ∅, and Gtest ∩ Gloc = ∅,
ensuring that localization performance is evaluated on locations independent of those
used for training and testing. Note that for S1, LS,x = 10 m and LS,y = 5 m, while
LS,x = LS,y = 10 m for S2 and S3. Additionally, for all scenes, the training location
density is set to 175 locs./m2 ≃ 1.3 locs./λ2

0.

Remark 5.10. Results from our prior study [Cha+25a], i.e. Fig. 4.8 in Chapter 4, demon-
strated effective mapping learning at a training location density of 0.5 locs/λ2

0, suggesting
that satisfactory localization performance can be expected at lower densities.

Channel generation

The datasets are obtained through the radio-propagation digital twin of the Sionna li-
brary [Hoy+22]. Since ray-tracing methods rely on fundamental electromagnetic princi-
ples, the resulting channels, both in indoor and outdoor scenes, can be considered realistic.
For each antenna and location in the scene, ray-tracing techniques identify the propaga-
tion paths and compute the corresponding frequency-domain channel coefficients. The
number of propagation paths depends on the location, with up to two consecutive re-
flections considered, while diffraction is neglected. The complete dataset consists of the
locations and associated channel matrices, e.g. the training dataset is defined as:

Dtr = {xi ∈ Gtrain,H (xi) ∈ Htrain}Ntrain
i=1 , (5.29)

where Htrain consists of the computed channel matrices at the training locations, and
Ntrain = |Gtrain| is the number of training locations.
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Evaluation metrics

Let x denote the true UE location and x̂ its estimate. The performance of the localization
methods is evaluated through statistical analysis of the localization error ∥x− x̂∥2 over
the considered scene, using metrics such as the median, 10% and 90% quantiles.

Baselines

It is proposed to consider the weighted k-NN method on the training dataset as a finger-
printing baseline. Specifically, for a given channel H (x), the k-best locations are computed
as:

{x̃1, · · · , x̃k} = arg mink
x̃∈Gtrain

∥H (x)−H (x̃)∥2
F

∥H (x)∥2
F

, (5.30)

and the associated weights are, ∀i ∈ J1, kK :

αi =
(
∥H (x)−H (x̃i)∥2

F

∥H (x)∥2
F

)−1

, (5.31)

which are then normalized as α̃i = αi/
∑k
i=1 αi. The estimated location through k-NN is

finally computed as:

x̂ =
k∑
i=1

α̃ix̃i. (5.32)

Considering this fingerprinting baseline on the training dataset, used to train the neural
generative model, ensures a fair comparison with the proposed method, as both approaches
use exactly the same data to generate a location estimate.

Additionally, a MLP fingerprinting baseline is also considered. This MLP has four
complex hidden layers of sizes 4096, 2048, 1024, and 512, takes channel matrices as in-
put, and outputs a location estimate. It comprises approximately 22 million learnable
parameters.

5.3.2 Experimental results

Unless stated otherwise, in each scene, the following grid cardinalities are considered:
|GG| = 1.103, |GL| = 140.103 for the PS init. method on the S2 and S3 scenes, and |GL| =
9.103 for both the PS init. method on the S1 scene, and the PI init. method on all scenes.
This cardinality difference in complex radio environments originates from the need for
a larger coverage area in the PS case, which is attributed to the PS distance yielding
a less accurate initial location estimate than the PI distance in such scenarios. Finally,
N∇ = 100 gradient descent steps are considered.
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PI/PS distance behavior

Fig. 5.6 illustrates the behavior of the PI and PS distances in the S1 scene for a given
true location x. It can be observed that the PS distance exhibits highly localized minima,
which hinders the reliability of the initialization location estimate through the grid search
on the global grid. In contrast, the PI distance exhibits a smoother, more gradual loss
profile, with very high loss values anywhere except within a broad neighborhood in the true
location direction, illustrated by the yellow area in the zoomed-out view of Fig. 5.6. This
facilitates the identification of an accurate initial location estimate through the global grid
search. The closer spacing of minima in the PI distance, compared to the PS distance, can
be attributed to its inability to distinguish maxima from minima, as previously discussed.

Localization performance

Fig. 5.7 presents the performance of each approach by considering the boxplots of the
localization error on 1.104 independent locations. The low/high bars of the boxplots re-
spectively represent the 10% and 90% quantiles, the central orange line represents the
median, and the box boundaries correspond to the first and third quartiles. The different
methods are as follows:

• MLP and 3-NN: fingerprinting baselines.

• On-grid (PI/PS): proposed method using the PI or PS loss in the exhaustive search
on GG, but without the gradient-descent refinement.

• Off-grid (PS w/o circle): proposed method using the PS loss in the exhaustive search
on GG, with gradient-descent, but without the circles approach (see Fig. 5.4 (d)).

• Off-grid (PI/PS): proposed method using the PI or PS loss in the exhaustive search
on GG, with both gradient-descent and circles approaches.

The proposed off-grid (PI) method consistently outperforms the fingerprinting baselines
across all scenes, achieving an improvement of two to three orders of magnitude in the
median localization performance. Notably, its median value reaches 0.01 cm in S1, and
approximately 0.06 cm in S3, demonstrating its strong performance throughout the entire
scene, and across challenging radio environments. It is worth noting that these values
are well below the central wavelength, λ0 ≃ 8.57 cm, highlighting the sub-wavelength
accuracy of the proposed method. As anticipated, the off-grid approach significantly im-
proves localization accuracy by eliminating the constraint of a fixed grid. Moreover, the
median error values for the on-grid PS approach are approximately on the order of the
central wavelength, highlighting the high sensitivity of the PS distance to local minima.
In contrast, the PI distance demonstrates greater robustness to this issue, corroborating
the insights from Eq. (5.26) and Fig. 5.6. For both initialization methods, the circle-based
approach effectively mitigates this limitation, and enhances localization resolution. The
degraded performance of the proposed method in the S2 and S3 scenes, compared to S1,
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can be attributed to the increased complexity of the radio environments simulated in S2
and S3. The presence of strong NLoS paths, and the complete absence of LoS paths for
around 50% of the locations in S3 results in a much more complex loss landscape, making
convergence to the global minimum more challenging. In this scenario, the circle-based
approach, which is designed to mitigate the local minima issue, reaches its limit as the PS
distance function exhibits increasingly chaotic minima. This can be seen with the superior
localization performance of the off-grid (PI) approach on the S3 scene when considering
only locations with LoS paths (denoted as w. LoS only in Fig. 5.7), as compared to loca-
tions with only NLoS paths (denoted as w. NLoS only in Fig. 5.7). This chaotic minima
behavior is illustrated in Fig. 5.8 with the loss landscape over the S1 and S3 scenes.

S1: PS

x

Antenna array

S1: PI

x

Antenna array
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Figure 5.6: Comparison of µPS (H (x) , x̃|θ) and µPI (H (x) , x̃|θ), in dB, for a given true
location x in the S1 scene.
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Figure 5.7: Statistics on the localization error (in cm) across the S1, S2 and S3 scenes. The
red horizontal line represents the central wavelength λ0.
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S1 S3

Figure 5.8: PS distance landscapes for the S1 and S3 scenes. It is observed that the presence
of strong NLoS components is S3 yield a more complex loss landscape.
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Figure 5.9: Localization performance evolution wrt. GL inter-element spacing, over the S1
scene.
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Figure 5.10: 2D histogram of the location error wrt. the model error, across the S1, S2 and
S3 scenes. A zero-valued Pearson’s correlation coefficient ρ indicates that the location and
channel estimation errors are uncorrelated. Green dashed lines represent integer multiples
of the central wavelength λ0.
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Local grid spacing performance impact

Fig. 5.9 illustrates the median localization error performance as a function of the inter-
element spacing in GL, over the S1 scene. It is observed that the on-grid approach requires
a very dense grid to approach the best-case bound defined in Theorem 5.2. However,
as anticipated, the off-grid approach surpasses this on-grid best-case performance bound,
even with a relatively coarse grid. This demonstrates the efficiency of the off-grid approach
in delivering accurate localization estimates, while maintaining a controlled computational
complexity. This is enabled by the ability of the fθ model to serve as a generative neural
channel model with low estimation error.

Relationship between model and localization performance

In Fig. 5.10, each point in the bi-dimensional histograms corresponds, for a given true
location, to the pair formed by the localization error and the channel estimation error, i.e.
NMSE, at that true location, with marginals displayed on the right and top axes. In the S1
scene, the near-zero Pearson’s correlation coefficient indicates that the localization error
is largely uncorrelated with the model error, whereas a noticeable correlation appears in
the S2 and S3 scenes. This is likely due to the higher model NMSE in S2 and S3 (around
−10 dB), compared to S1 (around −30dB). Nevertheless, even with high model NMSE,
localization performance remains satisfactory. This implies that even when the reference
channel, i.e. the channel estimated by the network at the true location, is imperfectly
reconstructed, the resulting location estimate remains highly accurate, highlighting the
robustness of the proposed method to noisy channels during inference. Additionally, it
can be observed that in S2 and S3, the off-grid approach benefits only at locations where
the model error remains within acceptable limits. This behavior is consistent across all
locations in S1, where the model error is uniformly low due to the less challenging nature of
the scene. Furthermore, localization errors tend to accumulate at multiples of the central
wavelength: this is an expected effect of the local minima in the PS distance, as discussed
in Corollary 5.2. The off-grid approach, which incorporates the circles method, partially
mitigates this local minima issue: owing to its ability to escape local minima through the
circles sampling strategy, the proposed method can be viewed as a model-based annealing
approach.

Computational complexity

Table 5.2 reports the empirical inference computational complexity of the proposed meth-
ods and baselines over the S2 scene. The average inference time for each method is com-
puted over 1.104 independent locations, with all computations performed on the same
NVIDIA A40 GPU. The on-grid (naive) approach employs a uniform grid across the
scene with an inter-element spacing of λ0/4. The off-grid (naive) approach extends it
by incorporating the proposed gradient descent and circle-based methods, but lacks the
computational complexity optimization provided by the bi-level grid approach. Lastly, the
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Table 5.2: Average inference time over the S2 scene.

Baselines On-grid Off-grid
MLP 3-NN Naive Naive PS PI

E [texec] [s] 1.10−3 1.10−2 16.39 17.72 8.57 1.75

off-grid (PI/PS) approaches follow Algorithm 2, with the GL grid for the PS initializa-
tion being 16 times larger than that for the PI initialization, which explains its superior
mean execution time. While the optimized method, i.e. off-grid (PI/PS), exhibits higher
computational complexity compared to the classical fingerprinting approach, it offers a
substantial improvement in localization accuracy. Moreover, as demonstrated in Table 5.1,
the proposed off-grid approach reduces the number of required forward passes by a factor
of twenty with respect to the on-grid approach, resulting in an almost tenfold reduction
in mean execution time. This is further illustrated by comparing the computational com-
plexity of the proposed method with the off-grid naive approach, which experiences a high
mean execution time due to the absence of computational complexity optimization.

Memory requirements comparison

As shown in Fig. 5.7, the k-NN fingerprinting approach, that uses the neural genera-
tive model training dataset, achieves relatively satisfactory performance, with sub-meter
median localization accuracy across all scenes. However, this approach necessitates the
storage of 2 |Gtrain|+ 2NaNs |Gtrain| real scalars, i.e. training locations and associated com-
plex channel coefficients, which, when evaluated on the S2 training dataset, amounts to
storing 121.3M real scalars. In comparison, the proposed localization method only re-
quires storing the |θ| = 9.1M real learnable parameters of fθ, resulting in a thirteenfold
reduction in the required memory. This number of learnable parameters originates from
the hyperparameters selected for the MB-Ψ̃a network in [Cha+25a]. Assuming a 32-bit
floating-point representation, the fingerprinting approach demands 485.2 Mo of memory,
whereas the proposed method only requires 36.4 Mo. This substantial memory reduc-
tion is achieved by eliminating the need for a large fingerprinting comparison dictionary.
Importantly, this memory efficiency does not compromise localization accuracy, as the
proposed method is not constrained by the number of stored coefficients, unlike classical
fingerprinting methods, as highlighted in Eq. (5.6). The independence of the proposed
method’s localization performance from memory requirements is illustrated in Fig. 5.11.
The proposed method consists of the off-grid (PI) approach, while the 3-NN results for
different memory requirements are obtained by subsampling Dtr on the S2 scene.
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Figure 5.11: Memory-performance trade-off comparison. The memory requirements of the
proposed method originates from the used neural network learnable parameters.

5.4 Conclusion
This chapter investigated the use of the model-based machine learning paradigm to per-
form user localization using radio signals, as formalized in Problem 3.2. The main take-
aways can be summarized as follows:

• The neural architecture introduced in Chapter 4, designed to learn the location-to-
channel mapping, was leveraged to enhance the localization accuracy of the well-
known fingerprinting method, while simultaneously reducing its memory require-
ments

• Domain knowledge, formalized in (H1) was used to jointly structure and optimize
a learning method. Indeed, the used neural architecture is structured according to
a channel model derived from (H1), as detailed in Chapter 4. Furthermore, the
improved localization procedure introduced in this chapter exploits the known dis-
tances between successive local minima of the considered similarity function, which
are theoretically characterized using the same channel model.

• Simulations conducted on realistic data, encompassing both LoS and NLoS chal-
lenging radio environments, demonstrated that the proposed method achieves sub-
wavelength localization accuracy, providing up to a two order of magnitude improve-
ment over classical fingerprinting approaches.
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5.4 Conclusion

• Unlike traditional fingerprinting methods, the performance of the proposed approach
is not contingent on the size of a stored comparison dictionary. Instead, the neural
model functions as a generative neural channel model, enabling on-the-fly infer-
ence of channel coefficients and thereby eliminating the need for an extensive pre-
computed dictionary. This results in a tenfold reduction in memory requirements
compared to classical fingerprinting techniques.
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Chapter 6

CHANNEL ESTIMATION AND
IMPAIRMENTS LEARNING

This chapter presents an optimized unfolded sparse recovery algorithm to perform channel
estimation in SISO-OFDM systems, while learning hardware impairments. Section 6.1
introduces the problem and outlines the proposed contributions. Section 6.2 reviews the
classical matching pursuit sparse recovery approach. Section 6.3 presents its unfolding
into a neural network and details the architectural refinements aimed at reducing sample
and time complexity. Section 6.4 reports experimental results, and Section 6.5 introduces
concluding remarks.
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6.1 Introduction

6.1.1 General introduction

Recently, machine learning techniques have emerged as a promising solution in many wire-
less communications areas [OH17; Wan+17] such as beamforming [LeMag+22b; Alk+18],
channel charting [Stu+18; Fer+21; Yas+22] or channel mapping [LeMag21b; AA19]. The
model-based machine learning paradigm, introduced in details in Chapter 3, and more
specifically, the deep unfolding approach [Shl+23; MLE21; HRW14; BSS19] 1, offers a
promising framework by combining the controlled complexity of classical signal process-
ing approaches with the flexibility of machine learning techniques. Indeed, this approach
considers that iterative algorithms can be unfolded as trainable neural networks, where
each layer represents one iteration of the algorithm.

In the field of channel estimation, classical statistical estimation techniques such as
the least squares (LS) or the minimum mean squared error (MMSE) have been exten-
sively used in the past. However, these techniques suffer from several drawbacks: the LS
estimator exhibits a significant mean squared error, whereas the MMSE estimator entails
a substantial computational complexity. Alternative approaches have been proposed to
address these drawbacks, one of which involves the use of sparse recovery algorithms.
It is well known that propagation channels are dominated by a few strong propagation
paths: the channel is then said to be sparse in a certain representation domain. It has
been shown that this sparsity notion could be leveraged to design channel estimation
strategies based on sparse recovery algorithms, such as Matching Pursuit (MP) [KI08;
KY04; KGW09; YLM22]. However, these techniques rely on a priori knowledge of a phys-
ical wave propagation model, and it was shown in [YLM22] that a small uncertainty on
system parameters could result in substantial estimation performance degradation.

6.1.2 Contributions and related work

Related work

Building on the aforementioned performance degradation issue, the authors in [YLM22]
proposed leveraging the deep unfolding approach through the unfolded network mpNet,
to perform channel denoising while accounting to antenna hardware impairments. This
approach demonstrated improved denoising performance compared to classical statistical
estimation techniques, while simultaneously compensating HWIs. However, this method
introduces a large number of learnable parameters, resulting in high sample and time
complexities.

1. See Section 3.2.1 for a detailed introduction.
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Contributions

It is proposed to tackle the sample and time complexity issues of the mpNet neural network
by refining its architecture. Additionally, while the study in [YLM22] focused on a multi-
antenna system with a single carrier, this chapter focuses on a multi-carrier system with
a single antenna. Nevertheless, the proposed contributions are applicable to both system
configurations. The main contributions of this chapter are summarized as follows:

• The sample complexity of mpNet is reduced by introducing a constrained dictionary
approach. Specifically, rather than learning an entire matrix that is affected by hard-
ware impairments, it is proposed to only learn the HWI-dependent parameters and
subsequently compute the matrix corresponding to the learned parameter values.

• The time complexity of mpNet is optimized by introducing a hierarchical search
procedure. In particular, instead of performing correlations with all columns of a
large matrix, it proposed to iteratively refine the search space in a divide and conquer
manner, to identify the most relevant column.

6.1.3 Problem formulation
This chapter focuses on a SISO-OFDM scenario with N subcarriers in the uplink. The
different subcarrier frequencies are denoted as f ∈ RN , and the BS antenna gain at each
subcarrier frequency are represented by g ∈ CN . Finally, a propagation channel with Lp
propagation paths is considered between the different UEs and BS.

Let x ∈ CN be an LS channel estimate of the frequency domain channel vector h ∈ CN .
Due to the imperfect nature of the LS estimator, x is affected by a residual estimation
error:

x = h + n, (6.1)
where n ∼ CN (0RN , σ2IdN). Its SNR can be computed as:

SNRin = ∥h∥
2
2

Nσ2 . (6.2)

The goal of this chapter is to denoise this LS channel estimate using the model-based
machine learning paradigm.

6.2 Model-based approach
6.2.1 Physical channel model
For a given subcarrier fk, the uplink channel coefficient between a given UE and BS can
be expressed as:

hk =
Lp∑
l=1

αlgke−j2πfkτl , (6.3)
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where αl and τl respectively represent the complex attenuation coefficient and the prop-
agation delay for the lth path. Under this model, the channel vector h ∈ CN can be
expressed as:

h =
Lp∑
l=1

αl


g1e−j2πf1τl

...
gNe−j2πfN τl

 =
Lp∑
l=1

αlψ (τl) , (6.4)

where ψ (τl) is the frequency response vector of the lth path. As shown in Eq. (6.4),
the channel vector can be defined as a linear combination of FRVs. This combination is
considered sparse when the number of paths Lp is small.

Remark 6.1. The propagation channel model presented in Eq. (6.4) directly originates
from the domain knowledge formalized in (H1). Indeed, it can be seen as a simplified
version of the model presented in Theorem 4.2, which was explicitely derived from (H1).

6.2.2 Sparse recovery approach
As presented above, the propagation channel can be represented as a sparse linear com-
bination of FRVs. As such, it is possible to construct a fixed matrix Ψ ∈ CN×A with A
different FRV columns, which amounts to the discretization of the delay space R+, and a
coefficients vector u ∈ CA such that the channel could be estimated as:

ĥ = Ψu. (6.5)

A sparse recovery problem consists in identifying an activation vector u, that activates
only a limited number of FRVs, i.e. that is sparse. As is common in the sparse recovery
literature, the FRV matrix Ψ will hereafter be referred to as the dictionary, and its
columns as atoms, i.e. each atom represents a FRV associated with a specific delay. This
sparse recovery problem can be formalized as follows for a fixed dictionary Ψ:

minimizeu ∥h−Ψu∥2
2 .

subject to ∥u∥0 ≤ A
(6.6)

This optimization problem makes sense only if the dictionary is correct, i.e. a sparse linear
combination of dictionary columns can represent a channel vector. If this is not the case,
the channel estimate won’t be trustworthy. It is possible to find the optimal dictionary
as:

Ψ⋆ = arg min
Ψ

Eh

[
min

u,∥u∥0≤A
∥h−Ψu∥2

2

]
. (6.7)

Solving Eq. (6.6) for a fixed FRV dictionary is known to be computationally challeng-
ing 2. Consequently, several surrogate approaches have been proposed, including convex
relaxation techniques and greedy algorithms. This chapter, following the methodology

2. It has been shown to be NP-hard: an interested reader is referred to [Nat95; TW10].
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in [YLM22], focuses on the latter, with a particular emphasis on the MP algorithm [MZ93].
The goal of this algorithm is to iteratively project the noisy channel onto the most corre-
lated atoms, so as to denoise it. After Lp iterations, under ideal conditions, all correspond-
ing FRV contributions to the channel will have been subtracted from the noisy channel
estimate. Consequently, the residual will consist solely of noise, allowing to easily perform
denoising. The MP algorithm is presented in details in Algorithm 3.

Algorithm 3 MP algorithm for channel denoising.
Inputs: Dictionary Ψ, Noisy LS estimate x, Tolerance level ϵ

1: Initialize the residual: r← x
2: while ∥r∥2

2 > ϵ do
3: Find the most correlated atom: i⋆ ← arg maxi

∣∣∣ψH
i r
∣∣∣

4: Update the residual: r← r−ψi⋆ψ
H
i⋆r

5: end while
Output: ĥ← x− r (Denoised LS estimate)

6.2.3 Hardware impairments
In realistic conditions, the FRVs are not exactly known as there exists a lot of hardware
impairments related to frequency generation/acquisition. More specifically, sampling clock
offset (SCO) can offset the subcarrier frequencies. Let f̃i be the nominal ith subcarrier
frequency, i.e. the non-offsetted subcarrier frequency, and fi be the physical ith subcarrier
frequency, i.e. the potentially offsetted subcarrier frequency. For the SCO, it has been
shown in [Kim+98; Spe+99] that the frequency offset is dependent on the subcarrier
index, on the oscillator part per million (ppm) value ξ, and on the subcarrier spacing ∆f :

∀i ∈

t

−N2 ,
N

2

|

, fi = f̃i + iδf = f̃i + iξ∆f. (6.8)

Moreover, an antenna gain imperfection is considered. Let g̃i be the nominal antenna gain,
gi, the physical antenna gain for the ith subcarrier, can be expressed as:

∀i ∈

t

−N2 ,
N

2

|

, gi = g̃i + ngi
, (6.9)

with ngi
∼ N

(
0, σ2

g

)
.

The notions of nominal and physical dictionaries can now be defined. The nominal
dictionary Ψ̃ represents the dictionary constructed from the nominal knowledge of the
system parameters, which is unaware of impairments. On the other hand, the physical
dictionary represents the dictionary constructed from the perfect knowledge of the system
parameters, i.e. with full knowledge of the SCO and antenna gain imperfections. The
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proposed method consists in initializing a neural network using the nominal dictionary,
and approaching the performance one would get using the physical dictionary via learning.

6.3 Proposed approach

6.3.1 mpNet architecture
Using the same approach as in [YLM22], it is proposed to use the unfolded neural network
mpNet to achieve SISO-OFDM channel estimation, while learning the HWIs. This network
consists in the unfolded version of the MP iterative algorithm, and its forward pass is
presented in Algorithm 4.

Algorithm 4 Forward pass of mpNet [YLM22].
Inputs: Weight matrix W ∈ CN×A, Noisy LS estimate x ∈ CN , Noise variance σ2,

Number of subcarriers N
1: r← x
2: ϵ← σ2N

∥x∥2
2

3: while ∥r∥2
2 > ϵ do

4: r← r−W
(
HT1

(
WHr

))
5: end while

Output: ĥ← x− r (Denoised LS estimate)

The links between MP and its unfolded version mpNet clearly appear in the equation
W

(
HT1

(
WHr

))
. First, the correlation term WHr corresponds to the dictionary corre-

lation step. Second, the operator HT1 denotes a non-linear hard-thresholding operator
which keeps only its input of greatest modulus and sets all the others to zero: it is used
to select the most correlated atom. Specifically, one obtains:

HT1
(
WHr

)
=
[
0 · · · 0 wH

i⋆r 0 · · · 0
]T
, (6.10)

where i⋆ denotes the index of the most correlated atom. Third, the matrix product with
W allows to perform the projection step. Indeed:

WHT1
(
WHr

)
= W

[
0 · · · 0 wH

i⋆r 0 · · · 0
]T

(6.11)

= wi⋆

(
wH
i⋆r
)

(6.12)
= Pwi⋆ r, (6.13)

where Pwi⋆ = wi⋆wH
i⋆ denotes a projection matrix, since atoms are of unit-norm.

Owing to its differentiable nature, mpNet can be used to learn a dictionary that
accounts for the impact of HWIs through gradient descent. The weight matrix W is
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therefore initialized with the nominal dictionary Ψ̃. This thoughtful initialization reduces
the convergence time of the loss function compared to a random initialization, and can
be interpreted as the incorporation of a priori domain knowledge in the neural network
initialization. To summarize, this network pursues two main objectives:

• The forward pass of mpNet performs the channel estimation/denoising operation as
the architecture of mpNet is the unfolded MP algorithm. Each layer will estimate
one path of the channel.

• The backward pass of mpNet performs the dictionary learning. As the weight matrix
of mpNet is initialized with the nominal dictionary, the goal of the backward pass
is to update the weight matrix so that it tends towards the physical dictionary.

In Algorithm 4 the value ϵ corresponds to a stopping criterion denoted as SC2 in [YLM22]:

SC2 : ∥r∥2
2 ≤

σ2

∥x∥2
2
N. (6.14)

This stopping criterion allows the network to have an adaptive number of layers for given
noise characteristics: in other words, SNR adaptability. However, it imposes the knowledge
of the noise variance σ2 at the BS side.

6.3.2 Reducing sample complexity: constrained dictionary
As previously explained, the learnable parameters of mpNet are the components of the
weight matrix W ∈ CN×A. Owing to the complex nature of W, there are 2NA learnable
parameters. In the experimental setup that will be presented in Section 6.4, N = 256
subcarriers and A = 990 atoms are considered, which results in 2NA = 506, 880 learnable
parameters. The first contribution of this chapter consists in reducing this number by
using a constrained dictionary approach.

The studied SISO-OFDM system considers only imperfections affecting the gains and
frequencies of the dictionary. Moreover, since these gains and frequencies are expected
to be independent of the propagation delays, they are shared across all atoms of the
dictionary. Based on this observation, a constrained dictionary can be defined as follows:

⋄
Ψ =


g1e

−j2π(f1− N
2 δf)τ1 · · · g1e

−j2π(f1− N
2 δf)τA

... ... ...
gNe

−j2π(fN + N
2 δf)τ1 · · · gNe

−j2π(fN + N
2 δf)τA

 ∈ CN×A. (6.15)

Each column of the dictionary still represents an FRV, however the components of this
constrained matrix are no more learnable. The only learnable parameters are the complex
antenna gains g ∈ CN and the SCO frequency offset δf ∈ R. Consequently, the number
of learnable parameters is reduced from 2NA to 2N + 1, making it independent of the
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Figure 6.1: Hierarchical atom search.

number of atoms. In the numerical example considered earlier, this corresponds to a
reduction from 2NA = 506, 880 parameters to only 2N + 1 = 513.

Another advantage of the proposed constrained dictionary approach lies in its sample
complexity, i.e. the number of training samples required to achieve convergence of the
network’s loss function. In the classical mpNet architecture, since each element of the
weight matrix is independent, only the atoms selected during the forward pass are updated
through backpropagation. In contrast, in the proposed approach, the frequency offset
and antenna gains are shared across all atoms. Consequently, updating a single physical
parameter, i.e. antenna gain or frequency offset, results in an update of all atoms, leading
to faster convergence of the loss function, compared to the classical mpNet architecture,
as demonstrated in Section 6.4.

6.3.3 Reducing time complexity: hierarchical search
A quick complexity analysis shows that the time complexity of the classical mpNet ap-
proach is O (DNA) where D represents the number of layers of the mpNet network 3. In
the context of the previously considered scenario with D = 10 layers, DNA = 2, 534, 400
arithmetic operations are required for the estimation of one SISO-OFDM channel. To
mitigate this computational burden, a new hierarchical atom search is proposed.

Hierarchical atom search

The principle of the hierarchical atom search approach is presented in Fig. 6.1. The clas-
sical approach consists in finding the most correlated atom in a dictionary of A different
atoms (represented as circles in Fig. 6.1): as such, A different correlations are required. The

3. Here, DNA denotes the total number of multiplications required to compute the correlations for A
atoms of size N across D layers.
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proposed hierarchical approach consists in iteratively finding the most correlated atom
in the dictionary, with less required correlations. As in the SISO-OFDM scenario the
atoms are parameterized with a propagation delay, the dictionary covers a specific inter-
val in the delay domain. In the first step, two meta-atoms are constructed (represented as
squares in Fig. 6.1), such that their correlation responses separately cover the dictionary-
associated delay interval. The correlations with both meta-atoms are computed, and the
one yielding the highest response is selected. Subsequently, two new meta-atoms are gen-
erated to cover the delay interval corresponding to the previously selected meta-atom, and
their correlations are computed. This hierarchical process is iteratively repeated until step
log2 (A), where the delay interval associated with the most correlated meta-atom from step
log2 (A) − 1 contains only two atoms from the original dictionary. Their correlations are
computed, and the atom with the highest correlation is identified. This approach enables
the selection of the most correlated atom in log2 (A) steps, but requires only 2 log2 (A)
correlations.

Meta-atom design

The main challenge of the proposed hierarchical approach lies in designing a meta-atom
whose correlation response effectively spans a specific delay interval. It can be shown that
using a cardinal sine modulated FRV as a meta-atom satisfies this requirement. First, a
Fourier transform from the frequency domain to the delay domain is defined as:

x (τ) = Ff [x (f)] =
∫
R
x (f) e−j2πfτdf. (6.16)

Denoting the bandwidth, central frequency, and subcarrier spacing of the system as γ,
f0, and ∆f , the correlation of a pure FRV of delay τ , e (f, τ), and a generic meta-atom
ψi (f) can be computed as:

χψi
(τ) = ⟨e (f, τ) , ψi (f)⟩ (6.17)

=
∫
R
ψ∗
i (f) g (f) e−j2πfτΠγ (f − f0)X∆f (f) df. (6.18)

The windowing Πγ (f − f0) allows to represent the band-limited nature of the FRV and
meta-atom, while the Dirac comb X∆f (f) allows the sampling at the subcarrier frequen-
cies. The antenna gains are assumed to be quasi-constant over the bandwidth so that
g (f) = αΠγ (f − f0). Note that Section 6.4 presents an assessment of the robustness of
the proposed method on channels that present non-constant gains over the bandwidth.
In order to simplify the following developments, the constant α is deliberately omitted.
Observing that Eq. (6.18) represents a Fourier transform, one then obtains:

χψi
(τ) = Ff [ψ∗

i (f) Πγ (f − f0)X∆f (f)] . (6.19)
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Since χψi
(τ) is desired to be constant over a specific delay interval (i.e. a rectangular

function), it is straightforward to see that modulating FRVs with a cardinal sine function
satisfies this requirement. More specifically, the meta-atom ψi (f) can be defined as:

ψi (f) = sinc (ϖf) e−j2πfτi . (6.20)

The correlation response then becomes:

χψi
(τ) = Ff

[
sinc (ϖf) ej2πfτiΠγ (f − f0)X∆f (f)

]
(6.21)

= 1
ϖ

Πϖ (τ − τi) ⊛ γ sinc (γτ) e−j2πf0τ ⊛ 1
∆fX 1

∆f
(τ) . (6.22)

One can see in Eq. (6.22) that the proposed meta-atom expression allows to obtain a
rectangular waveform in the delay domain, ϖ controlling the width, and τi the central
position. This is illustrated in Fig. 6.2 where the correlation responses are presented for
different values of ϖ and τi

4.
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Figure 6.2: Influence of ϖ and τi on the correlation waveform.

4. The oscillations observed at the edges of the rectangular waveforms are a manifestation of the
well-known Gibbs phenomenon.
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Table 6.1: Unfolded network complexity analysis.

mpNet C. mpNet H.C.3 mpNet

Time
complexity

Forward O (DNA) O (DNA) O (DN3 log3 (A))
Backward O (DN) O (DN) O (DN)

Sample
complexity +++ + +

Time complexity

For two meta-atoms, the time complexity of the proposed hierarchical search can be
evaluated as O (2 log2 (A)). Considering the partition of A > 1 atoms into n ∈ N, n >
1 intervals, the time complexity of the associated hierarchical search is O (n logn (A)).
Minimizing the time complexity of this hierarchical approach is then equivalent to solving
Eq. (6.23):

n⋆ = arg min
n∈N, n>1

n logn (A) . (6.23)

It can be easily shown that solving Eq. (6.23) gives n⋆ = 3.
A quick complexity analysis of all the unfolded networks presented so far is presented in

Table 6.1. It is proposed to compare the classical mpNet as it was introduced in [YLM22],
mpNet with a constrained dictionary (C. mpNet), and mpNet with a constrained dictio-
nary and hierarchical atom search with 3 meta-atoms (H.C.3 mpNet). As stated earlier,
the constrained dictionary approach reduces the sample complexity, while the hierarchical
search approach was introduced to reduce the time complexity. Combining both methods
is therefore particularly appealing, as it enables a joint reduction of both sample and
time complexities. For D = 10 layers, N = 256 subcarriers and A = 990 atoms, the time
complexity of the forward pass goes from 2, 534, 400 arithmetic operations for the classical
mpNet to around only 48, 220 arithmetic operations for H.C.3 mpNet, which is a fiftyfold
reduction.

6.4 Experimental results

6.4.1 Experimental setting
Data generation and simulation parameters

It is proposed to validate the contributions introduced in this chapter using realistic
channel data, namely the "O1" outdoor DeepMIMO dataset [Alk19]. More specifically, the
used BS is represented with a red triangle in Fig. 6.3, and UEs are randomly generated in
the blue zone. A central frequency of 3.4GHz, and a bandwidth of 50MHz are considered.
Furthermore, the channels are generated with N = 256 subcarriers. The dictionary is
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Figure 6.3: DeepMIMO channel generation configuration.

composed of A = 990 atoms. Note that up to Lp = 10 propagation paths are considered.
Regarding the physical imperfections, the oscillator ppm value for the SCO is ξ = 40ppm,
and two gain noise variance scenarios are considered: σ2

g = 0.36 (very high gain noise)
and σ2

g = 0.09 (high gain noise). Two SNR scenarios are distinguished: SNRin = 10dB and
SNRin = 5dB, knowing that the conclusions hold for lower SNRs. In order to compute the
stopping criterion for the network, the noise variance is assumed to be known at the BS
side.

Learning strategy

The same online unsupervised learning strategy as in [YLM22] is used to train the pro-
posed neural architecture. The evaluation metric is the NMSE, defined as:

NMSE = 1
|T |

∑
h∈T

∥∥∥ĥ− h
∥∥∥2

2

∥h∥2
2

, (6.24)

where T denotes the test channel set, h denotes the ground-truth channels, and ĥ the
estimated channels.
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6.4.2 Results
Performance comparison

A comparative performance analysis is conducted across four configurations: the classical
network (mpNet), the constrained dictionary mpNet (C. mpNet), the hierarchical search
with 2 meta-atoms and constrained dictionary mpNet (H.C.2 mpNet) and the one with
3 meta-atoms (H.C.3 mpNet). Additionally, these network performance are compared
against the LS estimator, the MP algorithm with nominal and physical dictionaries, and
the MMSE estimator with a substituted channel covariance matrix using the low-rank
approximation (LRA) presented in [SL17]. The substituted covariance matrix is used
because, in practice, estimating the covariance matrix for each UE is too complex, as it
would require tracking each UE’s channel over multiple frames. Several comments can be
made on the results presented in Fig. 6.4, as listed below.

• Dictionary learning. For all noise and hardware scenarios, dictionary learning is
achieved as there is convergence of the NMSE performance. One can remark that at
the end of the training, the proposed networks (C. mpNet, H.C.2 and H.C.3 mpNet)
always outperform the LS and LRA-MMSE approaches.

• Convergence speed. As exposed in Section 6.3.2, the convergence of the constrained
versions of mpNet (C. mpNet and H.C. mpNet) is quicker than the convergence of
the classical mpNet. For all scenarios, only approximately 400 channels are needed
to achieve convergence. This can be explained by the reduced number of learnable
parameters and their sharing across the atoms of the dictionary in the constrained
versions of mpNet.

• Estimation performance After convergence, the estimation performance of the con-
strained networks are better than the one of the classical mpNet. This can be ex-
plained by the bias-variance decomposition of the estimation NMSE. In fact, the
C./H.C. mpNet can be viewed as an estimator with fewer parameters than the
classical mpNet, which results in a lower variance. As the dictionary structure is
wisely chosen, the C./H.C. mpNet exhibits the same bias as the classical mpNet.
Consequently, both the C. and H.C. mpNet architectures achieve a lower estimation
NMSE compared to the classical one. However, the proposed unfolded approach
allows to compensate for these imperfections, and present satisfactory performance.

• Large HWIs. One can remark in Fig. 6.4 (c) that, if the hardware imperfections
are too important, the model-based MP algorithm does not perform well. In that
particular case, using the MP approach with nominal dictionary is worse than using
LS. However, it can be observed that the proposed method can handle such large
impairments, as it converges towards the performance of MP with the physical
dictionary, and clearly outperforms the LS method.
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Figure 6.4: Channel estimation performance for various SNRs and model imperfections.
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Figure 6.4: Channel estimation performance for various SNRs and model imperfections
(cont.).

• H.C./C. mpNet comparison. It is noticeable that H.C.2 mpNet offers slightly worse
performance than C. mpNet. This behavior can be explained by the hierarchical
search approach. In the classical method, the algorithm directly identifies the most
correlated atom of the dictionary. In contrast, the hierarchical approach first selects
the delay interval containing the highest energy. As a result, for a fixed noisy LS
estimate, the two approaches may not select the same atoms, leading to different
channel estimation performance. It is then interesting to study the impact of the
number of meta-atoms, as increasing the number of intervals in the delay domain
can improve the estimation performance for the hierarchical approach. This can
be observed with the NMSE performance of H.C.3 mpNet, which achieves slightly
better performance than H.C.2 mpNet while maintaining a lower time complexity,
as presented in Table 6.1.

Execution time

It has been shown in Section 6.3.3 5 that the hierarchical approach with 3 meta-atoms
was optimal in terms of time complexity. This can be seen in Table 6.2 which presents an

5. See Eq. (6.23) for more information.
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Table 6.2: Average execution time for 104 random UEs, and varying number of atoms.

MP MP H.2 MP H.3

E [texec] [s]
A = 990 0.048 0.014 0.013

A = 5, 000 0.263 0.019 0.015

A = 50, 000 2.866 0.024 0.020

execution time comparison between the MP algorithm and its hierarchical versions with
2 and 3 meta-atoms, namely MP H.2 and MP H.3. One can see that MP H.3 outperforms
both the MP H.2 and classical MP algorithm, with an average execution time up to a
hundred time quicker than the classical MP.

6.5 Conclusion
This chapter focused on the use of the MB-ML paradigm for joint channel estimation and
hardware impairments learning, as formalized in Problem 3.3. Structural modifications to
the neural network mpNet, introduced in [YLM22], were proposed to optimize both its
sample and time complexity. The main takeaways can be summarized as follows.

• The proposed channel denoising method exploits the sparsity of a propagation chan-
nel model, grounded in the domain knowledge formalized in (H1). Accordingly, the
MB-ML paradigm, and more specifically, deep-unfolding, was leveraged to struc-
ture a neural architecture. Additionally, domain knowledge was also used to ini-
tialize the structure, through the use of nominal frequency response vectors in the
dictionary used in the unfolded MP network.

• The sample complexity of mpNet was reduced through a constrained dictionary
approach. Instead of learning a full dictionary of frequency response vectors, only
the parameters associated with hardware impairments that affect this dictionary
were learned, leading to nearly a thousandfold reduction in the number of learnable
parameters.

• The time complexity of mpNet was optimized via a hierarchical search approach.
Instead of computing correlations with every column, i.e. atom, of the dictionary
to find the most correlated one, meta-atoms were introduced to iteratively select
two candidate atoms, with less required correlations. This resulted in a hundredfold
reduction in the average inference time.

• The estimation performance of the proposed method was benchmarked against sev-
eral baselines. Results show that the enhanced mpNet network outperforms both
the original mpNet and classical baselines, in terms of estimation performance as
well as convergence speed.
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Chapter 7

DOA ESTIMATION AND IMPAIRMENTS
LEARNING

This chapter presents a differentiable version of the MUSIC algorithm, enabling joint
hardware impairments learning and direction-of-arrival estimation. Section 7.1 introduces
the problem setting and discusses the impact of hardware impairments on the estimation
process. Section 7.2 provides a formal presentation of the MUSIC algorithm along with
its theoretical foundations. Section 7.3 then highlights the inherent non-differentiability of
MUSIC and introduces a modified differentiable formulation. Finally, Section 7.4 demon-
strates the superior performance of the proposed method compared to multiple baselines,
and Section 7.5 offers concluding remarks.
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7.1 Problem setting

7.1.1 General introduction
Direction of arrival estimation refers to the angular estimation of a wavefront imping-
ing on a sensor array. In modern wireless communication systems, DoAs are used for a
wide variety of tasks: localization, target tracking, beamforming, or interference manage-
ment [PTHV23; CNG24]. The growing interest in integrated sensing and communication
(ISAC), where sensing and communication are jointly performed, has further reinforced
the need of efficient DoA estimation methods. Classically, model-based algorithms have
been proposed to solve the DoA estimation problem [Sch86; Bar83; VVB88; RK89; Vas09].
While the use of subspace methods such as multiple signal classification (MUSIC) [Sch86],
or estimation of signal parameters via rotational invariance techniques (ESPRIT) [RK89]
allows to increase estimation performance, such methods are known to be sensitive to hard-
ware impairments. Several studies have been carried out to assess the impact of hardware
impairments on wireless communication performance [Bjö+13; Bjö+14; Bjö+15; HR10;
CC22a], but also on sensing performance [Boz+21; TI24; Che+24].

Owing to its inherent interpretability and efficiency advantages, as well as the broad
availability of analytical models, the MB-ML paradigm has been applied to a wide range
of tasks in the wireless communications field. This chapter explores whether MB-ML can
be effectively applied to jointly learn hardware impairments and estimate DoAs from mea-
surements, while maintaining both efficiency and interpretability, i.e. the task described
in Problem 3.3.

7.1.2 Related work and contributions
Related work

The use of machine learning methods in the DoA estimation context has been studied in
the literature: a non-exhaustive list includes [WLH19; Con+21; PSE21; LZW23; Ji+24].
Additionally, the model-based machine learning paradigm has been applied to this task
in [Shm+23; Shm+25]. The MUSIC method considers several assumptions on the system
model: e.g. sources must be non-coherent, the signals must be narrowband. In [Shm+23;
Shm+25], the authors aimed to relax these assumptions by introducing SubspaceNet: a
convolutional neural network that outputs a surrogate covariance matrix, that can then
be used by the MUSIC method. Such method has been shown to counter the effect of
coherent sources in addition to hardware impairments. The differentiable MUSIC (diff-
MUSIC) method proposed in this chapter is aimed at achieving hardware impairments
learning without the use of a CNN, thereby significantly reducing the number of learnable
parameters compared to SubspaceNet.
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Contributions

This chapter addresses the joint problem of DoA estimation and HWI learning within
the model-based machine learning paradigm. Specifically, it introduces a differentiable
MUSIC algorithm, thereby enabling the use of gradient-based optimization methods for
the considered problem. The main contributions are as follows:

• A differentiable version of the classical MUSIC algorithm is introduced by replacing
the non-differentiable arg max step by a convex combination of DoAs.

• Supervised and unsupervised learning strategies are presented, allowing an efficient
learning process.

• Experiments conducted on synthetic data against several baselines demonstrate the
effectiveness of the proposed method.

The method is shown to effectively compensate for significant antenna array impairments.
In particular, this study considers impairments in both the location and complex gain of
the radiating elements comprising the sensing antenna array.

7.1.3 Problem formulation
A uniform linear array composed of N antennas with half-wavelength spacing is consid-
ered 1. M < N non-coherent far-field sources are impinging the array. Measurements are
carried out over T snapshots:

X = Aζ (θ) S + N, (7.1)

where X ∈ CN×T corresponds to the measured signals, and θ ∈ [−π/2, π/2]M represents
the sources DoAs. The narrowband sources signals are defined as S = [s1, · · · , sT ] ∈ CM×T ,
such that si ∼ CN (0CM , σ2

sIdM). The sensing noise N = [n1, · · · ,nT ] ∈ CN×T is defined
such that ni ∼ CN (0CN , σ2

nIdN). Aζ (θ) = [aζ (θ1) , · · · , aζ (θ1)] ∈ CN×M is a steering
matrix defined with steering vectors:

aζ (θi) = 1
∥g∥2


g1e−j 2π

λ
p1u(θi)

...
gNe−j 2π

λ
pNu(θi)

 , (7.2)

where g = [g1, · · · , gN ]T ∈ CN represents the complex antenna gains, pi ∈ R is the location
of the ith antenna along the array axis, and u (θi) = cos (θi). Finally, ζ =

[
{gi}Ni=1 , {pi}

N
i=1

]
corresponds to a physical parametrization of the array manifold. This system model is
visualized in Fig. 7.1.

1. Note that the presented approach can be straightforwardly extended to any given antenna array
geometry.
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Figure 7.1: System model: blue antennas are the physical antennas, i.e. with HWI knowl-
edge, black antennas represent the nominal antenna, i.e. without HWI knowledge.

Remark 7.1. The system model presented in Eq. (7.1), originates from (H1). Specifically,
modeling the received signal as a noisy linear combination of steering vectors implicitly
relies on (H1), since the steering vector model itself can be derived from it. This derivation
constituted one of the key contributions presented in Chapter 4.

The main inquiry of this chapter can be formulated as follows: Can the DoAs θ be recovered
from the received signal X, while efficiently learning the HWIs?

7.2 Model-based approach

7.2.1 Subspace methods
The eigenstructure of the received signal covariance matrix can be exploited to perform
DoA estimation. This methodology is referred to as subspace-based, as it involves the
decomposition of the received signal into orthogonal components corresponding to the
signal and noise subspaces. An overview of this subspace decomposition is presented in
Highlight 7.1.
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Highlight 7.1: Subspace decomposition

Given a received signal X following Eq. (7.1), and under the assumption of non-
coherent sources, the covariance matrix of X can be expressed as:

ΓX = Aζ (θ) ΓSAH
ζ (θ) + σ2

nIdN , (7.3)

where ΓS, the covariance matrix of S, is diagonal. Since

rank
(
Aζ (θ) ΓSAH

ζ (θ)
)

= M, (7.4)

Aζ (θ) ΓSAH
ζ (θ) admits only M strictly positive eigenvalues. Furthermore, ΓX

admits the following eigenvalue decomposition (EVD):

ΓX = UΛUH, (7.5)

where U is the matrix containing the eigenvectors and Λ is the diagonal matrix
holding the eigenvalues on its diagonal. Then, combining Eq. (7.3) and (7.5) yields
the following results a:

1. The eigenvalues ordered by decreasing amplitude are:

λ1, · · · , λM , λM+1, · · · , λM+1, (7.6)

where λM+1 = σ2
n has multiplicity N −M .

2. The eigenvectors span a space that can be decomposed into signal and noise
subspaces:

U = [US,UN ] , (7.7)
with US⊥UN .

As span (Aζ (θ)) = span (US), it is then clearly established that Aζ (θ)⊥UN ,
leading to:

∀i ∈ J1,MK,
∥∥∥UH

NAζ (θi)
∥∥∥2

2
= 0. (7.8)

a. See [SM05, Chapter 4, pp.159-164], or Appendix F.1 for more details.

7.2.2 MUSIC
The core of the MUSIC algorithm lies in Eq. (7.8), and is summarized in Algorithm 5.
Since the inverse of Eq. (7.8) tends to infinity for the sources’ DoAs, the MUSIC algorithm
involves evaluating this inverse on an angular grid θg and identifying the sources’ DoAs as
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the arguments of the peaks. It is important to note from Eq. (7.13) that DoA estimation
performance depends on the array parametrization knowledge: imperfect knowledge of
the antenna gains and locations leads to error in the MUSIC spectrum peak locations and
amplitudes, thereby altering the estimated DoAs, as presented in Fig. 7.2.

Algorithm 5 MUSIC algorithm.
Inputs: Measured signals X ∈ CN×T , number of sources M , angular grid θg ∈ RNθ ,

current array parametrization knowledge ζ.
1: Compute the sample covariance matrix:

Γ̂X = 1
T

XXH. (7.9)

2: Perform the EVD of the sample covariance matrix:

Γ̂X = ŨΛ̃ŨH. (7.10)

3: Order the eigenvectors by decreasing eigenvalues amplitude, and perform subspace
separation:

Ũ =
[
ŨS, ŨN

]
. (7.11)

4: Compute the MUSIC spectrum along the angular grid:

PMUSIC (θg|ζ) = 1∥∥∥ŨH
NAζ (θg)

∥∥∥2

2

. (7.12)

5: Estimate the DoAs as the argument of the M top-peaks:

θ̂ = arg maxM
θg

PMUSIC (θg|ζ) . (7.13)

Output: θ̂ ∈ RM (Estimated DoAs)

7.3 Towards diffMUSIC

As previously mentioned, the performance of the classical MUSIC algorithm deteriorates
when considering hardware impairments. To address this issue, it is proposed to modify
its structure to make it differentiable, enabling the learning of the array parametrization
within the DoA estimation scheme, through the use of first order methods.
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Figure 7.2: MUSIC performance under gain and location impairments: nominal, resp.
physical, represents the spectrum without, resp. with, hardware impairment knowledge.

7.3.1 Model-based differentiable architecture
Stochastic gradient descent (SGD) is leveraged to solve:

minimize
ζ

E(θ,X)∼pθ,X

[
µ
(
θ, θ̂ (X|ζ)

)]
,

subject to ζ ∈ CN × RN
(7.14)

where pθ,X represents the data distribution, µ is a loss function on the DoAs, θ are the
true DoAs associated to the measurements X, and θ̂ (X|ζ) are estimated DoAs from
a given DoA estimator with array parametrization knowledge ζ. In order to solve the
problem described in Eq. (7.14) through SGD, it is necessary to compute the gradients
∇ζµ(θ, θ̂ (X|ζ)). Using the derivative chain rule 2, the following loss gradient expression
can be obtained:

∇ζµ(θ, θ̂ (X|ζ)) = ∆T
θ̂(X|ζ),ζ∇θ̂(X|ζ)µ

(
θ, θ̂ (X|ζ)

)
(7.15)

=
[
∇ζ1θ̂ (X|ζ) , · · · ,∇ζ2N

θ̂ (X|ζ)
]T
∇θ̂(X|ζ)µ

(
θ, θ̂ (X|ζ)

)
. (7.16)

It then becomes evident that evaluating the Jacobian ∆θ̂(X|ζ),ζ is required in order to
compute the gradients ∇ζµ(θ, θ̂ (X|ζ)): this defines the core challenge of this chapter,

2. See Definition 2.11.
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as explained thereafter. The MUSIC algorithm is inherently non-differentiable, a charac-
teristic arising from the arg max operation in Eq. (7.13). This hard decision scheme can
be represented through angular masks containing a single value at each spectrum peak,
with no operations performed within those windows. Since only the operations following
the applications of the fixed angular masks are considered for gradient computations,
it leads to the non-existence of ∆θ̂(X|ζ),ζ for the MUSIC method, which results in its
non-differentiability.

It is thus proposed to replace this hard-decision scheme with the differentiable softmax-
based approach outlined in Algorithm 6, where each estimated DoA can be seen as a con-
vex combination of grid DoAs around the associated MUSIC spectrum peak. Note that
θmask
i = ΠL(θg, θpeak

i ) denotes a windowing operation of size L, applied on the DoA grid
θg, centered around θpeak

i such that θmask
i ∈ RL. As for MUSIC, the diffMUSIC method

initially estimates the spectrum peaks using a non-differentiable peak finding method:
arg max in Eq. (7.17). Then, angular windows are defined around each peaks. As depicted
in Eq. (7.19), within each window, the estimated DoAs are computed using differentiable
operations involving the steering matrix Aζ (θg). Indeed, the MUSIC spectrum is com-
puted using this steering matrix. Since computations involving Aζ (θg) are performed
after the peek finding step, the existence of ∆θ̂(X|ζ),ζ is guaranteed for a fixed angular
mask, thereby making the method differentiable. Note that, in addition to being differ-
entiable, this approach also increases angular resolution as off-grid estimates are possible
through the convex DoA combination.

Algorithm 6 diffMUSIC algorithm.
Inputs: Computed MUSIC spectrum PMUSIC (θg|ζ) from Eq. (7.12), angular window size

L, current array parametrization knowledge ζ.
1: Find peaks in PMUSIC (θg|ζ): θpeak =

[
θpeak

1 , · · · , θpeak
M

]
:

θpeak = arg maxM
θg

PMUSIC (θg|ζ) . (7.17)

2: for each θpeak
i do

3: Compute an angular mask centered around θpeak
i :

θmask
i = ΠL(θg, θpeak

i ). (7.18)

4: Estimate the associated DoA:

θ̂i =
(
θmask
i

)T
softmax

(
PMUSIC

(
θmask
i |ζ

))
. (7.19)

5: end for
Output: θ̂ ∈ RM (Estimated DoAs)
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Table 7.1: Training complexity comparison: M ≪ Nθ.

µSL,θ µSL,P µUL

Time
complexity O (N2Nθ + κpeak + κEVD + LM) O (N2M + κEVD) O (N2Nθ + κpeak)

7.3.2 Task-based loss functions
Supervised learning

As presented in [Shm+23; Shm+25], the root mean squared periodic error (RMSPE) on
the DoAs can be used as a loss function to solve the optimization problem represented
in Eq. (7.14), in a supervised learning (SL) manner. This loss function can be formally
defined as:

µSL,θ = 1
|D|

∑
(θ,X)∈D

min
P∈P

∥∥∥modπ
(
θ −Pθ̂ (X|ζ)

)∥∥∥
2√

M
, (7.20)

where P denotes the set of permutation matrices, and D = {(θi,Xi)}Nt

i=1 is the training
set. The RMSPE takes into account the permutation invariance in the DoA learning task
through the permutation matrices P ∈ P 3. Rather than learning through estimated
DoAs, a proposed alternative strategy is to maximize the MUSIC spectrum amplitude at
the true DoA locations. The associated supervised loss is defined as:

µSL,P = − 1
|D|

∑
(θ,X)∈D

∑
i

PMUSIC (θi|ζ) . (7.21)

This approach does not directly solve Eq. (7.14); instead, it addresses a proxy problem, the
solution of which translates into minimizing the DoA estimation error. Indeed, minimizing
µSL,P can be interpreted as finding an array parametrization that minimizes the correlation
between steering vectors associated to the true DoAs and the noise subspace eigenvectors,
i.e. it aims at maximizing orthogonality between signal and noise subspaces. As a matter
of fact, it is shown in Appendix F.2, that minimizing µSL,P is equivalent to minimizing a
principal-angle-based distance, which, when minimized, maximizes the distance between
the signal and noise subspaces, thereby enforcing orthogonality.

Once the impairments are learned using µSL,P , the DoAs can then be estimated us-
ing the classical MUSIC algorithm, or through diffMUSIC, with the learned array. This
alternative SL strategy presents a reduced computational complexity during training in
comparison to the RMSPE based strategy. This is presented in Table 7.1, where κpeak,
resp. κEVD, represents the time complexity associated with the peak finding function,
resp. EVD. This complexity reduction arises from the fact that, with µSL,P , the MUSIC
spectrum only needs to be evaluated at the true DoA locations, rather than over a fine

3. More information about this metric can be found in [Shm+23].
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Figure 7.3: Illustration of the diffMUSIC method, in addition to the training complexity
of the different loss functions: M ≪ Nθ.

angular grid, as required for computing the DoAs with µSL,θ.

Unsupervised learning

The proposed SL approaches rely on true DoA knowledge, which may limit their practi-
cal applicability. An unsupervised learning (UL) strategy can be implemented by using
a loss function designed to maximize the MUSIC spectrum peaks within each angular
mask in diffMUSIC. Such loss function can, for instance, be based on the coefficient of
variation, the Gini coefficient, the kurtosis or the Kullback-Leibler divergence relative to
the uniform distribution. It is proposed to consider a Jain’s index based loss function
where minimization translates to a sharp peak inside the masked spectrum. The Jain’s
index is formally defined as follows:

∀x ∈ Rn, J (x) = (∑i xi)2

n
∑
i x

2
i

, (7.22)

and the associated unsupervised loss function can be defined as:

µUL = 1
|D|

∑
X∈D

∑
i

J
(
PMUSIC

(
θmask
i (X|ζ) |ζ

))
, (7.23)

where θmask
i (X|ζ) is the obtained angular mask for given measurements in Eq. (7.18). In

addition to Table 7.1, Fig. 7.3 presents the overall diffMUSIC structure, as well as the
computational complexity of the different proposed loss functions.

7.4 Experiments

It is proposed to study the impairments learning performance of the proposed diffMUSIC
method in different scenarios against several baselines.
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7.4.1 Learning framework and baselines
Data generation

A ULA with N = 16 antennas is considered, and measurements are generated following
Eq. (7.1). The sources DoAs are generated as:

∀i ∈ J1,MK, θi ∼ U [−80◦, 80◦] . (7.24)

The sensing SNR is computed as SNR = 10 log10 (σ2
s/σ

2
n). Concerning the hardware im-

pairments, imperfections in both antenna locations and gains are taken into account. For
the antenna locations, one has:

∀i ∈ J1,MK, pi = p̃i + δpi
, (7.25)

where pi, resp. p̃i, denotes the physical, resp. nominal, ith antenna location, and δpi
∼

U [−η, η], with η ∝ λ/2 4. Similarly, for the antenna gains, one has:

∀i ∈ J1,MK, gi = g̃i + δgi
, (7.26)

where gi, resp. g̃i, denotes the physical, resp. nominal, complex gain for the ith antenna,
and δgi

∼ CN
(
0, σ2

g

)
.

Unless otherwise stated, M = 5 sources, T = 100 snapshots, η = 0.5λ/2, and σ2
g = 0.36

are considered.

Baselines

The proposed approach is compared against the classical MUSIC algorithm, denoted as
M, with nominal and physical array, but also against diffMUSIC, denoted as dM, with
physical array. Note that the window size L of diffMUSIC is optimized in each considered
scenario. Additionally, it is proposed to compare diffMUSIC against the SubspaceNet
network presented in [Shm+23]: as its goal is to learn a surrogate covariance matrix
to counter imperfections in the sensing process, it is able to take into account hardware
impairments. The evaluation metric for all approaches is the RMSPE defined in Eq. (7.20),
evaluated over a test set.

7.4.2 Results
Performance against baselines.

Table 7.2 presents a DoA estimation performance comparison for M ∈ {1, 5} sources, at
30dB SNR. It can be seen that the proposed approaches, i.e. dM with the different loss
functions, outperform the MUSIC algorithm with nominal array knowledge. Moreover,

4. Note that the locations are only altered along the non-null dimension of the ULA.
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one can see that SubspaceNet performs relatively well for M = 1 but totally fails to
learn the imperfections in the multi-source scenario. Additionally, it can be seen that
diffMUSIC with µSL,P equals or outperforms diffMUSIC with physical array, indicating
good impairment learning capabilities. Furthermore, one can remark that the UL approach
presents good performance in the multi-sources scenario: this is of particular interest as
this approach does not rely on labeled DoAs. Note that this approach could be extended in
an online learning strategy where the antenna array would learn its hardware impairments
on the fly. Finally, the superior performance of diffMUSIC compared to MUSIC, both
evaluated using a physical array, highlights the off-grid estimation capabilities of the
diffMUSIC method.

Learned parameters and MUSIC spectrums

It is proposed to visualize both the learned parameters by the proposed methods for
M = 5, and their impact on the associated MUSIC spectrums.

Fig. 7.4 presents the learned parameters: the center of each circle represents an an-
tenna location, the circle radius represents the associated complex gain magnitude, and
the segment angle represents the associated complex gain phase. It can be seen that the
µSL,θ approach presents good impairments learning except for two antennas whose defaults
are small. It is worth noting that both the µSL,P and µUL approaches achieve near-perfect
learning of the impairments which aligns with their strong performance observed in Ta-
ble 7.2.

Fig. 7.5 presents the spectrums obtained with the learned parameters by the different
approaches. Results are illustrated at 10dB SNR for better visualization. One can remark
that, as expected by the definition of the objective of this loss function, the spectrum
obtained with the array parametrization learned through µSL,P tightly follows the physical
spectrum. One can also note that the peaks of the spectrum obtained through µSL,θ are
aligned with the ones of the physical spectrum. Unsurprisingly, an angular shift is observed
in the peaks of the spectrum obtained through µUL: while this approach allows to maximize
peak amplitudes, its unsupervised nature does not allow to introduce inductive angular
bias on the peak locations during training. This angular shift phenomenon is particularly
noticeable near the endfire of the antenna array.

Performance against sensing noise

Fig. 7.6 presents the DoA estimation performance evolution with variable SNR, for M = 5
sources and T = 100 snapshots. One can remark that, while the µSL,θ approach presents
good performance in the high SNR region, the µSL,P approach presents the overall best
performance as it follows tightly the diffMUSIC performance with physical array. It is
worth noting that, in the very low SNR region, both the µSL,θ and µUL approaches are
significantly affected by noise, preventing them from effectively learning hardware impair-
ments. In contrast, the µSL,P approach does not suffer from that issue.
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Figure 7.4: Learned parameters comparison for M = 5, 30dB SNR.
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Performance against snapshot number

Fig. 7.7 presents the DoA estimation performance evolution with variable number of snap-
shots forM = 5 sources and 30dB SNR. As expected, the estimation performance degrades
across all approaches when the number of snapshots is low. This can be attributed to the
higher estimation error in the empirical covariance matrix when T is low. It is also worth
noting that the µSL,P approach exhibits the overall best performance. It demonstrates its
superiority against other methods as it offers both better estimation performance in low
SNR or low snapshot scenarios, while also achieving lower time complexity.

7.5 Conclusion

The objective of this chapter was to apply the MB-ML paradigm to the joint estimation
of HWIs and DoAs, as formalized in Problem 3.3. Several remarks can be made regarding
this approach:

• Following the MB-ML paradigm, the problem’s domain knowledge, formalized in
hypothesis (H1), was leveraged to propose an analytical model of the received sig-
nal. This model was subsequently used to structure a learning method, in the
form of a differentiable algorithm, based on the classical MUSIC algorithm. Do-
main knowledge was also used to initialize the learning method, by initializing the
differentiable MUSIC algorithm with a dictionary of nominal steering vectors.

• Multiple experiments demonstrated the strong learning performance of the proposed
method. In particular, it was shown to accurately recover strong HWIs, both on com-
plex gains and positions of the antenna array elements, even in the presence of high
sensing noise and low number of measurement snapshots. Moreover, the proposed
differentiable peak-finding mechanism enables angular estimates to be obtained in
a continuous domain rather than being restricted to a fixed angular grid, thereby
enhancing the overall estimation resolution.

• Several task-specific loss functions were introduced. The proposed unsupervised
learning loss is especially noteworthy, as it enables hardware impairment compensa-
tion without requiring ground-truth DoA measurements, while also reducing com-
putational complexity compared to the classical RMSPE-based loss.

204



Chapter 8

CHANNEL CHARTING AND BEAM
PREDICTION

This chapter focuses on designing an efficient beam prediction framework in a cell-free
massive MIMO system. The proposed approach leverages the model-based machine learning
paradigm to develop both a neural encoder and decoder. The encoder builds on the channel
charting concept, which is introduced in Section 8.1. Subsequently, Section 8.2 presents a
formal definition of the considered problem. Section 8.3 details the proposed neural network
architectures and the overall beam prediction framework. Experimental results validating
the effectiveness of the proposed approach are presented in Section 8.4. Finally, Section 8.5
provides some concluding remarks.
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Part II, Chapter 8 – Channel charting and beam prediction

8.1 Primer on channel charting
Channel charting, introduced in [Stu+18], is a powerful tool for dimensionality reduction
problems in wireless communications, and serves as the core of the contributions presented
in Chapters 8 and 9. As such, this section aims at providing a brief introduction to the
CC concept.

8.1.1 Problem formulation
From a high level perspective, channel charting is an unsupervised dimensionality re-
duction technique that aims at embedding propagation channels in a low-dimensional
representation space. The embedded channels are usually referred to as pseudo-locations,
channel charts, or charts. The core of the CC concept lies in the preservation of spatial
neighborhoods between the channel and pseudo-location spaces.

Highlight 8.1: Channel charting

Let S ⊂ R3 define a location space, in which a BS equipped with Na antennas
operates on Ns distinct subcarriers. Given N different UEs located at xi ∈ S,
their channels are denoted as h (xi) ∈ CNaNs . Channel charting consists in finding
an encoding function:

E : CNaNs −→ Z
h (x) −→ z,

(8.1)

where Z is an embedding space such that:

dimR (Z)≪ dimR

(
CNaNs

)
. (8.2)

Additionally, the core of the CC concept consists in finding an encoding function
for which spatial neighborhoods are preserved between the channel and represen-
tation spaces, i.e. ∀ (i, j) , i ̸= j:

∥xi − xj∥2 ≃ γ ∥zi − zj∥2 , (8.3)

where γ ∈ R is a scaling constant, and zk = E (h (xk)), for k ∈ {i, j}.

An illustration of the CC concept is provided in Fig. 8.1. For both (a) and (b), UE locations
are color-coded, and the corresponding pseudo-locations, computed from the associated
channels, are represented using the same colors. This visualization reveals that, from a
high level perspective, spatial neighborhoods, i.e. cluster of similarly colored points, are
largely preserved through the encoding function. However, one can remark that the chart-
ing procedure can create false neighborhoods in the representation space. For instance,
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8.1 Primer on channel charting

Figure 8.1: Illustration of the channel charting concept: (a) and (b) represents two differ-
ent propagation environments, where the red triangle represents the BS location. In the
used charting procedure, dimR (Z) = 5, but only the first two dimensions of the pseudo-
locations are represented.

in Fig. 8.1 (a), green and yellow points appear close in the pseudo-location space but are
distant in the location space. Moreover, while this graphical representation provides qual-
itative insights into the behavior of the channel charting method, it remains insufficient
for a rigorous assessment of its performance. This highlights the necessity of quantitative
performance metrics.

8.1.2 Performance measures

Within the CC framework, the quality of the used encoding function is evaluated based
on its ability to preserve topological structures, such as spatial neighborhoods or global
structures, between the channel and representation spaces. Standard quantitative met-
rics consists of the continuity (CT), trustworthiness (TW) [VK01], and Kruskal’s stress
(KS) [Kru64].

Continuity

The CT quantifies how much the encoding function preserves the spatial neighborhoods
of the location space, that is how much channels corresponding to close locations are
embedded in pseudo-locations that are also close. A formal definition is presented in
Definition 8.1.
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Definition 8.1: Continuity

Let N S
K (xi) denote the set of indices of the K-nearest neighbors of xi in the

location space S. The CT is defined as:

CT (K) = 1− 2
NK (2N − 3K − 1)

N∑
i=1

∑
j∈N S

K(xi)
r̂ (i, j)−K, (8.4)

where r̂ (i, j) denotes the rank of zj relative to zi, in terms of Euclidean distance
in Z, i.e. r̂ (i, j) = n if zj is the nth closest pseudo-location to zi among all N
pseudo-locations.

This metric is within the [0, 1] range, 1 meaning that for all of the N locations, their K-
nearest neighbors are embedded among the K-nearest neighbors of the associated pseudo-
locations, that is that all K-neighborhoods are preserved through the dimensionality
reduction method. On the contrary, a zero-valued CT means that the embedding did not
preserve any K-neighborhood.

Trustworthiness

The TW can be seen as the dual of the CT, i.e. how much spatial neighborhoods in
the pseudo-location space correspond to actual neighborhoods in the location space. This
metric can therefore be interpreted as an indicator to which extent the encoding function
avoids creating false neighborhoods in the pseudo-location space. A formal definition is
presented in Definition 8.2.

Definition 8.2: Trustworthiness

Let ÑZ
K (zi) denote the set of indices of the K-nearest neighbors of zi in the

pseudo-location space Z, which are not its neighbors in the location space S.
The TW is defined as:

CT (K) = 1− 2
NK (2N − 3K − 1)

N∑
i=1

∑
j∈Ñ Z

K (zi)

r (i, j)−K, (8.5)

where r (i, j) denotes the rank of xj relative to xi in terms of Euclidean distance
distance in S.

Similarly to the CT, the TW lies within the [0, 1] range, and is optimal when one-valued.
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Kruskal’s stress

Rather than quantifying how well spatial neighborhoods are preserved, KS quantifies how
well the global structures in the location space are preserved in the pseudo-location space.
A formal definition is proposed in Definition 8.3.

Definition 8.3: Kruskal’s stress
The KS is defined as:

KS =

√√√√√∑i,j

(
∥xi − xj∥2 − γ ∥zi − zj∥2

)2

∑
i,j ∥xi − xj∥2

2
, (8.6)

where the weighting term γ is defined as:

γ =
∑
i,j ∥xi − xj∥2 ∥zi − zj∥2∑

i,j ∥zi − zj∥2
2

. (8.7)

In opposition to the CT and TW metrics, the KS is optimal when zero-valued.

8.1.3 Towards a model-based approach
As previously outlined, the CC concept is based on the use of an encoding function.
There exists numerous approaches to design this function, some of which includes feature
selection [Stu+18], siamese networks [Lei+19] or triplet networks [Fer+21; Yas+22].

In this thesis, a particular focus is brought to the use of the ISOMAP algorithm, in-
troduced in [TdSL00], which allows dimensionality reduction through a process involving
the computation of a distance graph. Owing to this distance reliance, it is necessary to
design a distance that is well adapted to the charting problematics. Specifically, the study
of Le Magoarou in [LeMag21a] showed the inadequacy of the classical Euclidean distance
in this context: the main findings are summarized in Highlight 8.2.

Highlight 8.2: [LeMag21a] Euclidean distance and channel
charting

Considering the Euclidean distance for CC, i.e.:

d (hi,hj) = ∥hi − hj∥2
2 , (8.8)

several remarks can be made, as listed below.

1. Path loss impact. Due to path loss, channels corresponding to locations
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that are far from the base stations possess a small Euclidean distance,
thereby making their pseudo-locations close. Conversely, channels corre-
sponding to locations that are near the base station appear spaced in the
representation space.

2. Normalization impact. A natural solution to the aforementioned problem
consists in normalizing the channels, i.e. considering:

d (hi,hj) =
∥∥∥∥∥ hi
∥hi∥2

− hj
∥hj∥2

∥∥∥∥∥
2

2
. (8.9)

However, using this distance, a pathological case arises: when UEs are in the
same direction to the BS, but spaced by half a wavelength. In this case, it
can be shown that the normalized Euclidean distance is maximal, yielding
maximally spaced channels, and thus pseudo-locations, for UEs that are
usually spaced by only a few centimeters.

These two limitations are illustrated in Fig. 8.2.

Figure 8.2: Illustration of Highlight 8.2.

Due to the inherent limitations of the Euclidean distance for CC, an adapted phase-
insensitive (PI) distance was introduced in [LeMag21a]. It is defined as the solution of an
optimization problem, which admits a closed-form solution:

d (hi,hj) = min
ϕ∈[0,2π]

∥∥∥∥∥ hi
∥hi∥2

− ejϕ hj
∥hj∥2

∥∥∥∥∥
2

2
(8.10)

=

√√√√√2− 2

∣∣∣hH
i hj

∣∣∣
∥hi∥2 ∥hj∥2

. (8.11)

This approach originates from the observation that the global phase of channels varies
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rapidly with the UE location, leading to the undesired effects described in Highlight 8.2.
Therefore, introducing a phasor to align the channels allows to compensate for this effect.

Remark 8.1. All theoretical developments leading to the observations presented in High-
light 8.2 and in the PI distance rely on the assumption that channels are pure steering/fre-
quency response vectors, which can be traced back to (H1), as presented in Chapter 4.

Remark 8.2. Note that the use of the PI distance relies on perfect synchronization be-
tween the BS and each UE. A UE-dependent time offset ∆ti biases the perceived distances
at the BS, leading to degraded CC performance. Indeed, considering UEs located at the
same distance d from the BS, and thus sharing the same LoS propagation delay τ , their
frequency response vectors, corresponding to the LoS channel, can be expressed, for UE i,
as:

ψf,i (τ) =


e−j2πf1(τ+∆ti)

...
e−j2πfNs (τ+∆ti)

 , (8.12)

where Ns denotes the number of considered frequencies. It becomes evident that, in the
presence of unsynchronized UEs, i.e. when each UE has a specific time offset ∆ti, the
corresponding FRVs become UE-dependent, whereas they should ideally be identical, since
all UEs share the same distance from the BS.

While multiple distances can be used as channel dissimilarity metrics 1, the contributions
presented in this chapter and the following exclusively rely on the PI distance.

8.2 Problem setting

8.2.1 General introduction
Large amounts of available bandwidth in the millimeter wave (mmWave) frequency bands
is a key enabler of the high throughput requirements of 5G and Beyond 5G communica-
tion systems. Such high frequencies allow antenna sizes to decrease, resulting in practical
mMIMO systems. As such systems possess high spatial directivity, it is of paramount
importance to have precise beam management methods to benefit from the associated
beamforming gain. Indeed, in mMIMO systems, a small angular error in the BSs beam
steering angle towards the UE of interest could lead to a highly degraded link perfor-
mance [CC22b]. In order to keep beam selection tractable, 3GPP standardized beam
management procedures for 5G New Radio (5GNR) [3GP23]. The standard imposes for
each BS to possess a codebook of precoders from which it picks the one that maximizes
link performance for each individual UE. This procedure has to be carried out frequently
as the UEs are likely to be moving. All of those constraints result in a complex beam
management procedure, requiring constant exchanges between all BSs and UEs.

1. An interested reader is referred to [SEB24, Fig. 2] for further details.
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In the last decade, machine learning (ML) has emerged as a promising solution in many
communication problems such as channel estimation [He+18; BDA20; YLM22; CLMR23;
Cha+24b], detection [SDW19; Cor+18], positioning [Cha+23] or decoding [Cor+22]. ML
methods have been successfully applied for location-based beamforming [LeMag+22b] and
beam management [Pon+21; Kaz+23]. More particularly, approaches combining channel
charting and deep learning have been used for beam prediction and precoder learning in
non-standalone mmWave [Pon+21] and cell-free (CF) mMIMO systems [LeMag+22a].

In CF mMIMO systems, a UE can be served by multiple BSs. In such scenarios, one
can think of the following approach: through channel charting, a BS generates a pseudo-
location from a collected uplink channel, and sends this pseudo-location to other BSs.
Then, at each BS, a neural network is used to infer the best beam in its codebook, based
solely on the received pseudo-location. This approach only requires estimating the uplink
channel at one BS, resulting in a significant reduction of beam management complexity.

8.2.2 Related work and contributions
Contributions

This chapter tackles the task of jointly encoding and decoding CSI into a beam index,
as formalized in Problem 3.4. While the use of the model-based approach for this encod-
ing/decoding task has been previously investigated in [LeMag+22a], this chapter considers
a similar methodology in a different setting, namely using codebooks rather than directly
decoding precoders. The key contributions of this chapter are summarized as follows.

• A model-based neural encoder and decoder are considered to jointly encode a chan-
nel into a low-dimensional representation, and decode it into a best beam index in
a codebook.

• The performance of the proposed encoder/decoder approach are assessed on realistic
synthetic data against classical approaches, highlighting its performance.

• The proposed method, that can be seen as solving a classification task, is also
compared to a regression approach, where a precoder is directly learned without
constraining it to come from a given codebook.

Overall, the proposed approach is shown to greatly reduce the beam management com-
plexity compared to classical methods, while presenting satisfactory beamforming perfor-
mance.

Related work

Inferring a beam in a codebook from a pseudo-location has recently been proposed
in [Pon+21]. However, this paper dit not followed the MB-ML paradigm for the de-
coding network, as it used a classical MLP to predict beams. Additionally, the perfor-
mance of the proposed method were only evaluated on a small scene. Directly learning
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Figure 8.3: System model: here B = 3, Nu = 3.

a precoder has also been studied in [LeMag+22b; LeMag+22a; MEE10]. More particu-
larly, [LeMag+22a] proposed a model-based neural network for the precoder learning task.
However in [LeMag+22a], directly learned precoders were not compared to a codebook-
based classification approach.

8.2.3 Problem formulation
In this chapter, a CF mMIMO system is considered, as depicted on Fig. 8.3, comprising B
BSs using uniform planar arrays (UPAs) with Na antennas, and Nu single-antenna UEs.
Multicarrier transmissions with Ns subcarriers are considered. Note that the approach
could be easily transposed with multi-antenna UEs as in [Pon+21]. The system operates
with different uplink and downlink central frequencies ful and fdl. Let hi,j ∈ CD, resp.
gi,j ∈ CD, be the uplink, resp. downlink, channel between BS i and UE j. Note that
vectorized channels are considered, hence D = NaNs. The location of UE j is denoted as
xj ∈ R3.

Each BS uses the same 2D Discrete Fourier Transform (DFT) codebook C ∈ CNb×Na .
It is defined using the Kronecker product as follows:

C = 1√
NvNh

Ψv ⊗Ψh, (8.13)

where Ψv ∈ COvNv×Nv and Ψh ∈ COhNh×Nh , with Nh and Oh, resp. Nv and Ov, repre-
senting the number of antennas and oversampling factor for the horizontal, resp. vertical,
dimension of the BS UPA. Note that the number of beams in the 2D-DFT codebook is a
multiple of the number of BS antennas: Nb = OvOhNvNh = OvOhNa, as Na = NvNh. In
this chapter, Oh = Ov = 2 so that the oversampling factor is uniformly split between the
azimuth and elevation dimensions. For k ∈ {h, v}, the 1D-DFT codebook can be defined
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as follows:

Ψk =



1 1 · · · 1

1 ej2π 1
OkNk · · · ej2π (Nk−1)

OkNk

...

1 ej2π (OkNk−1)
OkNk · · · ej2π (OkNk−1)(Nk−1)

OkNk

 . (8.14)

For each UE u, the best beam in the codebook at BS b is ci⋆
b,u
∈ CNa , with:

i⋆b,u = arg max
i

1
Ns

Ns∑
s=1

∣∣∣cH
i g̃b,u,s

∣∣∣2
∥g̃b,u,s∥2

2
, (8.15)

where g̃b,u,s ∈ CNa is the downlink channel between BS b and UE u at subcarrier s. In
other words, the chosen precoder maximizes the mean correlation over all subcarriers
between the precoder and the downlink channel. The kth best beam index at BS b for UE
u is denoted by i⋆,kb,u.

Objective

The pursued objective is to choose an appropriate precoder based on a low-dimensional
representation of the channel, possibly computed at another BS and/or at a different
frequency. To do so, channel charting is used to obtain a pseudo-location z ∈ Rd from
an uplink channel h ∈ RD estimated at one BS. That pseudo-location is then sent to all
the other BSs, which can subsequently infer the best beam in their respective codebook
based on that pseudo-location. Formally, the proposed contribution can be defined as an
encoding function whose role is to compress channels, via channel charting:

E : CD −→ Rd

h −→ z = E (h) ,
(8.16)

and a decoding function whose role is to map compressed channels to appropriate beams
(beam selection), which solves a classification problem:

Dc : Rd −→ N∗

z −→ i = Dc (z) .
(8.17)

Our intention is to compare the proposed technique with the one presented in [LeMag+22a],
where a precoder, not constrained to belong to a codebook, is inferred from the pseudo-
location. In that case the decoding function becomes a precoder decoding function, which
solves a regression problem:

Dr : Rd −→ CNa

z −→ w = Dr (z) .
(8.18)

Remark 8.3. Note that the precoder is learned only for one subcarrier, e.g. the central
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subcarrier: it is possible to learn it for every subcarrier but it is not done in this chapter
for the sake of clarity in the comparisons. One can remark that, due to Eq. (8.15), the
inferred beam by the classification learner is valid for all subcarriers. This also holds true
for the regression learner under the narrowband assumption. Note that there is only one
encoding function, i.e. at the BS doing the channel charting, but B decoding functions,
i.e. one at each BS.

Performance measures

In order to measure the performance of the beam decoding function, i.e. decoding the
correct beam index from the pseudo-location at a particular BS b, it is proposed to use
the modified top-k accuracy defined as:

γkb = 1
Nu

Nu∑
u=1

1{i⋆b,u
,i⋆,2

b,u
,··· ,i⋆,k

b,u} (Dc,b (zu)) , (8.19)

where Dc,b denotes the classification decoder associated with BS b. This metric lies in the
[0, 1] range: 0 means that predicted beams are never among the k best, while 1 means
that all predicted beams are always among the k best. When learning the precoder,
the performance measure at BS b for each UE u is the normalized correlation between
the learned precoder and the downlink channel (at the central subcarrier denoted f), as
proposed in [LeMag+22b]:

ηb,u =

∣∣∣Dr,b (zu)H g̃b,u,f
∣∣∣2

∥g̃b,u,f∥2
2

, (8.20)

where Dr,b denotes the regression decoder associated with BS b. This metric is between 0
and 1: 0 means that the precoder is orthogonal to the downlink channel, while 1 means
that it is perfectly aligned, i.e. collinear, with the downlink channel.

8.3 Proposed method
This section presents the proposed beam selection method, which can be divided into two
distinct stages: inference, representing the normal operating mode, and training, which
serves as a calibration phase. Both the encoding and decoding functions follow a similar
approach as in [LeMag+22a; Yas+22]. Additionally, as exposed earlier, the encoding stage
is done using channel charting only at one BS, referred to as BS1 for the rest of the chapter.

8.3.1 Inference
The inference phase of the proposed method can be split into three distinct steps, which
are detailed below and illustrated in Fig. 8.4:

215



Part II, Chapter 8 – Channel charting and beam prediction

Figure 8.4: Schematic of the proposed encoding/decoding scheme, in the inference state.
ci denotes the ith codeword of the considered codebook.

• Encoding. Using the dimensionality reduction algorithm ISOMAP as the channel
charting method, d latent variables (d≪ D) are computed from an uplink channel
h1,k ∈ CD to form the pseudo-location zk ∈ Cd at BS1. As it is conventional for
manifold learning methods, ISOMAP is computationally intensive in out-of-sample
scenarios. As this inference method is used for the beam management of each UE, it
is of paramount importance to optimize it. A way to overcome this complexity issue
has been presented in [LeMag+22a] and is recalled in Fig. 8.5. D and Z are matrices
composed of uplink calibration channels and associated pseudo-locations, obtained
using the ISOMAP algorithm equipped with the PI distance recalled in Eq. (8.11).
For a given channel h1,k, the associated pseudo-location zk can be seen as a wisely
chosen convex combination of the pseudo-locations obtained with the calibration
uplink channels.

• Transmitting. The computed pseudo-location zk is sent to all other BSs by BS1.

• Decoding. All BSs use the received pseudo-location to perform beam selection using
their decoding functions.

A beam management complexity comparison is presented in Table 8.1. The classical ap-
proach is beam sweeping: each BS must test each beam of its codebook. For each of the B
BSs, this requires the estimation of D complex numbers, representing the uplink channel
of a UE. On the other hand, the proposed approach only requires one uplink channel
estimation, and the transmission of the computed pseudo-location, of dimension d, to the
other BSs, achieving a substantial complexity reduction.
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Figure 8.5: Method for efficient channel charting in out-of-sample scenarios [LeMag+22a;
Yas+22]. This succession of operations can be seen as an encoding neural network, with
parameters D and Z. The HTK non-linearity is presented in Section 6.3.

Table 8.1: Inference complexities (d≪ D).

Beam sweeping Proposed method
Inference complexity O (BD) O (D +Bd)

8.3.2 Training
The main objective of this chapter is to propose efficient encoding and decoding functions.

Encoder/decoder architectures

Encoder. As stated before, the encoder consists of the ISOMAP-based channel charting
method illustrated in Fig. 8.5. This approach enables an efficient out-of-sample chart-
ing procedure, and overcomes the well-known limitations of ISOMAP in such contexts. It
relies on two matrices, D and Z, that are obtained using ISOMAP. Specifically, an up-
link channel calibration dataset {h1,1, · · · ,h1,Ncal} is first collected at BS1. The ISOMAP
algorithm is then applied using the PI distance proposed in [LeMag21a], resulting in a
pseudo-location calibration dataset {z1, · · · , zNcal}. The matrices are subsequently defined
as D = [h1,1, · · · ,h1,Ncal ] ∈ CD×Ncal and Z = [z1, . . . , zNcal ] ∈ Cd×Ncal .
Decoder. It is proposed to use a neural network to learn the decoding function at each
BS: the input is a pseudo-location and the output is a probability vector representing
the probability of selection for each beam in the codebook. Domain knowledge can be
incorporated into the design of the decoding function. Specifically, one can notice that
there exist regions, e.g. close to the BS, in which the optimal beam varies rapidly with
the location, indicating that the spatial best-beam distribution contains high-frequency
components. To account for this, a RFF neural architecture [RR07; Tan+20] can be used.
Indeed, as presented in Section 4.1.1, classical MLP networks are biased towards learning
low frequency functions [Rah+19; Cao+21], and RFF architectures were proposed to
overcome this limitation. The proposed decoding network is illustrated in Fig. 8.6, where
the output of the RFF block expresses as:

f =
[
cos (2πBz)
sin (2πBz)

]
, (8.21)

with B = [b1, · · · ,bd] ∈ RF×d initialized as bi ∼ N (0RF , σ2IdF ), where σ is a hyper-
parameter controlling the frequency range of the RFF embedding layer. The higher the

217



Part II, Chapter 8 – Channel charting and beam prediction

Figure 8.6: Proposed decoder neural architecture: RFF network based on [LeMag+22a].

σ, the easier it will be for the network to learn high frequency content. Note that B is
learned during training.

Remark 8.4. Note that, in contrast to Eq. (8.17), the output of the decoding function,
presented in Fig. 8.6, is not a scalar as it lies in RNb: it does not correspond to the hard
decisions typical of a classification problem. This is simply an implementation detail: since
this output represents the probability of each codeword given the input pseudo-location,
computing the argmax of this probability vector yields the best beam index.

During training, the loss function to minimize at BS b is the multiclass cross-entropy
defined as:

µb = −
∑

(z,pb)∈D
pT
b log2 Dc,b (z) , (8.22)

where D = {(zu,pb,u)}Nt

u=1 is the training set, and pb,u ∈ [0, 1]Nb is the true beam proba-
bility vector for UE u at BS b, i.e.

(pb,u)l = 1⇔ i⋆b,u = l. (8.23)

Remark 8.5. It should be noted that domain knowledge, presented in (H1), was leveraged
for the design of both the encoding and decoding functions. Specifically, as discussed in
Section 8.1, the motivation for using the PI distance originates from (H1). This PI distance
is incorporated into the encoding function presented in Fig. 8.5, where the matrices D and
Z are initialized using the ISOMAP algorithm equipped with the PI distance. Furthermore,
the decoding function relies on the assumption of rapid variations in the spatial best-beam
distribution, which also traces back to (H1). As shown in Chapter 4, the fast variations
of the location-to-channel mapping can be explained from (H1), which in turn induce fast
variations in the optimal beams, since precoders and channels are inherently linked.

8.4 Experiments

8.4.1 Learning framework and baselines
Simulation settings

The experiments are carried out on the same dataset as in [LeMag+22a]. Namely, the
DeepMIMO [Alk19] urban outdoor "O1" dataset is used, with B = 2 BSs equipped with

218



8.4 Experiments

Figure 8.7: 3D view of the considered scenes: (a): DeepMIMO, (b): Sionna.

UPAs with Na = 64 antennas. Ns = 16 subcarriers are considered over a 20 MHz band-
width in both the uplink and downlink. Another dataset is generated with the same
parameters, using the Sionna [Hoy+22] ray-tracing library. This dataset is generated in
the Etoile scene in Paris, France. Both scenes are illustrated in Fig. 8.7 For both scenarios,
the uplink central frequency ful is 3.5 GHz, while the downlink central frequency fdl is 28
GHz. In the DeepMIMO scene, there are Nu = 4.2k training UEs (UE spatial density: 0.17
UEs/m2), while there are Nu = 7k training UEs in the Sionna scene (UE spatial density:
0.042 UEs/m2). One can remark that the training UE spatial density is quite low, making
it similar to what could be encountered in actual systems.

Network parameters and baselines

For the proposed architecture, F = 200 frequencies are considered, and the hidden layer
size is T = 64. The baseline for comparison is a MLP neural network, with the same
number of parameters as the proposed architecture: it is the same network as in Fig. 8.6,
but the input layer is replaced by a classical fully connected layer. Another baseline is the
nearest-neighbor (1-NN) ML method: for a given test pseudo-location, the 1-NN predicted
beam will be the best beam of the nearest train pseudo-location.

8.4.2 Results
Best beam spatial distribution

In Fig. 8.8, the best beam spatial distribution for the DeepMIMO and Sionna datasets is
depicted. Each precoder in the codebook (Nb = 256) is color-coded with a unique color.
It can be observed that the best beam changes very quickly near BS2 (red triangle) in
both the DeepMIMO and Sionna datasets.

Charting performance

The channel charting map can be seen in Fig. 8.9. One can remark that UEs close to BS1
(UEs in purple), appear more spaced-out in the pseudo-location space: this phenomenon
is due to the fact that the angular resolution of antenna arrays is independent of the
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Figure 8.8: Best beam spatial distribution: (a): DeepMIMO, (b): Sionna. The red triangle
denotes the location of BS2.

Figure 8.9: Channel charting map (Sionna). The red and blue triangles respectively de-
notes the location of BS1 and BS2.
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Table 8.2: Charting metrics (5% neighborhoods).

TW (↑) CT (↑) KS (↓)
DeepMIMO 0.973 0.929 0.471
Sionna 0.960 0.952 0.292

Table 8.3: Beam prediction accuracy.

DeepMIMO Proposed (RFF) MLP 1-NN
Top 1 acc. = γ1

2 (%) 66.07 56.06 61.40
Top 3 acc. = γ3

2 (%) 90.66 85.09 88.77
Sionna Proposed (RFF) MLP 1-NN
Top 1 acc. = γ1

2 (%) 66.07 54.07 69.73

Top 3 acc. = γ3
2 (%) 78.27 69.07 81.87

distance, whereas the tangential displacement corresponding to a given angular deviation
is proportional to the distance 2. Channel charting metrics for both datasets are presented
in Table 8.2. As presented in Section 8.1, all CC-related metrics, that is TW, CT and KS,
are within the [0, 1] range. Both TW and CT are optimal at 1 while KS is optimal at 0.
One can remark in Table 8.2 that, for both datasets, TW and CT are very good, while
KS is good for the Sionna dataset and average for the DeepMIMO dataset.

Beam prediction performance

The beam prediction performance at BS2, i.e. the one not used for channel charting can
be found in Table 8.3. Note that the proposed RFF network consistently outperforms the
MLP baseline. It is worth noting that the 1-NN approach works well in the Sionna dataset,
with slightly better performance than the RFF network. It is interesting, as this shows
that the information contained in the low dimensional pseudo-location is sufficient for a
very simple ML method, such as the 1-NN, to have good performance. One can remark
that, even if the top-1 accuracy performance remains modest, the top-3 performance is
good in both datasets. This means that using the pseudo-locations allows to have good
performance in predicting one of the three best beams in the codebook. This does not
result in a huge performance loss due to the high beam density in a 256 beams 2D-DFT
codebook: the second and third best beams still have high correlations.

2. Note that ways to quantify this precisely are detailed in [Yas+24].
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Table 8.4: Inference time.

RFF MLP 1-NN (a) 1-NN (b)
Exec. time [ns] 602.6 145.8 4928.2 10913.9

Inference time

It is proposed to compare the inference time of the different approaches in Table 8.4:
1-NN (a) refers to the optimized ball-tree 1-NN, while 1-NN (b) refers to the brute force
1-NN. One can see that the neural network approaches have faster inference times: this is
can be explained by their GPU implementation. Note that a GPU-optimized 1-NN could
be of particular interest, as Table 8.3 shows that this method performs well with pseudo-
locations. However, one has to keep in mind that, when considering online learning, the
neural network approaches would outperform the 1-NN in inference complexity, as for
each new sample, the 1-NN approach would have to compute an entire distance matrix
whose size would grow with time.

Precoder learning performance

In this experiment, the goal is to learn the precoder from the pseudo-location. In contrast
to the previous experiment, which involved a classification task, this one corresponds to
a regression task. A neural network, referred to as RFF (regr.) is defined as the same
network than in Fig. 8.6, only dropping the last softmax non-linearity and adapting the
last fully connected layer size so that the output is a precoding vector w ∈ CNa . The
same holds true for the MLP baseline, denoted MLP (regr.). The same correlation-based
training as in [LeMag+22b] is used. The 1-NN baseline is defined as follows: for a given
test pseudo-location, the associated precoder is the normalized downlink channel of the
nearest training pseudo-location. The performance of the beam prediction networks, i.e.
RFF (classif.) and MLP (classif.), are also presented for this regression task: for a given
pseudo-location each network infer a precoder in the codebook, and then its correlation
with the downlink channel at the central frequency is computed, as in Eq. (8.20). The
performance metric is the cumulative distribution function (CDF) of the normalized cor-
relation between the learned precoder and the downlink channel at the central frequency.
In Fig. 8.10, it is shown that the regression networks present better performance than the
classification networks, for both datasets. This stems from the absence of constraints on
the azimuth and elevation beam steering angles, as well as on the lack of requirement for
the learned precoder to be a pure steering vector. This flexibility allows the regression
network to learn the optimal precoder directly, unlike classification networks, where an-
gular constraints are imposed by the codebook. One can also note that, for the DeepMIMO
dataset, RFF and MLP regression networks outperform the 1-NN approach. The perfor-
mance gain of the regression networks is illustrated in Fig. 8.11: regression networks offer
a higher correlation coverage than classification networks.
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Figure 8.10: CDF of the correlations at BS2, (a): DeepMIMO, (b): Sionna.
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Figure 8.11: Normalized correlation maps, η2,u at BS2, Sionna.

8.5 Conclusion
This chapter considered a joint encoder/decoder design problem for a CSI compression
scheme in a cell-free mMIMO system, as formalized in Problem 3.4. The main takeaways
are summarized as follows.

• The MB-ML paradigm has been successfully applied to this problem. Specifically,
both the encoding and decoding functions consist of neural networks whose architec-
tures are structured based on domain knowledge formalized in (H1). The encoder
leverages channel charting for efficient dimensionality reduction, while the decoder
relies on a RFF-based architecture to accurately map encoded channels to best-
beam codebook indices. Additionally, the encoder is initialized based on domain
knowledge, as its structure, based on (H1), constrains the encoder parameters to
represent a set of channels and the corresponding embedded pseudo-locations.

• Pseudo-locations, i.e., compressed channels obtained via channel charting, were
shown to enable beam selection at BSs other than the one performing channel chart-
ing. This yields an efficient beam allocation scheme, as CSI estimation is required
at only a single BS in the entire cell-free system.

• Evaluation in realistic propagation environments showed that the proposed approach
outperforms both classical and neural baselines. Moreover, low-dimensional pseudo-
locations were shown to be sufficiently descriptive for simple baseline methods, such
as 1-NN, to achieve strong performance.

• Finally, it was shown that directly learning a precoder, rather than learning a code-
word in a codebook, improves overall performance.
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Chapter 9

CHANNEL CHARTING AND CSI
COMPRESSION

This chapter focuses on designing an efficient CSI compression method for FDD schemes
in MU-MIMO systems. Since CSI is primarily used for beamforming, the proposed method
bypasses CSI reconstruction and directly infers a precoder. Specifically, the channels are
compressed into low-dimensional pseudo-locations via channel charting at each UE, which
are then transmitted to the BS and decoded into a precoder. Section 9.1 presents a general
introduction to the CSI compression problem. Section 9.2 presents in details the proposed
approach. Section 9.3 introduces experimental results that validate the proposed method,
and Section 9.4 summarizes the contributions of this chapter.
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9.1 Problem setting

9.1.1 General introduction
The shift towards higher operating frequencies in 5G and B5G communication systems
has led to the widespread use of antenna arrays made up of a large number of smaller
radiating elements, capable of forming high-gain directional beams. However, this increase
in the BSs antenna number causes a significant overhead in the CSI reporting procedures
used in FDD schemes. Indeed, in FDD systems, in order to perform downlink channel esti-
mation, UEs need to periodically report one complex number per antenna and subcarrier
to the BS. To mitigate this reporting overhead, CSI compression techniques have been
envisioned [WSJ18]. The associated reporting procedure can be summarized as follows: in
a FDD system, a BS sends pilot symbols to a UE that uses them to perform CSI estima-
tion. The UE then compresses the estimated CSI and transmits it to the BS. Leveraging
its readily available computing power, the BS is then able to reconstruct the CSI with
minimal distortion, before using it to perform communication tasks such as beamforming
or resource allocation. This problem has been extensively studied in the past few years,
with AI/ML methods proposed to address it. A non-exhaustive list of relevant studies
includes [WSJ18; Guo+20; Wan+19; LWS20; Che+22; CGS22]. An in-depth review of
the deep learning based CSI compression literature is provided in [Guo+22].

This chapter considers the CSI compression problem from a task-oriented perspective,
and studies the use of channel charting in this context. Since the reconstructed CSI is
primarily used for beamforming, one could consider the CSI compression problem where
the decoding step reconstructs a precoding matrix rather than the CSI. As presented in
Section 8.1, CC [Stu+18] is an unsupervised dimensionality reduction method that com-
presses CSI into chart locations, with the objective of preserving spatial neighborhoods.
CC has been used for beam prediction [Pon+21; Yas+23], precoder learning [LeMag+22a],
but also for positioning [ESB23; TPS25]. In the context of CSI compression, CC clearly
appears as a promising candidate for the encoding stage, as, by definition, a chart location
is a compressed version of its associated CSI.

9.1.2 Contributions and related work
Contributions

This chapter addresses the concept of task-based CSI compression, which aims to reduce
CSI reporting overhead while directly optimizing beamforming performance. The main
contributions are summarized as follows.

• A neural encoder and decoder architectures are introduced, both structured based
on domain knowledge, formalized in (H1). The encoder maps CSI to low-dimensional
pseudo-locations via channel charting, while the decoder maps these to a precoding
matrix.

226



9.1 Problem setting

• An end-to-end heuristic training strategy is proposed, ensuring beamforming per-
formance upon convergence.

• The number of learnable parameters is reduced through a physically grounded sub-
sampling strategy [Tan+23] applied to the encoder, yielding a ninetyfold reduction
with negligible performance loss.

• Simulations on realistic data show that the proposed approach achieves excellent
beamforming performance with significantly higher compression ratios (around 1024)
compared to those obtained by classical auto-encoders (around 64).

Related work

Inferring a precoder from a chart location has been studied for cell-free massive MIMO
systems in [LeMag+22a]. However, that study did not optimize the encoder complexity
and only trained the decoder network. Similar studies have been carried out with precoders
constrained in a codebook in [Pon+21; Yas+23]. Jointly optimizing CSI compression and
beamforming performance has been studied in [GWJ21; Sun+22; Xue+23]. However,
none of these studies considered channel charting for the encoding stage. Finally, CSI
compression using AI/ML methods have been extensively studied in [WSJ18; Guo+20;
Wan+19; LWS20; Che+22; CGS22]. These approaches obtain good performance in CSI
reconstruction but often present poor compression ratios compared to our approach, as
they are not specialized to a given task.

9.1.3 Problem formulation
This chapter considers a MU-MIMO system comprised of a BS equipped with Na antennas
and Nu mono-antenna UEs. The BS transmits symbols to the UEs on Ns subcarriers.

Reporting procedure

Fig. 9.1 depicts the system model as well as the proposed reporting procedure, which can
be detailed as follows:

1. A BS sends pilot symbols to a set of UEs.

2. The UEs use the pilots to estimate their downlink channel hk ∈ CD. Note that
vectorized channels are considered, so that D = NaNs.

3. Then, UEs perform CSI compression: the downlink channel is encoded into a low
dimensional vector zk ∈ Rd.

4. Finally, the BS receives the encoded channels from all UEs and decode them into a
precoding matrix W, used to perform spatial multiplexing.
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Figure 9.1: System model, reporting and encoding/decoding procedures.

Objective

The goal of this chapter is to design an efficient CSI compression method that solves the
following sum-rate (SR) optimization problem in a parallel transmission to K ≤ Nu UEs:

maximize
W ∈ CD×K

K∑
k=1

log2

1 +

∣∣∣hH
kwk

∣∣∣2
σ2
k + ∑

j ̸=k

∣∣∣hH
kwj

∣∣∣2
 ,

subject to Cp : ∀k ∈ J1, KK, ∥wk∥2 = 1√
K

(9.1)

where wk is a precoding vector decoded from a compressed representation of the channel
hk and σ2

k is the associated noise variance. The power constraint Cp considers uniform
power allocation between each UE.

The foundation of the proposed method is formally based on defining a well suited
encoding function E and decoding function D. The role of the encoding function is to
project the CSI into a low-dimensional space:

E : CD −→ Rd

h −→ z = E (h) ,
(9.2)

where d ≪ D. Conversely, the decoding function maps the low-dimensional encoded

228



9.1 Problem setting

channels to a precoding matrix:

D : Rd × · · · × Rd −→ CD×K

{zk}Kk=1 −→W = D
(
{zk}Kk=1

)
.

(9.3)

Remark 9.1. The optimization problem presented in Eq. (9.1), together with the pre-
sented encoding and decoding function, is a direct expression of Problem 3.4. Indeed, the
objective is to optimize a communication metric, namely the sum-rate, by designing an
efficient encoding/decoding framework. It should be noted that, unlike the formulation in
Problem 3.4, Eq. (9.1) represents a maximization problem rather than a minimization
problem. This distinction is minor, since maximizing an objective function is equivalent
to minimizing its negative counterpart.

Performance measure

The performance of the proposed method is measured in different configurations: mono
and multi-UE scenarios. In a mono-UE scenario, it has been shown in [LeMag+22a] that
the transmission capacity is linked to the squared cosine similarity between the channel
hk and the associated inferred precoder vk:

ρk =

∣∣∣vH
khk

∣∣∣2
∥vk∥2

2 ∥hk∥
2
2
. (9.4)

This metric is normalized within the [0, 1] range. 0 means that the precoder is orthogonal
to the channel, leading to no transmission, while 1 means that the precoder is perfectly
collinear with the channel. The mean and median similarities over the UE set will be
considered.

In a multi-UE scenario, the performance measure is the sum-rate averaged across
distinct groups of UEs in the location space. Considering the partition of the UE set Tu
into B groups of K UEs:

Tu =
B⋃
b=1
Tu,b, (9.5)

with |Tu,b| = K and ∀m ̸= n, Tu,m ∩ Tu,n = ∅, the sum-rate can be defined as:

SR = 1
B

B∑
b=1

∑
k

log2

1 +

∣∣∣hH
k,bwk,b

∣∣∣2
σ2
k,b + ∑

j ̸=k

∣∣∣hH
k,bwj,b

∣∣∣2
 , (9.6)

where hi,b ∈ Tu,b is the channel for the ith UE of the bth group, and wi,b is the associated
decoded precoder.
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Figure 9.2: Overview of the proposed approach: encoder (left), decoder (right).

9.2 Proposed approach
This section presents the chosen models for the encoding and decoding functions, as
well as the learning strategy and the learnable parameter reduction method. The CC-
based encoder and decoder models are similar to those proposed in [LeMag+22a; Yas+22;
Yas+23]. An overview of the proposed approach is presented in Fig 9.2.

9.2.1 Encoder/decoder architectures
Encoder

As in [LeMag+22a; Yas+22; Yas+23], the encoding function is done through CC with
a neural model presented in Fig. 9.3. This model is initialized through matrices D and
Z. The matrix D = [h1, · · · ,hNc ] ∈ CD×Nc consists of the concatenation of Nc calibra-
tion channel vectors, while Z is initialized through the ISOMAP algorithm. This algorithm
embeds the calibration channels into chart locations zk ∈ Rd (d ≪ D). Note that the
phase-insensitive distance of [LeMag21a] is used in the ISOMAP algorithm 1. The chart lo-
cations are then concatenated into the matrix Z = [z1, · · · , zNc ] ∈ Rd×Nc . As many other
dimensionality reduction methods, ISOMAP is known to be computationally intensive in
out-of-sample scenarios, which reduces the efficiency of the encoding stage for channels
not included in the calibration set. The presented CC model aims to address this issue
by mapping an unseen channel hj into a wisely chosen convex combination of calibration
chart locations 2.

Decoder

It is proposed to split the decoder into two parts, namely D1 and D2, so that D = D2 ◦D1,
as presented in Fig. 9.3. The first stage, D1, allows to map the chart locations to mono-UE
precoding vectors. Then, the second stage, D2, is designed to concatenate and process the

1. A more detailed presentation of this distance and its motivation is provided in Section 8.1.
2. Note that the HTK non-linearity is presented in Section 6.3.
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Figure 9.3: Encoder, based on [LeMag+22a; Yas+22], and decoder architectures.

mono-UE precoding vectors into a multi-UE precoding matrix. The mapping of chart lo-
cations to precoding vectors is done through a neural network. Note that this mapping can
present relatively fast variations in the embedding space. Indeed, the optimal precoders
may vary rapidly in some regions of the location space. As channels originating from
nearby locations are expected to be embedded to close chart locations through CC, this
fast variation behavior is expected to be translated in the embedding space. As a result,
it is proposed to use a RFF [RR07] network for the chart-location-to-precoder mapping
learning. Indeed, since classical neural architectures such as MLPs have been shown to
be biased towards learning low frequency functions [Rah+19; Cao+21; JohXu+20], RFF
networks have been proposed as a solution to this spectral bias issue [Tan+20] 3. The
RFF block is defined as:

fk =
[
cos (2πBzk)
sin (2πBzk)

]
, (9.7)

where B = [b1, · · · ,bd] ∈ CF×d is a frequency matrix initialized as bi ∼ N (0RF , σ2
BIdF ).

Note that σB is an hyperparameter linked to the variation intensity in the chart location
space: a higher σB facilitates the decoder network’s ability to learn rapid variations in
the target mapping. The MLPC,T block denotes a three-layer MLP of size T , with ReLUC

4

activation functions, and complex weights and biases.
The second decoding stage consists of a concatenation and a processing block. The

role of the processing block is to introduce inter-UE interference cancellation in the con-
catenated precoding matrix. This could be achieved using a neural network; however, the
proposed approach leverages classical linear precoding techniques such as MRT or MMSE.
These methods are grounded in well-established statistical criteria, offering robustness and
interpretability. Thus, the processing block of D2 only consists of a denormalization step,
linear matrix operations, and a normalization step to respect the uniform power allocation
constraint. A more comprehensive discussion on this matter is presented below.

3. Detailed information about the spectral bias are provided in Section 4.1.1
4. Note that ∀z1 ∈ C, ReLUC (z1) = ReLU (Re {z1}) + jReLU (Im {z1}).
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Remark 9.2. It should be noted that both the proposed encoder and decoder architectures
build on the domain knowledge presented in (H1). Since the proposed encoder/decoder
architectures are based on [Yas+23], which is presented in details in Chapter 8, the reader
is referred to the detailed explanation in Remark 8.5.

9.2.2 Learning strategy
It is proposed to train the proposed model using an end-to-end approach and a task-
oriented loss function. As the objective is to maximize the sum-rate, one could use the
negative sum-rate of Eq. (9.6) as a loss function. However, Eq. (9.6) depends on the UEs
noise variance and on the number of parallel UEs. This implies that, when using Eq. (9.6)
as a loss function, the trained encoder and decoder would be optimal only for a fixed
noise variance and a fixed number of parallel UEs, limiting the practical interest of the
proposed method. It is suggested to use a heuristic learning strategy that considers the
following loss function:

µ = 1− 1
|D|

∑
h∈D

∣∣∣vHh
∣∣∣2

∥h∥2
2
, (9.8)

where D denotes the training channel set and v = (D1 ◦ E) (h). One can show that
Eq. (9.8) is minimized when the precoders are set to v⋆ = hejϕ/ ∥h∥2. Thus, under the
constraint of effective loss convergence, the trained decoder D1 provides the normalized
channel affected by an arbitrary phase shift. Through denormalization, one can then
access to a close approximation of the channel h. Such channel can then be concatenated
into a matrix, and used to form a precoding matrix, following the classical formulas of
linear precoders. Note that, when considering this heuristic approach, the final decoding
stage D2 does not present any learnable parameters so that the learning is done on the
parameters of the D1 decoding stage.

9.2.3 Parameter optimization
The learnable parameters are conveyed by matrices D ∈ CD×Nc and Z ∈ Cd×Nc , frequency
matrix B ∈ CF×d, in addition to the weights and biases of the decoder’s MLP. As d≪ D,
the main parameter complexity comes from the encoder. Indeed, Nc needs to be high in
order to have a good initialization in the ISOMAP algorithm, resulting in a large matrix
D. Optimizing the encoder parameter complexity is of paramount importance since the
encoding stage is done at the UE level, but trained at the BS. Once trained, the BS needs
to send the learned encoder parameters to the UEs: reducing the number of parameters
in the encoder is then equivalent to reducing the encoder update overhead.

In order to reduce this parameter complexity, it is proposed to introduce an intelli-
gent subsampling of matrices D and Z. Firstly, D and Z are initialized using ISOMAP as
aforementioned. Then, the similarity subsampling algorithm proposed in [Tan+23], and
recalled in Algorithm 7, is applied. Its objective is to discard channels that produce chart
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Algorithm 7 Similarity subsampling [Tan+23].

Inputs: Let D̃ ∈ CD×Ñ , Z̃ ∈ Rd×Ñ , Dc ∈ CD×(Nc−Ñ), Zc ∈ Rd×(Nc−Ñ), s.t. D = D̃∪Dc,
Z = Z̃ ∪ Zc.

1: for each hi ∈ Dc do
2: s← max

hj∈D̃
sim (hi,hj)

3: {k, l} ← arg max
1≤m ̸=n≤Ñ
(hm,hn)∈D̃

sim (hm,hn)

4: if s < sim (hk,hl) then
5: With probability p : r ← k, otherwise r ← l
6: D̃←

(
D̃ \ hr

)
∪ hi

7: Z̃←
(
Z̃ \ zr

)
∪ zi

8: end if
9: end for

Output: D̃ (Subsampled channels), Z̃ (Subsampled chart locations)

locations that are too similar. Indeed, similar chart locations can be considered as re-
dundant, thereby providing no additional useful information. Theoretically, removing this
redundancy from the calibration dataset allows to reduce the number of learnable param-
eters without impacting the global performance. From a formal perspective, Algorithm 7
aims to solve the following minimax problem:

min max
(hi,hj)∈D̃

sim (hi,hj) , (9.9)

where D̃ is the subsampled channel matrix and sim (hi,hj) is a similarity metric defined
as the cosine similarity of the embedded channels:

sim (hi,hj) =

∣∣∣E (hi)H E (hj)
∣∣∣

∥E (hi)∥2 ∥E (hj)∥2
. (9.10)

It is worth noting that, when using Algorithm 7, the maximum similarity in D̃ is not
hard-thresholded but rather indirectly controlled by the hyperparameter Ñ .

9.3 Experiments
9.3.1 Simulation environment and baselines
Simulation settings

Two separate datasets are considered: a DeepMIMO [Alk19] dataset with the urban outdoor
"O1" scenario where the downlink central frequency is set to 3.5GHz, and a Sionna [Hoy+22]
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dataset generated with the Etoile scene in Paris at 28GHz. An illustration of these propa-
gation environments is provided in Fig. 8.7. Additionally, both datasets considers Na = 64
antennas and Ns = 16 subcarriers over a 20 MHz bandwidth, Nc = 5k calibration chan-
nels, 3k training channels and 2k test channels.

Note that, for all following simulations, the precoders are learned for only one sub-
carrier, e.g. the central subcarrier, but that it is possible to extend this approach to all
subcarriers.

Hyperparameters and baselines

When considering encoder parameter subsampling, the number of kept channels is set
to Ñ = 10 unless stated otherwise. Similarly, the embedding space dimension is set to
d = 2. For the decoder, F = 200 frequencies are considered, and σB is optimized for each
dataset. Finally, the MLP layer size is set to T = 128.

Baselines consist of an MLP autoencoder where the embedding layer has dimension
d as well as variants between the proposed approach and this MLP autoencoder: MLP
encoder/RFF decoder and CC encoder/MLP decoder. Additionally, the RFF decoder
with true locations as inputs is considered.

9.3.2 Results
Performance against baselines

It clearly appears in Fig. 9.4, that CC, as a model-based encoder, has a significant role
in the mono-UE model performance: every model with a MLP encoder presents poor
performance. Additionally, it can be seen that the RFF decoder architecture provides a
slight increase in performance. As the location manifold is inherently bidimensional, it is
not surprising that bidimensional chart locations perform well in the proposed approach.
This holds true under the continuity hypothesis of the underlying location-to-channel
mapping [Cha+24b; Cha+25a]. Additionally, note that the learned bidimensional channel
charts carry more meaningful information than true locations, as the proposed architecture
outperforms the RFF decoder used with true locations.

Encoder learning and subsampling impact

The different variants of the proposed approach are denoted as follows:

• (a): No encoder learning, no subsampling

• (b): Encoder learning, no subsampling

• (c): Encoder learning, subsampling (Ñ = 100)

• (d): Encoder learning, subsampling (Ñ = 10)

234



9.3 Experiments

Table 9.1: Mono-UE precoder regression performance.

Network (a) (b) (c) (d)
Learnable parameters 101k 10.3M 306k 121k

Sionna
Median ρ (↑) 0.88 0.94 0.94 0.94

Mean ρ (↑) 0.79 0.86 0.88 0.88

DeepMIMO
Median ρ (↑) 0.91 0.96 0.97 0.96
Mean ρ (↑) 0.73 0.85 0.87 0.84

It is shown in Table 9.1 and Fig. 9.5 that allowing the encoder to be optimized during
training is beneficial: both the median and mean normalized squared cosine similarities are
increased. This implies that the channels and inferred precoders become more collinear,
thereby enhancing communication performance. Additionally, it is shown that the sub-
sampling procedure does not introduce a significant performance drop. Conversely, when
considering Ñ = 100, a slight performance increase is observed. The minor performance
drop when considering Ñ = 10 can be attributed to the possibility of reduced scene cov-
erage with such limited number of calibration channels. Indeed, as new chart locations
are inferred from a convex combination of the calibration chart locations, considering too
few calibration channels may result in insufficient coverage for some regions of the chart
location space. This can be seen in the region immediately on the left of the BS, denoted
by a red cross, in Fig. 9.5. Notwithstanding, with the considered hyperparameters, the
subsampling approach with Ñ = 10 achieves almost a ninetyfold reduction in learnable
parameters, with almost no loss in performance.

Compression ratio impact

The compression ratio can be defined as:

γ = 2NaNs

d+ 1 , (9.11)

as downlink channel vectors are composed of NaNs complex coefficients. The +1 term at
the denominator arises from the requirement of channel norm transfer to the BS, as a
denormalization step is performed.

Fig. 9.6 presents the evolution of the median squared cosine similarity of the proposed
approach with respect to the compression ratio. This is achieved by varying the embedding
space dimension d. It can be seen that increasing d, i.e. decreasing γ, slightly increases
performance. It should also be noted that it is possible to reach good performance with
d = 2, i.e. γ ≃ 1024, which significantly exceeds compression ratios reached with classical
autoencoders, i.e. around 64. This confirms the interest of the proposed model-based
approach.
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Figure 9.4: CDF of the squared cosine similarities, i.e. Eq. (9.4): Sionna dataset.

Figure 9.5: Squared cosine similarity map, i.e. Eq. (9.4): Sionna dataset.
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Muti-UE beamforming performance

Fig. 9.7 presents the multi-UE performance of the proposed approach. The MRT and
MMSE SR curves are obtained by using true channel coefficients and computing Eq. (9.6)
with the resulting MRT and MMSE precoders. The learned MRT and MMSE curves
are obtained by concatenating the phase-shifted channel estimates obtained after the D1
stage, and applying the MRT and MMSE precoder computations in the D2 stage.

It can be observed in Fig. 9.7 that the learned MRT precoding matrix exhibits a
behavior similar to that of the actual MRT precoder. Indeed, the learned MRT can be
interpreted as the concatenation of mono-UE MRT precoders, each affected by a phase
shift. Since this phase shift is canceled by the modulus operation in the SR computation 5,
the slight performance degradation between the true and learned MRT precoders arises
from the imperfect learning of the decoding function D1. In contrast, this phase shift
does not vanish when considering the MMSE precoder, thereby causing a more noticeable
performance drop between the true and learned MMSE approaches. Nevertheless, the
learned MMSE precoder still outperforms the actual MRT precoder and follows the same
performance dynamics as the true MMSE precoder. This highlights the potential of the
proposed approach, as it enables inter-UE interference cancellation through the proposed
heuristic learning procedure, that only considers individual UEs and their compressed
channel representations. Furthermore, as shown in Fig. 9.6, decreasing the compression
ratio improves mono-UE precoder learning performance, which directly translates into
enhanced inter-UE interference cancellation in the multi-UE setting.

9.4 Conclusion
This chapter tackled the problem of CSI compression in FDD systems following the MB-
ML methodology, as formalized in Problem 3.4. Several remarks can be made, as presented
below.

• The same encoder/decoder architectures as in Chapter 8 were used for the consid-
ered CSI compression problem. As such, domain knowledge, presented in (H1), has
been used to structure and initialize the neural architectures of the encoder and
decoder.

• The CSI compression problem was studied from a task-based perspective: instead of
reconstructing CSI from a low-dimensional representation and subsequently using it
to design a precoder, the proposed approach uses a neural architecture that directly
infers a precoder from pseudo-locations obtained via channel charting.

• An end-to-end heuristic learning strategy was introduced to train the proposed
architectures in an efficient manner. Moreover the number of learnable parameter of

5. See Eq. (9.6).
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the proposed approach was optimized through a physically-grounded subsampling
method.

• The proposed method was evaluated on realistic data, demonstrating superior per-
formance over several baselines, particularly at high compression ratios.

• Overall, this study highlighted the effectiveness of channel charting as a CSI com-
pression method for tasks beyond localization.
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CONCLUSION AND PERSPECTIVES

This chapter provides a brief summary of the results of this manuscript, and outlines some
perspectives, categorized into short-term and long-term directions.

Contributions
Before delving into perspectives related to this thesis, a brief overview of the results is
proposed.
Research axis (A1): Learning the location-to-channel mapping. This axis, addressed
by Chapters 4 and 5, focused on the design of a neural architecture capable of learning the
location-to-channel mapping, and on leveraging this model to enhance the performance
of fingerprinting-based radio localization techniques.

In Chapter 4, it was shown that theoretical derivations from a physics-based propa-
gation channel model could be exploited to structure a neural network tailored to this
learning task. Experimental evaluations on realistic synthetic datasets, covering complex
radio environments, showed that the proposed network achieved average reconstruction er-
rors ranging from −20 dB to −40 dB. In contrast, conventional neural architectures, such
as MLPs and RFFs, failed to learn the mapping, due to spectral bias limitations. More-
over, the proposed network was shown to implicitly encode the entire radio environment,
achieving compression ratios up to 103 compared to storing all the channel coefficients
over a location grid covering the considered radio environment, all while maintaining lim-
ited reconstruction error. Note that, due to the continuous nature of the learned mapping,
this compression ratio is virtually infinite.

Chapter 5 demonstrated that this network could be used as a neural generative chan-
nel model, significantly improving the accuracy of traditional fingerprinting localization
methods. In particular, the proposed approach achieved sub-wavelength localization ac-
curacy, yielding localization errors between 10 and 10−3 cm across multiple complex radio
environments. This corresponds to an improvement of up to two orders of magnitude
compared to classical fingerprinting methods such as k-NN. Furthermore, the proposed
method exhibited a tenfold reduction in memory requirements compared to k-NN, since,
unlike conventional fingerprinting approaches, its performance does not depend on the
size of a stored comparison dictionary.
Research axis (A2): Learning hardware impairments. This axis, covered by Chapters 6
and 7, addressed the joint estimation and compensation of hardware impairments in wire-
less systems. Chapter 6 focused on channel estimation under antenna gain and frequency
offset impairments in the receiver chain, whereas Chapter 7 considered a DoA sensing
scenario with impairments in the system’s antenna positions and gains.

In Chapter 6, the inherent sparsity of the SISO-OFDM channel was exploited to
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perform channel estimation through sparse recovery techniques. Following the approach
of [YLM22], the matching pursuit algorithm was unfolded into the mpNet neural network
architecture. Both its computational and sample complexity were optimized through hi-
erarchical search and structured dictionary approaches. These improvements yielded a
hundredfold reduction in the average inference time and a thousandfold reduction in the
number of learnable parameters, while achieving superior channel estimation accuracy
compared to both the original mpNet and classical methods.

Chapter 7 built on the observation that the classical MUSIC algorithm, widely used in
DoA estimation problems, is non-differentiable, making it unsuitable for jointly estimating
DoAs and hardware impairments using first order techniques. To overcome this limita-
tion, a differentiable variant of MUSIC was proposed, along with task-specific supervised
and unsupervised loss functions. Simulation results showed that this differentiable frame-
work enabled effective compensation of significant antenna gain and position errors, while
simultaneously improving DoA estimation accuracy. Specifically, the proposed approach
achieved a 99% reduction in the average angular estimation error with one source, and a
58% reduction with five sources, compared to the traditional MUSIC algorithm without
hardware impairments knowledge.
Research axis (A3): Compressing the channel. This axis, presented in Chapters 8 and 9,
investigated the use of channel charting for the efficient compression of channel coefficients.
As modern wireless communication systems operate with increasingly larger antenna ar-
rays and over numerous subcarriers, the dimensionality of the channel has grown sub-
stantially. Such high dimensionality results in considerable overhead for communication
tasks that depend on accurate channel knowledge. To overcome this limitation, this work
explored the use of channel charting in two specific contexts: beam prediction in cell-free
massive MIMO systems, and precoder prediction in FDD massive MIMO systems.

In Chapter 8, the objective was to design a procedure for selecting the optimal beam
in a predefined codebook, to serve a given UE across multiple BSs operating over distinct
uplink and downlink frequencies, in a cell-free setting. After a single BS transmitted pilot
signals to the UE, channel charting was applied to reduce the dimensionality of the channel
information fed back by the UE. The resulting low-dimensional representation was then
shared among BSs in the cell-free network, and each BS used a dedicated neural network
to map this representation to the index of the optimal beam within the codebook. The
proposed approach yielded notable performance gains, achieving a 3 to 12% improvement
in the top-3 beam selection accuracy compared to a traditional MLP decoder. Further-
more, the low-dimensional channel representations obtained through channel charting
were shown to be sufficiently informative for simple decoding methods such as k-NN to
achieve satisfactory performance, i.e. between 78 and 91% for the top-3 beam selection
accuracy.

Chapter 9 focused on task-oriented CSI compression in FDD massive MIMO sys-
tems. In this setting, the feedback information transmitted from the UE to the BS was
compressed into a low-dimensional representation through channel charting, at the UE
level, which was then directly decoded into a precoding matrix using a neural network,
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at the BS level. A heuristic learning strategy and a physically-grounded subsampling of
the encoder’s learnable parameters were used to optimize both the time and parame-
ter complexity of the proposed encoder and decoder. Simulation results showed that the
proposed method achieved excellent beamforming performance at very high compression
ratios, approximately 1024, compared to 64 in conventional CSI compression schemes.
Moreover, the subsampling strategy enabled an eightyfold reduction in the number of
learnable parameters, with negligible degradation in beamforming performance relative
to the non-subsampled baseline.

Perspectives
The contributions of this thesis could be further refined by exploring multiple improvement
directions, categorized into short-term and long-term research perspectives.

Short term
Each contribution entails specific challenges and limitations, which can be grouped into
three problematics, as discussed below.

(P1) Data quality. All the contributions presented in this thesis were evaluated using
realistic synthetic datasets. While such data serve as a valuable surrogate for actual
measurements, they inevitably lack the imperfections and uncertainties inherent to
real-world communication and sensing systems. Consequently, evaluating the pro-
posed approaches on real measurements would help identify the adaptations required
to ensure their robustness and effectiveness in real-world conditions.

(P2) Reliance on simplifying assumptions. The contributions presented in this thesis
rely on simplifying assumptions within the considered system models, which may
limit their applicability in real-world scenarios. Specifically, Chapters 4 and 5 assume
a static or quasi-static propagation environment, Chapter 6 focuses exclusively on
mono-antenna systems, Chapter 7 only considers uncorrelated sources, and Chap-
ters 8 and 9 assume perfect time synchronization between UEs and BSs.

(P3) Method refinements. Although the methods proposed in this thesis demonstrate
satisfactory performance, their efficiency could be further improved by reducing the
number of learnable parameters or optimizing their computational complexity.

Several potential directions for improvement can be identified to address these challenges,
as outlined below.

• Physical testbed. For all contributions, problematic (P1) is both the most straight-
forward to define and the most difficult to address. Indeed, obtaining realistic data
requires the deployment of a physical testbed, which entails numerous engineering
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constraints, including synchronization, hardware design, compensation for hardware
impairments, and high-level system orchestration. Moreover, constructing a testbed
capable of replicating a cell-free massive MIMO system constitutes a particularly
challenging task.

• 3D locations. In Chapter 4, in order to reduce the computational complexity of
the simulations, the performance of the proposed neural network was assessed only
for locations belonging to the same elevation plane. Extending the simulations to
locations in R3, thereby addressing Problematic (P3), requires sampling spatial fre-
quencies from the unit sphere. Since achieving the same coverage on a sphere as
on a circle necessitates a much larger number of samples, the number of learnable
parameters of the proposed method could be reduced by optimizing a smaller set of
spatial frequencies, for instance by learning them. However, to prevent the initialized
spatial frequencies from converging towards the dominant ones, potentially causing
an incomplete representation of highly attenuated NLoS paths, a spherical validity
domain could be defined for each learnable spatial frequency, thereby ensuring a
balanced representation of all regions of the unit sphere.

• Online learning. In Chapters 4 and 5, the primary simplifying assumption lies in
the consideration of static or quasi-static propagation environments, which does
not accurately reflect all radio scenarios. For the contributions presented in these
chapters, problematic (P2) could be addressed by adopting an online learning strat-
egy. Specifically, the proposed location-to-channel network would initially be trained
on a synthetic dataset, as presented in this thesis, and then continuously updated
with periodically collected channel measurements, allowing the network to adapt to
dynamic environmental variations.

• Multidimensional mpNet. In Chapter 6, extending the system model to multi-
antenna, multi-frequency scenarios represents a promising direction. In principle,
mpNet could be applied in such settings by constructing a composite dictionary of
frequency response vectors and steering vectors. However, this approach would incur
intractable complexity due to the excessive number of required atoms. A more prac-
tical alternative is to adopt a bi-level strategy, in which, for a given noisy channel,
the most correlated steering vector is first selected at each iteration, followed by a
subsequent selection among the frequency response vectors. This can be interpreted
as the unfolded implementation of the multidimensional OMP algorithm presented
in [PGPR22]. This strategy would substantially reduce the computational complex-
ity while preserving the benefits of the sparse recovery framework, thereby jointly
addressing (P2) and (P3).

• Spatial augmentation. The primary limitation of Chapter 7 stems from the as-
sumption of uncorrelated sources. As such, addressing (P2), could be achieved by
employing the spatial augmentation technique presented in [Ge+24] and originally
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introduced in [Gon+22]. This method restores the rank condition of the measure-
ment matrix, which is typically not satisfied in the presence of correlated sources.
Specifically, it leverages measurements across multiple frequencies and introduces
computational steps that transfer measurement resources from the frequency to the
antenna domain.

• True CSI compression. Chapter 9 presented a task-oriented method for decod-
ing compressed channel coefficients into a precoding matrix. While this approach
demonstrated strong performance, directly decoding the true channel coefficients
from their compressed representation would account for a broader class of appli-
cations. As shown in Eq. (9.8), minimizing the proposed loss function results in
decoding the compressed channels into normalized channels affected by a specific
phase shift. Consequently, addressing (P3) could be achieved by transmitting a phase
reference from the UE alongside the compressed channel representation, and using
it at the BS to counter the aforementioned phase shift, thereby recovering the true
channel coefficients after decoding.

• Channel charting based UE grouping policy. In Chapter 9, the performance of the
proposed method is evaluated by computing the average sum-rate over B groups
of K randomly selected UEs. However, this approach may encounter pathological
cases in which all UEs are closely located, making the task of inferring a precoding
matrix from pseudo-locations particularly challenging. As a result, a UE grouping
strategy based on the pseudo-locations could be used to address (P3). Specifically,
since channel charting aims to preserve spatial neighborhoods, pseudo-locations that
are close in the representation space are expected to correspond to physically close
UEs. Therefore, by constructing a distance graph between pseudo-locations, the
BS could form UE groups with maximized inter-UE distances, thereby improving
beamforming performance.

Long term
In addition to the aforementioned short-term perspectives, this thesis has brought to light
several new open questions that would require dedicated studies. These are presented
below.

• Linking MB-ML and NTK. As discussed in Highlight 4.1, the NTK theory provides
a powerful framework for analyzing the theoretical learning performance of neural
architectures. Specifically, it establishes that neural networks can more effectively
learn functions that lie within the span of their strongest NTK eigenfunctions. Al-
though this theory is formally valid in the infinite-width regime, it has been shown
to offer a reasonably accurate surrogate for learnability in the practical finite-width
setting. Within the MB-ML paradigm, one approach consists in leveraging domain
knowledge to structure neural architectures, thereby introducing problem-specific
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inductive biases. In this context, it would be valuable to investigate how incor-
porating such domain knowledge influences the NTK of the resulting structured
architectures, and whether theoretical learning guarantees can be established under
these conditions.

• Optimizing training dataset size. As presented in Chapters 4 and 5, a limitation
of the proposed network for learning the location-to-channel mapping lies in the
size of the training dataset. In this thesis, the dataset was generated by randomly
sampling the location space associated with the considered radio environment. While
it was shown that reducing the spatial sampling density did not significantly degrade
performance up to a certain point, it would be interesting to investigate whether a
specific sampling policy could further optimize the dataset size. More precisely, one
could consider combining sufficiently spaced locations, to capture the diversity of
propagation paths across the radio environment, with closely spaced locations, to
account for small-scale channel characteristics.

• Imaging the propagation environment. In Chapters 4 and 5, it was shown that the
proposed neural architecture for learning the location-to-channel mapping effectively
captured the underlying propagation physics in the considered environments. This
was achieved using only a dataset of locations and their associated channel coeffi-
cients, without any additional a priori information about the propagation scene. The
trained model could be leveraged for imaging purposes within the same propagation
environment. Specifically, for a given location within the environment, the trained
model provides information about the activated planar wavefronts along with their
corresponding activation coefficients. This information could subsequently be inte-
grated with source separation methods to localize both physical and virtual sources
within the scene, thereby enabling the identification of reflecting and diffracting
objects.

• Linking channel charting and source coding. As discussed in Chapters 8 and 9,
CSI compression consists in encoding channel coefficients into a low-dimensional
latent space and subsequently decoding them to reconstruct the original channel.
Recent advances in this field involve the joint optimization of encoder/decoder neu-
ral networks along with a source coding oriented model. The latter leverages an
entropy model to estimate the distribution of the encoded channels, enabling the
evaluation of the entropy bit size of the latent representation, i.e. the achievable bit
size using an entropy coding scheme, such as arithmetic coding, that uses the esti-
mated distribution by the entropy model. In this framework, the learning objective
typically combines a reconstruction loss (associated with the encoder/decoder pair),
and an entropy-related term accounting for the entropy bit size (source coding effi-
ciency). An interested reader is referred to [PDL25] for more information. It would
be particularly interesting to consider this approach with a channel charting based
encoder, to confirm that the very low dimensionality of its latent space, i.e. R2 in
Chapter 9, indeed yields a low entropy bit size.
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Appendix A

CHAPTER 1’S APPENDIX

A.1 Proof of Eq. (1.2)

Proof. The required clearance is obtained as the maximum of the semi-minor axis length
of the Fresnel ellipsoid. As this ellipsoid is defined from the condition:

d1 (x) + d2 (x)−D ≤ λ

2 , (A.1)

the required clearance is obtained by setting d1 (x) = d2 (x) = d, and considering that x
lies on the boundary of the ellipsoid, which yields:

2d−D = λ

2 . (A.2)

From Fig. 1.2, one can remark that d2 = (D/2)2 + r2
cl, which can be developed as:

2
√(

D

2

)2
+ r2

cl −D = λ

2 (A.3)

⇔ D2

4 + r2
cl = D2

4 + λD

4 + λ2

16 (A.4)

⇔ rcl =
√
λ2

16 + λD

4 (A.5)
(∗)
⇔ rcl ≃

1
2
√
λD, (A.6)

where (∗) is obtained by recalling that λ = c/f ≪ D in usual communication systems,
yielding:

λ≪ D (A.7)
⇒ λ2 ≪ λD (A.8)

⇒ λ2

16 ≪
λD

16 <
λD

4 . (A.9)

■
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A.2 Proof of Definition 1.2
Proof. By definition 1:

h (t, f) = Fτ [h (t, τ)] (A.10)

=
∫
R+
h (t, τ) e−j2πτfdτ (A.11)

=
∫
R+

Lp∑
l=1

αl (t) δ (τ − τl (t)) e−j2πfd,lte−j2πτfdτ (A.12)

=
Lp∑
l=1

αl (t)
∫
R+
δ (τ − τl (t)) e−j2πfd,lte−j2πτfdτ (A.13)

=
Lp∑
l=1

αl (t) e−j2πfτl(t)e−j2πfd,lt, (A.14)

which concludes the proof. ■

A.3 Proof of Eq. (1.30)
Proof. Assuming a MIMO system with Nr receive antennas and Nt transmit antennas,
considering a uniform power allocation between all the transmitter antennas translates
as:

Q = Pe
Nt

IdNt , (A.15)

Pe being the total emitted power. The SVD decomposition of the channel matrix H ∈
CNr×Nt reads as:

H = UΣVH, (A.16)
with U ∈ CNr×Nr and V ∈ CNt×Nt being unitary, and Σ ∈ RNr×Nt being rectangular
diagonal. Based on Definition 1.9, the MIMO capacity can rewritten as:

CMIMO = B log2

(
det

(
IdNr + 1

σ2
n

HQHH
))

(A.17)

= B log2

(
det

(
IdNr + Pe

Ntσ2
n

(
UΣVH

)
IdNt

(
UΣVH

)H
))

(A.18)

= B log2

(
det

(
IdNr + Pe

Ntσ2
n

UΣVHVΣHUH
))

(A.19)

= B log2

(
det

(
IdNr + Pe

Ntσ2
n

UΣΣHUH
))

. (A.20)

1. Note that due to the strictly positive nature of delays, the Fourier transform is only taken along
the R+ space.
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Leveraging the identity det (Id + AB) = det (Id + BA) yields:

CMIMO = B log2

(
det

(
IdNr + Pe

Ntσ2
n

ΣHUHUΣ
))

(A.21)

= B log2

(
det

(
IdNr + Pe

Ntσ2
n

ΣHΣ
))

. (A.22)

Based on the SVD properties, one knows that the diagonal of Σ holds the square root of
the eigenvalues of HHH, e.g. considering Nr > Nt:

Σ =



√
λ1 0 · · · 0
0
√
λ2 · · · 0

... ... . . . ...
0 0 · · ·

√
λr

0 0 0 0
... ... ... ...
0 0 0 0


, (A.23)

where r = min (Nr, Nt) = rk (H). Σ being rectangular diagonal, ΣHΣ ∈ RNr×Nr is
diagonal. Then, the determinant of a diagonal matrix being the product of its diagonal
entries, one obtains:

CMIMO = B log2

rk(H)∏
i=1

(
1 + Pe

Ntσ2
n

λi

) (A.24)

= B
rk(H)∑
i=1

log2

(
1 + Pe

Ntσ2
n

λi

)
, (A.25)

which concludes the proof. ■

A.4 Proof of η formulation in Eq. (1.53)

The following inversion lemma is needed for the following derivations.

Lemma A.1: Hermitian of a matrix inverse
Let A be an invertible matrix. Then:(

A−1
)H

=
(
AH

)−1
. (A.26)
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The proof of this lemma follows directly by considering:

A−1A = Id⇔
(
A−1A

)H
= IdH (A.27)

⇔ AH
(
A−1

)H
= Id (A.28)

⇔
(
A−1

)H
=
(
AH

)−1
. (A.29)

Proof. The goal is to derive the normalization factor η for the ZF precoder. Recalling
than this precoder expresses as W = H

(
HHH

)−1
, one obtains:

WHW =
(

H
(
HHH

)−1
)H (

H
(
HHH

)−1
)

(A.30)

=
((

HHH
)−1

)H
HHH

(
HHH

)−1
(A.31)

=
((

HHH
)−1

)H
(A.32)

(∗)=
((

HHH
)H
)−1

(A.33)

=
(
HHH

)−1
, (A.34)

where (∗) originates from Lemma A.1. Finally, the normalization factor of the ZF precoder
can be expressed as:

η = 1√
Tr (WHW)

(A.35)

= 1√
Tr
(
(HHH)−1

) , (A.36)

which concludes the proof. ■
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CHAPTER 2’S APPENDIX

B.1 Proof of Eq. (2.27)

Proof. The objective is to solve:

minimizew
1
|D|

∑
(x,y)∈D

∥y−Wx∥2
2 ,

subject to W ∈ Rm×l
(B.1)

As the considered loss function, i.e. the ℓ2 distance, is convex, an exact solution can be
obtained by finding the optimal weight matrix W⋆, for which the gradient of the loss
function vanishes. Introducing Y = [y1, · · · ,yN ] ∈ Rm×N , and X = [x1, · · · ,xN ] ∈ Rl×N ,
the minimization objective can be rewritten as:∑

(x,y)∈D
∥y−Wx∥2

2 = ∥Y −WX∥2
F (B.2)

= Tr
(
(Y −WX)T (Y −WX)

)
(B.3)

= Tr
(
YTY

)
− Tr

(
YTWX

)
− Tr

(
XTWTY

)
(B.4)

+ Tr
(
XTWTWX

)
.

Recalling that:

Tr
(
ATB

)
= Tr

(
BAT

)
(B.5)

∇WTr
(
AWTB

)
= BA (B.6)

∇WTr (AWB) = ATBT (B.7)
∇WTr

(
WTWA

)
= WAT + WA, (B.8)

the gradient of the loss function reads as:

∇W
1
|D|
∥Y −WX∥2

F = 2
|D|

(
WXXT −YXT

)
. (B.9)
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Indeed, one has:

∇WTr
(
YTWX

)
= YXT (B.10)

∇WTr
(
XTWTY

)
= YXT, (B.11)

and

∇WTr
(
XTWTWX

)
= ∇WTr

(
WTWXXT

)
(B.12)

= W
(
XXT

)T
+ WXXT (B.13)

= 2WXXT. (B.14)

The following expression is finally obtained:

∇W
1
|D|

∑
(x,y)∈D

∥y−Wx∥2
2 = 0 (B.15)

⇔ 2
|D|

(
W⋆XXT −YXT

)
= 0 (B.16)

⇔W⋆XXT = YXT (B.17)

⇔W⋆ = YXT
(
XXT

)−1
. (B.18)

■

B.2 Proof of Eq. (2.33)
Proof. The objective is to solve:

maximize
V

1
|D|

∑
x∈D

∥∥∥VTx
∥∥∥2

2
.

subject to V ∈ RD×d,

VTV = Idd

(B.19)

Introducing X = [x1, · · · ,xN ] ∈ RD×N , the maximization objective rewrites as:
∑
x∈D

∥∥∥VTx
∥∥∥2

2
=
∥∥∥VTX

∥∥∥2

F
(B.20)

= Tr
(
XTVVTX

)
(B.21)

(∗)= Tr
(
VTXXTV

)
, (B.22)

where (∗) originates from the circularity property of the trace operator. The optimization
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problem then rewrites as:

maximize
V

1
|D|

Tr
(
VTXXTV

)
,

subject to V ∈ RD×d,

VTV = Idd

(B.23)

which can be solved using a Lagrangian method. Indeed, introducing a diagonal matrix
of Lagrange multipliers ΛL ∈ Rd×d, the Lagrangian writes as:

µ (V,ΛL) = Tr
(
VTXXTV

)
− Tr

(
ΛL

(
VTV− Idd

))
, (B.24)

and a solution to the optimization described in Eq. (B.23) satisfies:

∇ΛLµ (V,ΛL) = 0 (B.25)
∇Vµ (V,ΛL) = 0. (B.26)

Gradient computation wrt. ΛL. Recalling that:

∇VTr (VA) = AT, (B.27)

the Lagrangian gradients wrt. ΛL can be evaluated as follows:

∇ΛLµ (V,ΛL) = ∇ΛLTr
(
VTXXTV

)
−∇ΛLTr

(
ΛL

(
VTV− Idd

))
(B.28)

= −∇ΛLTr
(
ΛL

(
VTV− Idd

))
(B.29)

= −
(
VTV− Idd

)T
(B.30)

= −
(
VTV− Idd

)
. (B.31)

The gradient vanishing condition thus yields:

V⋆TV⋆ = Idd, (B.32)

which ensures that the stationary Lagrangian point respects the problem’s constraint.

Gradient computation wrt. V. Recalling that:

∇VTr
(
VVTA

)
= AV + ATV (B.33)

∇VTr
(
VTVA

)
= VAT + VA, (B.34)

the Lagrangian gradients wrt. V can be evaluted as follows:

∇Vµ (V,ΛL) = ∇VTr
(
VTXXTV

)
−∇VTr

(
ΛL

(
VTV− Idd

))
(B.35)
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(∗)= ∇VTr
(
VVTXXT

)
−∇VTr

(
VTVΛL

)
(B.36)

= XXTV + XXTV−VΛT
L −VΛL (B.37)

(∗∗)= 2XXTV− 2VΛL, (B.38)

where (∗) originates from the circularity of the trace operator, and (∗∗) from diagonality
of ΛL. One then obtains:

∇Vµ (V,ΛL) = 0 (B.39)
⇔XXTV⋆ = V⋆ΛL, (B.40)

which, recalling that V⋆ ∈ RD×d, with d < D, describes a matrix eigenvalue problem,
where V⋆ contains d eigenvectors of XXT and ΛL contains the corresponding eigenvalues
on its diagonal. Maximizing the objective of the problem described in Eq. (B.23), is then
obtained by taking V⋆ in the trace:

Tr
(
V⋆TXXTV⋆

)
= Tr

(
V⋆TV⋆ΛL

)
(B.41)

= Tr (ΛL) , (B.42)

which is maximum by selecting the largest d eigenvalues of XXT in ΛL. XXT being
symmetric, is admits the eigendecomposition XXT = UΛUT, where U ∈ RD×D contains
the eigenvectors, and Λ ∈ RD×D contains the ordered eigenvalues λ1 > λ2 > · · · > λD on
its diagonal 1. Finally, the solution of the PCA optimization problem reads as:

V⋆ = Ud = [u1, · · · ,ud] , (B.43)

i.e. the collection of the first d eigenvectors of XXT. The orthonormality constraint for
V⋆, i.e. V⋆TV⋆ = Idd, induced by the problem’s constraints and the Lagrangian vanishing
gradients wrt. ΛL, is respected by definition of the eigenvectors.

■

1. Note that, as XXT is positive-semidefinite, all of its eigenvalues are also strictly positive.
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CHAPTER 3’S APPENDIX

C.1 Proof of Eq. (3.10)

Proof. The objective is to solve:

minimize
f

E(x,y)∼px,y

[
∥y − f (x)∥2

2

]
,

subject to f ∈ H
(C.1)

Assuming that f : X → Y , where Y is an Hilbert space equipped with the scalar product
⟨·, ·⟩Y and norm ∥·∥Y , it is proposed to solve the more generic problem:

minimize
f

E(x,y)∼px,y

[
∥y − f (x)∥2

Y

]
.

subject to f ∈ H
(C.2)

Introducing the risk functional R (f) = E(x,y)∼px,y

[
∥y − f (x)∥2

Y

]
, it is possible to solve the

problem described in Eq. (C.2) using the Fréchet derivation theory. The Fréchet derivative
of R (f) is defined as:

DR (f) = lim
ϵ→0

R (f + ϵh)− R (f)
ϵ

, (C.3)

where h ∈ YX . By definition, one has:

R (f + ϵh)− R (f) = E(x,y)∼px,y

[
∥y − f (x)− ϵh (x)∥2

Y

]
− E(x,y)∼px,y

[
∥y − f (x)∥2

Y

]
(C.4)

= E(x,y)∼px,y

[
∥y − f (x)− ϵh (x)∥2

Y − ∥y − f (x)∥2
Y

]
. (C.5)

Noticing that:

∥y − f (x)− ϵh (x)∥2
Y = ∥y − f (x)∥2

Y − 2ϵ⟨y − f (x) , h (x)⟩Y + ϵ2 ∥h (x)∥2
Y , (C.6)

one obtains:

R (f + ϵh)− R (f) = E(x,y)∼px,y

[
−2ϵ⟨y − f (x) , h (x)⟩Y + ϵ2 ∥h (x)∥2

Y

]
(C.7)

= −2ϵE(x,y)∼px,y [⟨y − f (x) , h (x)⟩Y ] + ϵ2E(x,y)∼px,y

[
∥h (x)∥2

Y

]
. (C.8)
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The Fréchet derivative of R (f) is thus expressed as:

DR (f) = −2E(x,y)∼px,y [⟨y − f (x) , h (x)⟩Y ] . (C.9)

A solution of the optimization problem presented in Eq. (C.2) is then given by:

E(x,y)∼px,y [⟨y − f ⋆ (x) , h (x)⟩Y ] = 0,∀h, (C.10)

which can be expressed as:

E(x,y)∼px,y [⟨y − f ⋆ (x) , h (x)⟩Y ] =
∫

X

∫
Y
⟨y − f ⋆ (x) , h (x)⟩Ypx,y (x, y) dxdy (C.11)

(∗)=
∫

X

∫
Y
⟨y − f ⋆ (x) , h (x)⟩Ypy|x (y|x) px (x) dxdy (C.12)

(∗∗)=
∫

X

〈∫
Y

(y − f ⋆ (x)) py|x (y|x) dy, h (x)
〉

Y
px (x) dx (C.13)

=
∫

X
⟨Ey|x∼py|x [y − f ⋆ (x) |x] , h (x)⟩Ypx (x) dx (C.14)

= Ex∼px

[
⟨Ey|x∼py|x [y − f ⋆ (x) |x] , h (x)⟩Y

]
. (C.15)

Note that (∗) is obtained from the definition of the conditional distribution py|x (y|x) =
px,y (x, y) /px (x), and that (∗∗) originates from the bilinearity of the scalar product.
Specifically: ∫

X
⟨f (x) , y⟩Ydx =

〈∫
X
f (x) dx, y

〉
Y
. (C.16)

The Fréchet derivative vanishing condition, that must hold for any function h, becomes:

Ex∼px

[
⟨Ey|x∼py|x [y − f ⋆ (x) |x] , h (x)⟩Y

]
= 0, ∀h (C.17)

⇔
∫

X
⟨Ey|x∼py|x [y − f ⋆ (x) |x] , h (x)⟩Ypx (x) dx = 0,∀h (C.18)

(∗)
⇔ Ey|x∼py|x [y − f ⋆ (x) |x] = 0 (C.19)
⇔ f ⋆ (x) = Ey|x∼py|x [y|x] , (C.20)

which concludes the proof. Note that (∗) is obtained by remarking that, since the equality:∫
X
⟨g (x) , h (x)⟩Ypx (x) dx = 0, (C.21)

must hold for all h, it implies that g (x) = 0 almost everywhere (wrt. px). This is a direct
manifestation of fundamental lemma of the calculus of variations. ■
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D.1 Proof of Lemma 4.1
Proof. Let xr ∈ R3 be a reference location and Vx ⊂ R3 be a local validity domain
such that ∀x ∈ Vx, ∥x− xr∥2 ≤ ϵx. The same holds true in the antenna subspace with
the reference antenna location al,r ∈ R3 and local validity domain Va ⊂ R3 such that
∀al,j ∈ Va, ∥al,j − al,r∥2 ≤ ϵa. Let ψ (x, al,j) = ∥x− al,j∥2, which is differentiable at
x = xr. The first order Taylor expansion of ψ (x, al,j) around xr yields, ∀x ∈ Vx:

ψ (x, al,j) ≃ ψ (xr, al,j) + ∇x ∥x− al,j∥2

∣∣∣T
xr

(x− xr) (D.1)

= ∥xr − al,j∥2 + (xr − al,j)T

∥xr − al,j∥2
(x− xr) (D.2)

= ∥xr − al,j∥2 + ul,j (xr)T (x− xr) . (D.3)

In Eq. (D.3), one can remark the presence of ψ (xr, al,j) = ∥xr − al,j∥2, which is differen-
tiable at al,j = al,r. As per the previous development, the first order Taylor expansion of
ψ (xr, al,j) around al,r yields, ∀al,j ∈ Va:

ψ (xr, al,j) ≃ ∥xr − al,r∥2 − ul,r (xr)T (al,j − al,r) . (D.4)

Finally one has, ∀ (x, al,j) ∈ Vx × Va:

∥x− al,j∥2 ≃ ∥xr − al,r∥2 + ul,j (xr)T (x− xr)− ul,r (xr)T (al,j − al,r) , (D.5)

which concludes the proof. ■

D.2 Proof of Corollary 4.1
Proof. Let xr ∈ R3 and al,r ∈ R3 respectively denote a reference location and a reference
antenna location. The approximation in Eq. (4.10) involves two Taylor expansions: a first
one on ψ1 (x) = ∥x− al,j∥2 around xr, and a second one on ψ2 (al,j) = ∥xr − al,j∥2 around
al,r. As such, the approximation error, denoted as e, can be approximated as the second
order of these Taylor expansions, i.e.:

e ≃ e1 + e2, (D.6)



Chapter 4’s appendix

where:

e1 = 1
2 (x− xr)T ∇x∇T

xψ1 (x)
∣∣∣
xr

(x− xr) (D.7)

e2 = 1
2 (al,j − al,r)T ∇al,j

∇T
al,j
ψ2 (al,j)

∣∣∣
al,r

(al,j − al,r) . (D.8)

Remarking that ψ1 (x) is twice-differentiable:

∇x∇T
x ∥x− al,j∥2 = Id3

∥x− al,j∥2
− (x− al,j) (x− al,j)T

∥x− al,j∥3
2

, (D.9)

yields:

e1 = 1
2 (x− xr)T

(
Id3

∥xr − al,j∥2
− (xr − al,j) (xr − al,j)T

∥xr − al,j∥3
2

)
(x− xr) (D.10)

(∗)= 1
2

(
(x− xr)T (x− xr)
∥xr − al,j∥2

− (x− xr)T Γxr (x− xr)
∥xr − al,j∥3

2

)
(D.11)

(∗∗)= 1
2

(
∥x− xr∥2

2
∥xr − al,j∥2

− o
(

1
∥xr − al,j∥2

2

))
, (D.12)

where (∗) originates from Γxr = (xr − al,j) (xr − al,j)T, and (∗∗) by considering:

(x− xr)T Γxr (x− xr)
∥xr − al,j∥2

→ 0. (D.13)

In a similar manner, as ψ2 (al,j) is twice-differentiable:

∇al,j
∇T

al,j
∥xr − al,j∥2 = ∇al,j

∇T
al,j
∥al,j − xr∥2 (D.14)

= Id3

∥al,j − xr∥2
− (al,j − xr) (al,j − xr)T

∥al,j − xr∥3
2

, (D.15)

yields:

e2 = 1
2 (al,j − al,r)T

(
Id3

∥al,r − xr∥2
− (al,r − xr) (al,r − xr)T

∥al,r − xr∥3
2

)
(al,j − al,r) (D.16)

(∗)= 1
2

(
(al,j − al,r)T (al,j − al,r)

∥al,r − xr∥2
− (al,j − al,r)T Γar (al,j − al,r)

∥al,r − xr∥3
2

)
(D.17)

= 1
2

(
∥al,j − al,r∥2

2
∥xr − al,r∥2

− (al,j − al,r)T Γar (al,j − al,r)
∥xr − al,r∥3

2

)
(D.18)
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(∗∗)= 1
2

(
∥al,j − al,r∥2

2
∥xr − al,r∥2

− o
(

1
∥xr − al,r∥2

2

))
, (D.19)

where (∗) originates from Γar = (al,r − xr) (al,r − xr)T, and (∗∗) by considering:

(al,j − al,r)T Γar (al,j − al,r)
∥xr − al,r∥2

→ 0. (D.20)

Finally, one obtains:

e ≃ 1
2

(
∥x− xr∥2

2
∥xr − al,j∥2

− o
(

1
∥xr − al,j∥2

2

)
+ ∥al,j − al,r∥2

2
∥xr − al,r∥2

− o
(

1
∥xr − al,r∥2

2

))
, (D.21)

which concludes the proof. ■

D.3 Proof of Proposition 4.1

Proof. Let fr ∈ R such that ∀fk ∈ R, fk = (fk − fr) + fr. Eq. (4.8) can be rewritten as:

hj,k (x) =
Lp∑
l=1

γl
∥x− al,j∥2

e−j 2π
λr
∥x−al,j∥2e−j 2π

λk−r
∥x−al,j∥2 , (D.22)

where λr, resp. λk−r, is the wavelength associated to frequency fr, resp. fk − fr. Let
δx = x−xr and δa = al,j−al,r. Introducing Eq. (4.10) of Lemma 4.1 in Eq. (D.22) yields
∀ (x, al,j) ∈ Vx × Va:

hj,k (x) ≃
Lp∑
l=1

γl
∥x− al,j∥2

e−j 2π
λk−r
∥xr−al,r∥2e−j 2π

λk−r
ul,j(xr)Tδxej 2π

λk−r
ul,r(xr)Tδa (D.23)

· e−j 2π
λr
∥xr−al,r∥2e−j 2π

λr
ul,j(xr)Tδxej 2π

λr
ul,r(xr)Tδa . (D.24)

Considering that the reference frequency fr is on the same order than the current frequency
fk gives:

fk − fr ≪ fr ⇒
λr
λk−r

≪ 1. (D.25)

By definition of the validity domains, one has ∀al,j ∈ Va, ∥δa∥2 ≤ ϵa and ∀x ∈ Vx, ∥δx∥2 ≤
ϵx. Thus, the location and antenna differences δa and δx can be expressed as a small
number of the reference wavelength in both directions, i.e.:

∃ (ma,mx) ∈ R3 × R3 st. δa ≃maλr, δx ≃mxλr, (D.26)
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with ∥ma∥2 and ∥mx∥2 small. Then, ∀ (x, al,j) ∈ Vx × Va:

δa ≃maλr

δx ≃mxλr
⇒



∣∣∣∣∣ul,r (xr)T δa

λk−r

∣∣∣∣∣≪ 1∣∣∣∣∣ul,j (xr)T δx

λk−r

∣∣∣∣∣≪ 1
. (D.27)

Furthermore, as in classical communication systems the inter-antenna spacing is on the
order of the wavelength, one can use the following approximation: ∀xr ∈ R3,ul,j (xr) ≃
ul,r (xr). Namely that the DoD towards the reference location xr, for each antenna, can be
approximated as the DoD of the reference antenna. The limitations of this approximation
are discussed in this thesis. Introducing dl,r = ∥xr − al,r∥2, one then obtain, ∀ (x, al,j) ∈
Vx × Va:

hj,k (x) ≃
Lp∑
l=1

γl
∥x− al,j∥2

e−j 2π
λr
dl,re−j 2π

λr
ul,r(xr)Tδxe−j 2π

λk−r
dl,rej 2π

λr
ul,r(xr)Tδa . (D.28)

Additionally, as ∥x− al,j∥2 is a slowly varying term, one can approximate it as dl,r without
suffering from a significant approximation error. One can then simplify the first two terms
of Eq. (D.28) as hl,r (xr) = e−j 2π

λr
dl,r/dl,r. Finally, letting τl,r = dl,r/c yields 2πdl,r/λk−r =

2π (fk − fr) τl,r. One finally obtains, ∀ (x, al,j) ∈ Vx × Va:

hj,k (x) ≃
Lp∑
l=1
γlhl,r (xr) e−j 2π

λr
ul,r(xr)T(x−xr)e−j2π(fk−fr)τl,rej 2π

λr
ul,r(xr)T(al,j−al,r), (D.29)

which concludes the proof. ■

D.4 Proof of Theorem 4.2
Proof. Let us consider the tiling of the location subset Sx ⊂ R3 into Ωx location validity
domains Vx,i with the Voronoi region of any given lattice. Note that for any subset of R3,
the optimal lattice is the D3-lattice. The same approach is applied to the antenna location
subset Sa ⊂ R3, yielding Ωa local validity domains Va,i. By definition of the local validity
domains and of the Taylor expansion, one has:

∀ (Vx,i,Va,i) ,∀ (x, al,j) ∈ Vx,i × Va,i,
∥∥∥H (x)− Ĥ (x)

∥∥∥
F
< ϵ, (D.30)

where Ĥ (x) is the Taylor-approximated channel matrix computed using Eq. (4.14). For
each local validity domain (Vx,i,Va,i) pair, Eq. (4.14) shows that the channel can be
approximated using only Lp planar wavefronts, SVs, and FRVs. Thus, one can construct
a dictionary of planar wavefronts ψ̃x ∈ CD, a dictionary of SVs Ψ̃a ∈ CNa×D, and a
dictionary of FRVs Ψ̃f ∈ CNs×D containing the needed atoms for every local validity
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domain pair. This yields D ≤ LpΩxΩa.
While the FRV dictionary atoms follow Eq. (4.16), the SV dictionary atoms cannot be

constituted from Eq. (4.15), as only the true antenna locations a1,j are known. However,
every virtual antenna can be rewritten as a rotated and translated version of its physical
counterpart, i.e.:

∀l ̸= 1,∃! (Rθ,l, ϵl) ∈ SO (3)× R3, s.t. al,j = Rθ,la1,j + ϵl. (D.31)

One then obtains:

(al,j − al,r) = Rθ,la1,j + ϵl −Rθ,la1,r − ϵl (D.32)
= Rθ,l (a1,j − a1,r) . (D.33)

While the antenna difference is not impacted by translations, it is impacted by rotations.
However, one can easily show that the projection term in the SV is rotation equivariant:

ul,r (xr)T (al,j − al,r) = ul,r (xr)T Rθ,l (a1,j − a1,r) (D.34)

=
(
RT
θ,lul,r (xr)

)T
(a1,j − a1,r) (D.35)

= ũl,r (xr)T (a1,j − a1,r) . (D.36)

Thus, the dictionary of SVs can be constructed using DoDs ũi ∈ R3 and the true antenna
location difference (a1,j − a1,r). Using the previously defined dictionaries and introducing
an activation vector w (x) ∈ CD to select the needed Lp atoms at the current location x,
such that ϖ (x) = w (x)⊙ ψ̃x (x), yields, ∀x ∈ R3:

H (x) ≃
D∑
i=1

ϖi (x) ψ̃a,iψ̃
T
f ,i, (D.37)

with ∥ϖ (x)∥0 = Lp

which concludes the proof. ■
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Appendix E

CHAPTER 5’S APPENDIX

E.1 Proof of Theorem 5.1
Proof. From Definition 5.2, it follows that:

∀x ∈ S, Ξ (x) −→
ϵfθ

→0
0 (E.1)

⇒ ∀x ∈ S, fθ (x) −→
ϵfθ

→0
H (x) . (E.2)

Assuming that Eq. (5.13) satisfies Definition 5.1, and invoking Definition 5.3, one obtains:

∀x ∈ S, x̂ (H (x) |θ,S) = arg min
x̃∈S

∥H (x)− fθ (x̃)∥F −→ϵfθ
→0

x (E.3)

⇒ sup
x∈S
∥x− x̂ (H (x) |θ,S)∥2 −→ϵfθ

→0
0, (E.4)

which concludes the proof. ■

E.2 Proof of Theorem 5.2
Proof. Let ϵ (x) = ∥x− x̂ (H (x) |θ,G)∥2. A lower bound on Ex∼px [ϵ (x)] can be derived
by considering the best-case scenario, i.e. that the location estimate obtained by solving
Eq. (5.12) on G is also optimal in the sense of the ℓ2 norm, which reads as:

x̂ (H (x) |θ,G) = arg min
x̃∈G

∥H (x)− fθ (x̃)∥F (E.5)

= arg min
x̃∈G

∥x− x̃∥2 . (E.6)

By definition:
Ex∼px [ϵ (x)] =

∫
R2
ϵ (x) px (x, y) dxdy, (E.7)

where px (x, y) is the probability density function of px. Since under the considered as-
sumptions, ϵ(x) denotes the distance between the true location and the closest point on
the uniform grid G with inter-element spacing ν, it can be assumed that x is uniformly
distributed within a square of side length ν and center 0R2 . However, due to the quadrant
symmetries of this centered square, the computation of the overall expectation can be
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reduced to that over a single quadrant. Consequently, x is uniformly distributed within a
square of side length ν/2, centered at [ν/4, ν/4]T, yielding:

px (x, y) = 4
ν21{x∈R+|x≤ν/2} (x)1{y∈R+|y≤ν/2} (y) . (E.8)

Note that, in this context, x0 = [x0, y0]T = [ν/2, ν/2]T denotes the solution of Eq. (E.6),
so that Eq. (E.7) can be expressed as:

Ex∼px [ϵ (x)] ≥ Ex∼px [∥x− x0∥2] (E.9)

=
∫
R2

√
(x− x0)2 + (y − y0)2px (x, y) dxdy (E.10)

= 4
ν2

∫ ν/2

0

∫ ν/2

0

√
(x− x0)2 + (y − y0)2dxdy (E.11)

(∗)= 4
ν2

∫ ν/2−x0

−x0

∫ ν/2−y0

−y0

√
x2 + y2dxdy (E.12)

(∗∗)= 4
ν2

∫ 0

−ν/2

∫ 0

−ν/2

√
x2 + y2dxdy (E.13)

(∗∗∗)= 4
ν2

∫ ν/2

0

∫ ν/2

0

√
x2 + y2dxdy, (E.14)

where (∗) originates from the change of variables (x, y)← (x− x0, y − y0), (∗∗) originates
from the definition of (x0, y0) = (ν/2, ν/2), and (∗ ∗ ∗) originates from the change of
variables (x, y)← (−x,−y). Eq. (E.14) can then be rewritten in polar coordinates as:

Ex∼px [ϵ (x)] ≥ 4
ν2

∫ π
2

0

∫ rm(θ)

0
r2dθdr, (E.15)

where the axial integration bound is obtained from:x = ν
2

y = ν
2
⇒

rm (θ) = ν
2 cos θ

rm (θ) = ν
2 sin θ

(E.16)

⇒ rm (θ) = min
(

ν

2 cos θ ,
ν

2 sin θ

)
. (E.17)

One then obtains:

Ex∼px [ϵ (x)] ≥ 4
ν2

(∫ π
4

0

∫ ν
2 cos θ

0
r2dθdr +

∫ π
2

π
4

∫ ν
2 sin θ

0
r2dθdr

)
(E.18)

= ν

6

(∫ π
4

0

1
cos3 θ

dθ +
∫ π

2

π
4

1
sin3 θ

dθ
)
. (E.19)
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Recalling that: ∫ 1
cos3 θ

dθ = 1
2 (sec θ tan θ + ln (|sec θ + tan θ|)) (E.20)∫ 1

sin3 θ
dθ = 1

2 (− csc θ cot θ + ln (|csc θ − cot θ|)) , (E.21)

yields the following lower bound:

Ex∼px [ϵ (x)] ≥ ν

6
(√

2 + ln
(√

2 + 1
))
, (E.22)

so that, ∀x ∈ S:
Ex∼px [∥x− x̂ (H (x) |θ,G)∥2] ≥ νδ, (E.23)

with δ = 1
6

(√
2 + ln

(√
2 + 1

))
, which concludes the proof. ■

E.3 Proof of Theorem 5.3
Proof. From Eq. (5.8), introducing dl,i (x) = ∥x− al,i∥2 and ϕj = 2π/λj yields:

∥H (x)−H (x + δ)∥F =

√√√√√Na∑
i=1

Ns∑
j=1

∣∣∣∣∣∣
Lp∑
l=1

γl

(
e−jϕjdl,i(x)

dl,i (x) − e−jϕjdl,i(x+δ)

dl,i (x + δ)

)∣∣∣∣∣∣
2

(E.24)

=

√√√√√Na∑
i=1

Ns∑
j=1

∣∣∣∣∣∣
Lp∑
l=1

fi,j,l (δ)
∣∣∣∣∣∣
2

. (E.25)

Considering ∥δ∥2 ≤ ϵδ, so that dl,i (x) /dl,i (x + δ) ≃ 1, fi,j,l (δ) can be rewritten as:

fi,j,l (δ) ≃ γl
dl,i (x)

(
e−jϕjdl,i(x) − e−jϕjdl,i(x+δ)

)
. (E.26)

The function ∥H (x)−H (x + δ)∥F being lower-bounded by 0, a sufficient condition to
obtain its global minimum is given by:

δ ∈
⋂

(i,j,l)∈I

{
δ ∈ R2|fi,j,l (δ) = 0

}
(E.27)

⇔ δ ∈
⋂

(i,j,l)∈I

{
δ ∈ R2|e−jϕjdl,i(x) = e−jϕjdl,i(x+δ)

}
, (E.28)

with I = J1, NaK× J1, NsK× J1, LpK. Let k ∈ Z, then:

e−jϕjdl,i(x) = e−jϕjdl,i(x+δ) (E.29)
⇔ ϕjdl,i (x) = ϕjdl,i (x + δ) + k2π (E.30)
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⇔ ∥x− al,i + δ∥2 = ∥x− al,i∥2 + kλj (E.31)
⇔ ∥x + δ − al,i∥2 = ∥x− al,i∥2 + kλj (E.32)
(∗)
⇔ x + δ ∈ C

(
al,i, ∥x− al,i∥2 + kλj

)
, (E.33)

where (∗) originates from the definition of a circle. The global-minimum condition is thus
given by:

δ ∈
⋂

(i,j,l,k)∈L
C
(
al,i − x, ∥x− al,i∥2 + kλj

)
, (E.34)

with L = J1, NaK × J1, NsK × J1, LpK × Z. Note that, in the absence of ambiguity, the
circles intersect exclusively at 0R2 for k = 0, implying that δ = 0R2 . When δ = 0R2 ,
∥H(x)−H(x + δ)∥F attains its minimum possible value, which confirms that Eq. (E.34)
characterizes a global minimum. ■

E.4 Proof of Corollary 5.1
Proof. From Eq. (5.13), the similarity measure is maximized when the Frobenius distance
is minimized. Hence, satisfying Definition 5.1 reduces to showing that δ = 0R2 is the
global minimum of ∥H(x)−H(x + δ)∥F, which was established in Theorem 5.3 under
the no-ambiguity assumption. ■

E.5 Proof of Corollary 5.2
Proof. Assuming a dominant propagation path is equivalent to considering that:

∃ld ∈ J1, LpK s.t. ∀l ∈ J1, LpK, |γld | ≫ |γl| . (E.35)

This translates into negligible path components in Eq. (E.25) so that:

∥H (x)−H (x + δ)∥F ≃

√√√√√Na∑
i=1

Ns∑
j=1

∣∣∣∣∣γld
(

e−jϕjdld,i(x)

dld,i (x) − e−jϕjdld,i(x+δ)

dld,i (x + δ)

)∣∣∣∣∣
2

. (E.36)

The minima condition defined in Eq. (5.18) can then be rewritten as:

δ ∈
⋂

(i,j,k)∈J
C
(
ald,i − x, ∥x− ald,i∥2 + kλj

)
, (E.37)

with J = J1, NaK × J1, NsK × Z. The minima thus lie on circles centered at the loca-
tions of the antenna array elements, with radii determined by the system’s wavelengths.
In conventional communication systems, wavelength variation across the bandwidth is
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negligible, such that ∀j ∈ J1, NsK:

λj ≃ λ0 = 1
Ns

Ns∑
i=1

c

fi
, (E.38)

which yields:
δ ∈

⋂
(i,k)∈K

C
(
ald,i − x, ∥x− ald,i∥2 + kλ0

)
, (E.39)

with K = J1, NaK × Z. In Eq. (E.39), the intersection of the circles originating from
the different antennas depends only on the chosen integer k ∈ Z, which translates into
consecutive minima being approximately spaced by λ0. ■
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CHAPTER 7’S APPENDIX

F.1 About the subspace separation of ΓX

As presented in Eq. (7.1), in the considered system, the received signal expresses as:

X = Aζ (θ) S + N, (F.1)

where X ∈ CN×T corresponds to the measured signals, and θ ∈ [−π/2, π/2]M represents
the sources DoAs, with M < N . The narrowband sources signals are defined as:

S = [s1, · · · , sT ] ∈ CM×T , (F.2)

such that si ∼ CN (0M , σ2
sIdM). The sensing noise N = [n1, · · · ,nT ] ∈ CN×T is defined

with ni ∼ CN (0N , σ2
nIdN). Aζ (θ) = [aζ (θ1) , · · · , aζ (θM)] ∈ CN×M is a steering matrix.

The covariance matrix of the received signal can be computed as:

ΓX = E
[
XXH

]
(F.3)

= E
[
(Aζ (θ) S + N) (Aζ (θ) S + N)H

]
(F.4)

= E
[
Aζ (θ) SSHAH

ζ (θ)
]

+ E
[
Aζ (θ) SNH

]
+ E

[
NSHAζ (θ)

]
+ E

[
NNH

]
(F.5)

(∗)= Aζ (θ)E
[
SSH

]
AH
ζ (θ) + 0 + 0 + E

[
NNH

]
(F.6)

= Aζ (θ) ΓSAH
ζ (θ) + σ2

nIdN , (F.7)

where (∗) originates from the independence between S and N, together with the fact
that they represent centered random variables. Additionally, since uncorrelated sources
are considered, one obtains ΓS = σ2

sIdM , so that:

ΓX = σ2
sAζ (θ) AH

ζ (θ) + σ2
nIdN . (F.8)

Assuming that the steering matrix is composed of independent columns yields:

rk (Aζ (θ)) = rk
(
AH
ζ (θ)

)
= M, (F.9)

so that:

rk
(
σ2
sAζ (θ) AH

ζ (θ)
)
≤ min

(
rk (Aζ (θ)) , rk

(
AH
ζ (θ)

))
(F.10)
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≤ min (M,M) (F.11)
= M. (F.12)

Remark F.1. This rank condition is not met when:

∃ (i, j) ∈ [1,M ]2 , i ̸= j, θi = θj, (F.13)

as in this case rk (Aζ (θ)) < M . Note that this implies to consider at least two-colocated
sources. As such, this limit case can be ignored without loss of generality in the context of
this demonstration.

Now, remarking that Aζ (θ) AH
ζ (θ) is hermitian, it admits the following EVD:

Aζ (θ) AH
ζ (θ) = UΛAUH, (F.14)

with ΛA ∈ CN×N denoting a diagonal matrix holding the eigenvalues, and U ∈ CN×N

s.t. UHU = UUH = IdN is the eigenvector matrix. Consequently, one can rewrite ΓX as
follows:

ΓX = σ2
sAζ (θ) AH

ζ (θ) + σ2
nIdN (F.15)

= σ2
sAζ (θ) AH

ζ (θ) + σ2
nUUH (F.16)

= σ2
sUΛAUH + σ2

nUUH (F.17)
= U

(
σ2
sΛA + σ2

nIdN
)

UH (F.18)
= UΛUH, (F.19)

where Λ = σ2
sΛA + σ2

nIdN . Eq. (F.19) corresponds to the EVD of ΓX, and several com-
ments can be made:

• As Aζ (θ) AH
ζ (θ) ∈ CN×N , and rk

(
Aζ (θ) AH

ζ (θ)
)

= M < N , ΛA can be rewritten
as a diagonal matrix with M non-null values, and N −M null values, i.e.:

ΛA = diag
(
λ̃1, · · · , λ̃M , 0, · · · , 0

)
. (F.20)

• As a result, Λ = σ2
sΛA + σ2

nIdN admits the following structure:

Λ = diag
(
σ2
s λ̃1 + σ2

n, · · · , σ2
s λ̃M + σ2

n, σ
2
n, · · · , σ2

n

)
. (F.21)

Consequently, the eigendecomposition of ΓX admits N eigenvalues with the following
structure:

λi =
σ2

s λ̃i + σ2
n, i ∈ J1,MK

σ2
n, i ∈ JM + 1, NK

. (F.22)
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Additionally, from this structure, one can remark that the matrix containing the eigen-
vectors decomposes as:

U = [US,UN ] , (F.23)
where US ∈ CN×M , and UN ∈ CN×(N−M). Recalling that UHU = IdN leads to:[

US UN

]H [
US UN

]
= IdN (F.24)

⇔
[
UH
S

UH
N

] [
US UN

]
= IdN (F.25)

⇔
[
UH
SUS UH

SUN

UH
NUS UH

NUN

]
= IdN (F.26)

⇔

 UH
SUN = 0

UH
NUS = 0

, (F.27)

which is equivalent to US ⊥ UN . Note that the unitary constraint for US and UN is
verified by the definition of eigenvectors.

F.2 µSL,P and subspace orthogonalization

Let US ⊂ CN and UN ⊂ CN respectively denote the signal and noise subspaces, such that:

dimR (US) = p (F.28)
dimR (UN) = q (F.29)
m = min (p, q) . (F.30)

The principal angles between US and UN are defined as [ZK13, Definition 2.1]:

Θ (US,UN) = [θ1, · · · , θm] , (F.31)

where ∀i, θi ∈ [0, π/2]. The principal angle θk is defined such that cos (θk) is obtained by
solving the following optimization problem:

cos (θk) =
∣∣∣xH
k yk

∣∣∣ = max
x∈US ,
y∈UN

∣∣∣xHy
∣∣∣ .

s.t.
∣∣∣xHxi

∣∣∣ =
∣∣∣yHyi

∣∣∣ = 0, ∀i < k,

∥x∥2 = ∥y∥2 = 1

Since this definition is not directly useful in its current form, it is proposed to exploit an
alternative definition [ZK13, Theorem 2.1], that relies on US and UN , i.e. orthonormal
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bases of US and UN :

cos (Θ (US,UN)) = σ
(
UH
SUN

)
= σ

(
UH
NUS

)
, (F.32)

where σ (·) is the function mapping a matrix to its singular values.

In the context of the diffMUSIC method training presented in Section 7.3.2, one can
consider the following principal-angle based loss function:

µSL,Θ = 1
|D|

∑
(θ,X)∈D

∑
i

cos (Θ (US (θ|ζ) ,UN (X))i) , (F.33)

= 1
|D|

∑
(θ,X)∈D

∑
i

σi
(
UH
N (X) US (θ|ζ)

)
, (F.34)

where UN (X) denotes the noise subspace computed from measurement X, US (θ|ζ) is the
signal subspace associated with DoAs θ and HWI ζ, and where UN (X) and US (θ|ζ)
denote their respective orthonormal bases. Since two subspaces are orthogonal when their
principal angles equal π/2, minimizing the sum of their cosines, as in Eq. (F.33), enforces
orthogonality between the signal and noise subspaces, thereby producing sharp peaks at
the correct locations in the MUSIC spectrum.

Considering the minimization of µSL,P , defined in Eq. (7.21), expresses as:

minµSL,P = min− 1
|D|

∑
(θ,X)∈D

∑
i

PMUSIC (θi|ζ) (F.35)

= max 1
|D|

∑
(θ,X)∈D

∑
i

1∥∥∥UH
N (X) aζ (θi)

∥∥∥2

2

(F.36)

= min 1
|D|

∑
(θ,X)∈D

∑
i

∥∥∥UH
N (X) aζ (θi)

∥∥∥2

2
(F.37)

= min 1
|D|

∑
(θ,X)∈D

∥∥∥UH
N (X) Aζ (θ)

∥∥∥2

F
(F.38)

(∗)= min 1
|D|

∑
(θ,X)∈D

∑
i

σ2
i

(
UH
N (X) Aζ (θ)

)
, (F.39)

where (∗) originates from ∥X∥2
F = ∑

i σ
2
i (X). Since span (Aζ (θ)) = span (US (θ|ζ)), and

given that the correlation between two steering vectors with a DoA difference δθ becomes
negligible when δθ exceeds the array’s angular resolution, making them nearly orthogonal,
Aζ (θ) can be viewed as an orthonormal basis of the signal subspace, assuming sufficiently
spaced DoAs. This results in the following expression:

minµSL,P = min 1
|D|

∑
(θ,X)∈D

∑
i

σ2
i

(
UH
N (X) US (θ|ζ)

)
, (F.40)
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µSL,P and subspace orthogonalization

which establishes that minimizing µSL,P is equivalent to maximizing the distance between
the noise and signal subspaces, as the left term in Eq. (F.40) is almost similar to the
minimization of µSL,Θ, defined in Eq. (F.34), up to a square difference.
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Titre : Apprentissage basé sur les modèles pour les systèmes sans fil de grande dimension

Mot clés : Apprentissage automatique basé sur un modèle, Représentations neuronales im-

plicites, Radiolocalisation, Imperfections matérielles, Compression de canal

Résumé : Le domaine des communications
sans fil s’est traditionnellement appuyé sur
des techniques de traitement du signal, ba-
sées sur des modèles mathématiques, pour
décrire et optimiser la transmission sans fil de
l’information. Lorsque les hypothèses sous-
jacentes à ces modèles ne sont pas plei-
nement satisfaites, les méthodes convention-
nelles présentent souvent des performances
sous-optimales. Récemment, des approches
basées sur l’apprentissage automatique ont
été utilisées pour traiter ce problème en raison
de leurs fortes capacités d’adaptation. Néan-
moins, ces méthodes introduisent également
des problématiques importantes, notamment
en termes d’interprétabilité et de complexité.

Cette thèse se concentre sur l’utilisation
du paradigme de l’apprentissage automatique
basé sur les modèles, dans les systèmes sans
fil de communication ou de détection. Ce pa-
radigme s’appuie sur les modèles mathéma-
tiques utilisés dans les approches conven-
tionnelles de traitement du signal pour struc-
turer, initialiser ou optimiser des méthodes
d’apprentissage, combinant ainsi la structure
et l’interprétabilité des méthodes convention-
nelles, à l’adaptabilité de l’apprentissage au-
tomatique. Ce paradigme est étudié à travers
trois cas d’usage spécifiques : l’apprentissage
de la fonction position-canal, la compensation
des imperfections matérielles et la compres-
sion de canal.

Title: Model-based learning for high-dimensional wireless systems

Keywords: Model-based machine learning, Implicit Neural Representations, Radio Localiza-

tion, Hardware Impairments, Channel compression

Abstract: The field of wireless communica-
tions has traditionally relied on signal process-
ing techniques, based on mathematical mod-
els, to describe and optimize wireless trans-
mission of information. When the assump-
tions underlying these models are not fully
met, conventional methods often yield subop-
timal performance. Recently, machine learn-
ing methods have been used to address this
issue, owing to their strong adaptation capabil-
ities. However, these methods also introduce
significant challenges in terms of interpretabil-
ity and complexity.

This thesis focuses on the use of the
model-based machine learning paradigm in
wireless communication or sensing systems.
This paradigm leverages mathematical mod-
els used in classical signal processing ap-
proaches to structure, initialize, or optimize
learning methods, thereby combining the
structure and interpretability of classical meth-
ods with the adaptability of machine learn-
ing. This paradigm is studied through three
specific use cases: location-to-channel map-
ping learning, hardware impairments compen-
sation, and channel compression.
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